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FOREWORD 


MYP 5 (Extended) has been designed and written for the IB Middle Years Program (MYP) 
Mathematics framework. The textbook covers the Extended content outlined in the framework. 


This book may also be used as a general textbook at about 10" Grade level in classes where students 
complete a rigorous course in preparation for the study of mathematics at a high level in their final 
two years of high school. We have developed this book independently of the International 
Baccalaureate Organization (IBO) in consultation with experienced teachers of IB Mathematics. The 
text 15 not endorsed by the IBO. 


It is not our intention that each chapter be worked through in full. Teachers must select carefully, 
according to the abilities and prior knowledge of their students, to make the most efficient use of 
time and give as thorough coverage of content as possible. 


Each chapter begins with an Opening Problem, offering an insight into the application of the 
mathematics that will be studied in the chapter. Important information and key notes are highlighted, 
while worked examples provide step-by-step instructions with concise and relevant explanations. 
Discussions, Activities, Investigations, Puzzles, and Research exercises are used throughout the 
chapters to develop understanding, problem solving, and reasoning, within an interactive 
environment. 


Four additional chapters are available online: 


Chapter 26: Counting and probability 
Chapter 27: Circles and ellipses 
Chapter 28: Matrices 

Chapter 29: Linear programming 


Students who are preparing for Further Mathematics HL at IB Diploma level are encouraged to 
complete Chapters 27 and 28. 


We understand the emphasis that the IB MYP places on the six Global Contexts, and in response 
there are online links to ideas for projects and investigations to help busy teachers (see p. 6). 


Frequent use of the interactive online features should nurture a much deeper understanding and 
appreciation of mathematical concepts. The inclusion of our software (see p. 4) is intended 
to help students who have been absent from classes or who experience difficulty understanding the 
material. 


The book contains many problems to cater for a range of student abilities and interests, and efforts 
have been made to contextualise problems so that students can see the practical applications of the 
mathematics they are studying. 


We welcome your feedback. Email: info@haesemathematics.com.au 


Web: www.haesemathematics.com.au 
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ONLINE FEATURES 


There are a range of interactive features which are available online. 
With the purchase of a new hard copy textbook, you will gain 15 months subscription to our online product. 
This subscription can be renewed annually for a small fee. 


COMPATIBILITY 


For iPads, tablets, and other mobile devices, the interactive features may not work. However, the 
electronic version of the textbook and additional chapters can be viewed online using any of these 
devices. 


REGISTERING 


You will need to register to access the online features of this textbook. 
Visit www.haesemathematics.com.au/register and follow the instructions. Once you have registered, you 
can: 

e activate your electronic textbook 

e use your account to make additional purchases. 


To activate your electronic textbook, contact Haese Mathematics. On providing proof of purchase, your 
electronic textbook will be activated. It is important that you keep your receipt as proof of purchase. 


For general queries about registering and licence keys: 
e Visit our Frequently Asked Questions page: www.haesemathematics.com.au/faq.asp 
e Contact Haese Mathematics: info@haesemathematics.com.au 


ONLINE VERSION OF THE TEXTBOOK 


The entire text of the book can be viewed online, allowing you to leave your textbook at school. 
The online text contains the four additional chapters: 

e Chapter 26: Counting and probability 

e Chapter 27: Circles and ellipses 

e Chapter 28: Matrices 


e Chapter 29: Linear programming 


SELF TUTOR 


Self tutor is an exciting feature of this book. 


The ΚΕ ΠΤ icon on each worked example denotes an active online link. 


Simply ‘click’ on the (or anywhere in the example box) to access the worked 
example, with a teacher’s voice explaining each step necessary to reach the answer. 


Play any line as often as you like. See how the basic processes come alive using 
movement and colour on the screen. 


For example: 


Example 7 ™)) Self Tutor ae 
Example 7 


Find x given: 


The opposite angles of a cyclic quadrilateral - ~ 


arc supplementary. 
a+3=180° and @ += 180° \ 2 
=e | = 1 
e angles given are opposite angles of a cyclic quadrilateral. 
ον £+(x+36) = 180 
᾿ς. 22 +36 = 180 
*, 25. = 144 


Sag a Pe 


See Chapter 19, Deductive geometry, p. 424 


INTERACTIVE LINKS 


Throughout your electronic textbook, you will find interactive links to: 
e Graphing software 
Statistics packages 


File Edit View Tools Help 
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@ Geometry packages ICONS ONLINE κρήνιω saver xitrgt Vatiot κίσσα Tangent Deivative Optime Irtegl Inverse Doren | Properties 
e Games 
Φ 
Θ 


Demonstrations —— 
Printable pages 
| Haese Mathe = 
υ «-Ξ|7ῖςΞ: ejlic 
height of spot 
| Remove Markings |/ Clear AllMartngs | 
Drag points A, B, C and D to create different quadrilaterals. Drag Point C onto the blue circle. What do 
you notice? 
{εξ} 
ba ne OS 6 Ὃππὶ:-. 


File Edit Options Help 
Instructions 
Enter data in the table below to see statistics and graphical representation. Two sets of data can be 


entered for comparison. Use the 'Set 1' and ‘Set 2' radio buttons to enter data for the two sets. The 
drop down list at the bottom of the window can be used to specify the type of data. 


Data Entry Data Details 
Value 2 Heading: One Variable Statistics Value name: Value 
Ξ 3 | Statistics Column Graph || Box & Whisker | Stem Plot | Dot Plot | 
5 
- 
Z 
6 
- 
7 
7 
7 
7 
7 
8 
8 
8 = 


GLOBAL CONTEXTS 


The International Baccalaureate Middle Years Programme focuses teaching and learning through six 
Global Contexts: 


e Identities and relationships e Scientific and technical innovation 
e Orientation in space and time e Globalisation and sustainability 
e Personal and cultural expression e Fairness and development 


The Global Contexts are intended as a focus for developing connections 
between different subject areas in the curriculum, and to promote 
an understanding of the interrelatedness of different branches of 
knowledge and the coherence of knowledge as a whole. 


» 
a 
ll 


th 


How much time do we have? 
context 


: >_>. 
Ἂν" 


ὦ ug 


Statement of inquiry: Collecting and interpreting data can help us to 
understand our place in the world. 
Global context: Identities and relationships 
Key concept: Relationships 
click here Related concepts: Change, Representation 
Objectives: Knowing and understanding, Applying mathematics 
in real-life contexts 
Approaches to learning: Communication, Self-management 


The available projects are: 


Chapter 8: Transformation Geometry | TRANSFORMING ART 
Chapter 9: _—_ Statistics AIR PASSENGER NUMBERS 
Chapter 13: Probability HOW MUCH TIME DO WE HAVE? 


Chapter 18: Exponential functions HOW DO WE MEASURE THE MAGNITUDE 
and logarithms OF AN EARTHQUAKE? 


p. 406 | Scientific and technical innovation 


Chapter 21: Advanced trigonometry COORDINATE SYSTEMS 
ee | sete etal mon 
Chapter 23: Bivariate statistics WHAT IS A DOLLAR WORTH TO YOU? 


Chapter 25: Introduction to calculus MODELLING POPULATION GROWTH 


p. 539 | Globalisation and sustainability 


Each project contains a series of questions, divided into: 


e Factual questions (green) e Conceptual questions (blue) φ Debatable questions (red). 


The projects are also accompanied by the general descriptor and a task-specific descriptor for each of the 
relevant assessment criteria, to help teachers assess the unit of work. 
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SETS AND VENN DIAGRAMS 
Number sets 

Interval notation 

Subsets and complement 

Venn diagrams 

Union and intersection 

Numbers in regions 

Problem solving with Venn diagrams 
The algebra of sets 

Review set 2A 

Review set 2B 
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ALGEBRAIC EXPANSION AND 
FACTORISATION 

Revision of expansion laws 

Further expansion 

The binomial expansion 

Revision of factorisation 

Factorising expressions with four terms 
Factorising quadratic trinomials 
Factorisation of az? + br + c,a 41 
Miscellaneous factorisation 

Review set 3A 

Review set 3B 
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RADICALS AND SURDS 
Radicals 

Simplest radical form 

Adding and subtracting radicals 
Multiplications involving radicals 
Division by radicals 

Equality of surds 

Review set 4A 

Review set 4B 
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5 PYTHAGORAS’ THEOREM 
A Pythagoras’ theorem 
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PERIMETER FORMULAE 


The length of an arc 
is a fraction of the 
circumference of a 

circle. 


The distance around a closed figure is its perimeter. 


For some shapes we can derive a formula for perimeter. The 
formulae for the most common shapes are given below: 


ΓΝ ΘΟ 
/4 


l 6 
square rectangle triangle circle arc 
P=41i P=2(+w) P=a+b+c C=2rr l=(4)2ar 
or C=7d 
AREA FORMULAE 


Area = length Χ width 


Triangle , 1 \ ; Area = sbase x height 
Υ 
Parallelogram Ζ ἃ Area = base xX height 
height 
fy 
base 


Trapezium 
or 
Trapezoid 


SURFACE AREA FORMULAE 


RECTANGULAR PRISM SPHERE 


A= 4nr? 
A = 2(ab+bc-+ ac) 
CYLINDER CONE 
Hollow cylinder Open can Solid cylinder Open cone _ Solid cone 
hollow | hollow solid 


PF 
A A 


“rT “hollow εἶ τ 
Α- 2nrh A=2nrh+nr* A=2nrh+2nr? A=mTrs A=7rs+7r* 
(no ends) (one end) (two ends) (no base) (solid) 
VOLUME FORMULAE 
Solids of uniform Pyramids and cones Spheres 


cross-section 


end 4 
Volume of a sphere = S7r® 
end 
<— height —» 
base 
Volume of uniform solid Volume of a pyramid or cone 


= area of end x height = 3(area of base x height) 
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Click on the appropriate icon to revisit these well known theorems. 


Angle in a | The angle in a semi-circle ABC = 90° 


semi-circle | is a right angle. nan 
PACKAGE 


Chords of | The perpendicular from the AM = BM 
a circle centre of a circle to a chord GEOMETRY 
bisects the chord. 


Radius- The tangent to a circle is OAT = 90 
GEOMETRY 


tangent perpendicular to the radius PACKAGE 


at the point of contact. a 


Tangents Tangents from an external AP = BP 
from an point are equal in length. GEOMETRY 
external 

point 


Graphics calculator instruction booklets are available for the Casio fx-9860G Plus, Casio fx-CG20, 
TI-84 Plus, and the TI-nspire. Click on the relevant icon below. 


CASIO CASIO 
fx-9860G Plus fx-CG20 TI-84 Plus Tl-nspire 


When additional calculator help may be needed, specific instructions are SS 
available from icons within the text. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Indices 


Contents: A Index laws 
Β Rational indices 
C = Scientific notation (standard form) 


Example 1 ™)) Self Tutor 


Express in simplest form with a prime number base: 


0: 4 x QP 


οὔ --Ἱὶ 
= (5) 
= 52(2—1) 


a π2α--2 


EXERCISE 1A 


Simplify using the index laws: 


535 κς 3" x® x x x x αὖ ae ig a 

79 a! t© 3m 

ra a τ: “πὰ 

(5°)? (¢*)° (y°)™ (αι). 
Express in simplest form with a prime number base: 

121 32 81 4? 

25? τὶ x 49 90 +9 8P + 4 

τ" 9 t\2 λ- ἃς, ὃς ἢ 

= ee (255) 16 = x 

4% oF 125741 Q74a+2 

25 16Y 5z—1 3% x θα 


Example 2 ™)) Self Tutor 


Remove the brackets of: 


(2ar)* 


Each factor within the 
brackets is raised to the 
power outside them. 


Remove the brackets of: 


(xy)* (ab)° (xyz)° (3b)° 


(5a)4 (10zy)° (2) 


Ι4. INDICES (Chapter 1) 


OPENING PROBLEM 


Approximately 58400000 vehicles cross the Sydney 
Harbour Bridge each year. 


Things to think about: 


a Can you write this number in the form a x 10* : 
where 1 <a< 10 and k is an integer? 


Ὁ Can you use the number in this form to estimate 
how many vehicles cross the bridge: 


i each day li over 10 years? 


INDEX NOTATION 


We often deal with numbers that are repeatedly multiplied together, such as 5 x 5 x 5. We can use 
indices or exponents to conveniently represent such expressions. 


Using index notation, we represent 5 x 5 x5 as 5%, which reads “5 to the power 3”. We say that 
5 is the base, and 3 is the index or power or exponent. 
If n is a positive integer, then a” is the product of n factors of a. 
C—O Oe 
se 


n factors 


In previous years we have seen the following index laws: 


If the bases a and ὃ are both positive, and the indices m and n are integers, then: 


Te eT etd αὐτῇ To multiply numbers with the same base, keep the base and add the 


indices. 
a™ 
—= 7 Nida To divide numbers with the same base, keep the base and subtract 
4 the indices. 
{ξεν When raising a power to a power, keep the base and multiply the 
indices. 
(aby ab The power of a product is the product of the powers. 
a\r a” ead . 
(=) =i The power of a quotient is the quotient of the powers. 
a= fa Any non-zero number raised to the power of zero is 1. 
ΝΕ 1 . . ΕΝ, 
α΄ 7 = — and in particular, α Ξ-- 


a” a 


Ι6 INDICES (Chapter 1) 


603 3,,2 
a 4b? x 208 b <= ς 3ab? x 2a° q oy 
a+b 15xy 

3 
. a? , 24t© 4 ‘ (4c3d?)? h 10k? 
5b 15t6r2 c2d (2k)5 


™)) Self Tutor 


Notice that 


; 


5 Simplify, giving your answers in simplest rational form: 


a 3? b 6! ἐ 4. d 5° 
e 4? f 4°? g 5° h 5-3 
i 7? j 7° k 10° Ι 107° 
6 Simplify, giving your answers in simplest rational form: 
0 54 

a (5) b = 8 22° d (2t)° 

0 0 53 96 
e 7 f 3x4 g ΞΕ ἢ 510 

4 

ΜΗ 3 --1 2 --1 1 --1 
i -π i (8) κ (3) | (3) 
m 2°49! n 50-573 ὁ 3943-371 p (1)~ 

9\—3 1\-3 4\—2 —2 
ᾳ (3) r (12) s (3) t (25) 

7 Write the following without brackets or negative indices: 

a (3b)7! b 3b"! ¢ τα d (7a)! 

ee 32 \ 
e (=) f (=) g (5t)~? h (5¢~7)7! 

t Y 
i ay? j (αὐ)! κ αν | (αν) 

3 

πὶ (8ρ4) "ἢ n 3(ρ4ᾳ) ο ὅρη "ἢ τ 


INDICES (Chapter 1) 17 
8 Use the index laws to show that, for positive a and 6, and integer τ: 
Lia 7 Oe 
a? b αὖ 


9 The units for speed kilometres per hour can be written as km/h or kmh7!. 
Write these units in index form: 


a m/s Ὁ cubic metres/hour 
¢ square centimetres per second d cubic centimetres per minute 
@ grams per second f kilogram metres per second 


g metres per second per second. 


10 Find the smaller of 2125 and 3175. without a calculator. 
Hint: 2125 = (2°)* 


11. Order the following numbers from smallest to largest: 950 380 586) 104. 


ΕῚ AL INDICES 


A rational number is a number which can be written in the form 2% where p and q are integers. The 
qd 


; ᾿ 2 
integers themselves are rational numbers, since for example 2 = Ἢ 
The index laws can be applied not just to integer indices, but to rational indices in general. This helps 


1 1 
to give meaning to values such as 52 and 73. 


Example 4 
Simplify: 


1 
ἃ 492 


18 INDICES (Chapter 1) 


INVESTIGATION 1 


This Investigation will help you discover the meaning of numbers raised to rational indices of the 


form — where mneéeZ, n£#0. 
7) 


2 
For example, what does 8ὃ3 mean? 


What to do: 


1 2 
1. Use the rule (a™)" =a™" to simplify (8?) 3 and ( g3 ) 


= 1 2 2 
2 Simplify: a (82)? = 8 =... b (gs) =(02) =. 


7γι 
τι 


3 Hence write a” in two different forms. 


From the Investigation you should have discovered that a= (a) ya 


When dealing with indices of this form, it is often easiest to write the base number as a prime raised to 
a power. We simplify the result using the index laws. 


Example 5 ™)) Self Tutor 


Evaluate without using a calculator: 


EXERCISE 1B 


1. Evaluate without using your calculator: 


1 
2 


a 16 b 16 ς 25 d 25 
ς 83 f 8 3 4 (—8)3 h (—8) 3 
2 = z a 
i 814 Ι δὶ : κ 325 | 32 5 
2 Evaluate if possible: 
1 1 1 1 
a (—1)? δ (-1)3 ¢ (—27) 3 d (- 64) ? 


INDICES (Chapter 1) 19 


3 Write the following in index form: 


1 3 1 
a /10 b Tio ς 15 d Sir 
1 1 
e vV19 f —— V13 h 
Vi9 ᾿ aE 
4 Evaluate without using a calculator: 
2 3 2 Ὁ 
a 83 Ὁ 42 ς 42 d 83 
cd = = ae 
e 164 f 92 g 9 2 h 4 2 
= = 5 .3 
i 325 j 325 k 325 | 16 4 
om! --Ξ ae 
m 8 3 n 27 3 ο 25 2 
5 Write the following as powers of 2: 
a V8 Ὁ 1/32 ς V4 d V16 
1 1 1 1 
ς --- f — h —— 
V8 Μ16 5 V8 64 
᾿ ; 2 4ν 32 
6 Write the following as powers of 3: 
1 1 
a v9 b 27 ς d 
νὴ i ΩΤ V81 
9 W781 
e 9/3 f 3/27 8 τ h = 
7 Write with a prime number base: 
a 25 b 32 ¢ 125 d 121 
1 5 1 1 
—— f V64 h 
W/49 - V/625 V/243 
13 81 
i 16/8 Ϊ 25125 k | — 
ve 169 /27 
8 Use your calculator to evaluate, rounded to 3 significant figures where necessary: 
5 = = 3 
ἃ 252 Ὁ 273 ς 83 d 95 
= = = Ka 
e 10’ f 153 g 10’ h 183 
3 4 5 5 
i 164 j 146° k 4 2 | 27 3 
Ξ-- =e =e 
m 15 5 nh 53 7 ο 35 
V9 x W/27 


9 Without using your calculator, evaluate 


12/943 
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GAME 
This game can be played by 2 players. 


PRINTABLE 
BOARD 


What to do: 


e Taking alternate turns, each player selects 3 squares on the board to create a statement of the 


form a? =c. 


For example, the shaded squares can be used to create the statement 3*=81. These squares 
are then crossed out and cannot be used again. 


e The last player who is able to make a valid selection is the winner. 
Single player variant: 


e Try to use all 81 squares in 27 selections. 


Observe the pattern: o 000 = 105 = 
+10 
1000 = 10° _, As we divide by 10, 
+1 C 100 = 102 the exponent or power 
“10 ( Ν -Ξῇ of 10 decreases by one. 


— = 107 γ: 
τρίς 
— = -_ 
τοί - 
ese 
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We can use this pattern to simplify the writing of very large and very small numbers. 


For example, 5 000 000 and 0.000 003 
=5 x 1000000 3 
—5~x 10° 1000 000 
1 
~ ° * 7900000 
—=3x10° 


Scientific notation involves writing any given number as a number between 
1 inclusive and 10, multiplied by a power of 10. The result has the form 


ax10* where 1<a<10 and k is an integer. 


Example 6 ™)) Self Tutor 


Write in scientific notation: 
a 23600000 Ὁ 0.0000236 


δὰ δ ὧδ hE ai ὧν, SPS, tS * 
23 600 000 b 0.000 0236 
-- 2.36 x 10° = 2.36 x 107° 


Remember that 


(a 


Example 7 ™)) Self Tutor ΠΣ 


Write as an ordinary decimal number: 
a-2.57 5 10° b 7.853 x 107° 


2.57 x 104 Ὀ 805 χ Ἰῦ Ὁ 


— 5700 x 10000 = (007.853 - 103 
— 25700 = 0.007 853 


EXERCISE 1¢ 


1 Write using scientific notation: 


a 230 Ὁ 53900 ς 0.0361 d 0.006 80 

e 3.26 f 0.5821 g 361000000 h 0.000001 674 
2 Write as an ordinary decimal number: 

a 2.3 x 10° b 2.3 x 107? ς 5.64 x 10° d 7.931 x 10-4 

e 9.97 x 10° f 6.04 x 10° g 4.215x 107! h 3.621 x 10-8 


3 Express the following quantities using scientific notation: 


a There are approximately 4 million red blood cells in a drop 
of blood. 


Ὁ The thickness of a coin is about 0.0008 m. 
ς Earth’s radius is about 6.38 million metres. 


A Rubik’s Cube has approximately 
43 252 000 000 000 000 000 possible arrangements. 


22 INDICES (Chapter 1) 


4 Express the following quantities as ordinary decimal 
numbers: 


a The Amazon River is approximately 6.99 x 10° m 
long. 

Ὁ A piece of paper is about 1.8 x 10~? cm thick. 

ς A test tube holds 3.2 x 10’ bacteria. 

d A mushroom weighs 8.2 x 10~° tonnes. 


Example 8 ™)) Self Tutor 


Simplify, writing your answer in scientific notation: 


2x 1073 


4 3 ΒΗ 
Ἀ sa 1} Ba δός 10} b TES: 


= 
(3 x 104) x (8 x 103) oe 
= 24x 10** 
= (245 100) 10" 


5 x 10-8 


SAN 
= 0.4 x 10° 

=e 0: = (4x 107?) x 10° 
=4 x 104 


5 Simplify the following, writing your answers in scientific notation: 


a (3 x 10°) x (2 x 10’) Ὁ (4x 10°) x (7 x 10°) 

¢ (8x 10-4) x (7 x 107°) d (9x 107°) x (6 x 10°?) 
e (3x 10°) f (4x 107)? 

g (2x 10-%)4 h (5 x 1073)8 

i (6x 10—') x (4 x 103) x (5 x 107+) j (6 x 10~%)? x (8 x 101) 
k (4~x 10°)! Ι (5x 10-*)~7 


6 Simplify the following, writing your answers in scientific notation: 


8 x 108 9x 1073 4 x 108 

a —— Ὀ-- ὠς 
4 x 10° 3x 10-1 2x 10-2 

q 25x 10-* (8 x 10-*)? (5 x 10-°)-4 
(5 x 107)2 2x 10-6 (2 x 104#)—1 


7 a How many times larger is 3 x 10/1 than 3 x 10°? 
b i Which is smaller, 5x 10. 16 or 5x 10.212 
ii By how many times is it smaller than the other number? 


ς How many times larger is 4 x 10° than 8 x 10-°? 
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Example 9 ™)) Self Tutor 
Use your calculator to find: 


7 6 6.5 x 107? GRAPHICS 


INSTRUCTIONS 


Casio fx-CG20 TI-84 Plus *Unsaved w 


(ave) Real ᾿ +: ᾿ 25800000.:1500000. 3.87E13 
2. 58E7X1.5E6 2. J5Er#1. SEG awe Se 


»Orels 
eee ee eres 104000. 
ὥ. ΞΕ 77 


JUMP DELETE MATH 


δι 05. πιῦ ἢ)  Π|8 10) ΒΤ Κ ῦ" 


6.5 x 1072 


104 x 105 = KO 


8 Calculate the following, giving each answer in scientific notation. The decimal part should be 
rounded to 3 significant figures. 


a (4.7 x 10°) x (8.53 x 10’) Ὁ (2.7 x 1073) x (9.6 x 1012) 
3.4 x 107 7.3 x 107° 
4.8 x 1015 1.5 x 104 
e (2.83 x 10°)? f (5.96 x 10°)? 
(3.56 x 104)? 2.9 x 10? 
8.05 x 10-5 (7.62 x 107) 


9 Answer the Opening Problem on page 14. 


10 Use your calculator to answer the following: 
a A rocket travels in space at 4x 10° kmh~!. Assuming 1 year + 365.25 days, how far will 
it travel in: 
i 30 days ii 20 years? 
b A bullet travelling at an average speed of 2 x 10° kmh7! hits a target 500 m away. Find the 
time of the bullet’s flight, in seconds. 
¢ Mars has volume 1.31 x 1021 m® whereas 
Pluto has volume 4.93 x 1019 m?. 
How many times bigger is Mars than Pluto? 
d Microbe C has mass 2.63 x 10~° grams whereas 
microbe D has mass 8 x 10~° grams. 
i Which microbe is heavier? 
ii How many times heavier is it, than the other microbe? 
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11. The table alongside shows the land areas of ee 
the Canadian provinces (shaded green) and 
territories (shaded purple). Ontario 


ἃ Find the total land area of Canada. Quebec 


Ὁ Place the provinces in order, from Nova Scotia 
largest to smallest. 


New Brunswick 


¢ How many times larger is: 
i Quebec than Manitoba 
ii Nunavut than Prince Edward 


Manitoba 
British Columbia 


Island? Prince Edward Island 
d What percentage of the land area of Saskatchewan 
Canada, is included in Nova Scotia? Alberta 


Newfoundland and Labrador 
Northwest Territories 
Yukon 


Nunavut 


HISTORICAL NOTE ; 


The ancient Indians explored the concept of expressing very 
large and very small numbers. In the Lalitavistara Sutra, 
a Sanskrit text dating from around the 4th century, it is 
written that the Buddha gave a description of the size of 
an atom. 


In terms of the length of a finger bone, the Buddha stated 
that: 


ςς 
oe 


.. each was the length of 

seven grains of barley, each of which was the length of 
seven mustard seeds, each of which was the length of 
seven poppy seeds, each of which was the length of | 
seven particles of dust stirred up by a cow, each of which was the length of 
seven specks of dust disturbed by a ram, each of which was the length of 

seven specks of dust stirred up by a hare, each of which was the length of 
seven specks of dust carried away by the wind, each of which was the length of 
seven tiny specks of dust, each of which was the length of 

seven minute specks of dust, each of which was the length of 

seven particles of the first atoms.” 


1 Assuming a finger bone is 4 cm long, use the Buddha’s description to estimate the length of an 
atom, in metres. Write your answer in scientific notation. 


2 Research the size of a carbon atom. How accurate is the estimate in 1? 
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AA AS) 3 ΒΕ 


10 


Simplify using the index laws: 


p® 
Beek ok δ — ¢ (m°)® 
p 
Remove the brackets of: 
6 3 
2 2,,\3 a —) 
a (3w) Ὁ (27*y) ς (<) d (= 
Simplify, giving answers in simplest rational form: 
7 Ὁ ει: oe Sie d (13) ~ 
Write using scientific notation: 
a 59000 Ὁ 0.009 ¢ 6085000 d 0.000007 71 
Evaluate without using a calculator: 
1 il of 2 
a 49? b 64 3 ¢ 1253 d 27 3 
Write as an ordinary decimal number: 
a 6.23 x 10° B<3.008 x 10. ¢ 4.597 x 10° 
Write with a prime number base: 
1 625 
a 16 δ --- ς — d 8/32 
v16 5 Fe 32 
Use your calculator to evaluate the following correct to 3 significant figures: 
1 = -.- 
a 20 b ες 10: d 15 7 
/100 


Write without brackets or negative indices: 


a (mn)~? b mn? 


(Se) 


Simplify the following, writing your answers in scientific notation: 


δἰ 10-107) (3 C10} 


9x 10-5 
6 x 103 


Bis <0 15 x10-4) 


d (8x 10’)~! 


Write the answers to the following in scientific notation: 


a The speed of light in a vacuum is about 2.998 x 10° της. 1. 


1 


Assuming 1 year + 365.25 days, determine how far light travels in: 


i 1 hour li 1 day 
b How long does it take for light to travel: 
i 1m li 1 cm 


iii 1 year. 


ili 1 mm? 


¢ In air, light travels at 2.989 x 10° ms! and sound travels at 343.2 τὴ 5... 


How many times faster is light than sound? 
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REVIEW SET 1B 


1 Express in simplest form with a prime number base: 


ο52 4gk+3 
a 8? b — ¢ — 
125 7k-1 
2 Simplify using one or more of the index laws: 
2 

142° y? 3 
a 5c x 3c4 b — 4 εἰ. {2 
Qx7y qa3 


ae 
3 Evaluate 27? without using a calculator. 


25 _4 —3 
4 Write without brackets or negative indices: a (<) (Sr) 
5 ἃ Write using index notation: i V13 i == 
| er 
Ὁ Use your calculator to evaluate SET correct to 3 significant figures. 
6 Simplify the following, writing your answers in scientific notation: 
2. 7 π0 5 8 x 107 
a (7x 10°) x (3 x 109) eee aioe 
4.5 x 107 2 χι10- 
7 Write the following as powers of 2: 
1 A 
a V8 b --- c — 
v8 16 V32 


8 How many times larger is 3.5 x 101 than 5 x 10°? 


9 Find the smaller of 2°° and 720 without using a calculator. 


10 The table alongside shows the diameters of the planets in the 
ee alae Mercury | 4.88 x 106 m 
Venus | 1.21 x 107m 
Earth | 1.27 x 107 m 
Mars | 6.79 x 10° m 


a Find the diameter of Saturn in: 
i kilometres li centimetres. 
Ὁ Find the radius of Venus. 
¢ Write the planets in order of size, from smallest to largest. 


Jupiter | 1.40 x 108 m 
Saturn | 1.21 x 108 m 
Uranus | 5.11 x 107 m 
Neptune | 4.95 x 107 m 


d How many times greater is the diameter of: 
i Uranus than Mercury 
li Jupiter than Mars? 


11 ἃ Write (V7 x V7)?° ἃς ἃ power of 7. 


9 
Ὁ Hence, show that Ὁ x W/7 = 7°. 
m+n 


¢ Use the index laws to show that Y/ax Ya=a™ . 
d Hence, write ¥/11 x Ψ11 asa power of 11. 
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Venn diagrams 
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OPENING PROBLEM 
A city has two newspapers, The Sun and The Advertiser. 56% of the people read The Sun and 71% 
of the people read The Advertiser. 18% read neither newspaper. 
Things to think about: 
a How can we represent this information on a diagram? 
Ὁ What percentage of the people read: 
i both of the newspapers 
li at least one of the newspapers 
ii The Sun, but not The Advertiser 
Iv exactly one of the two newspapers? 


SET NOTATION 


A set is a collection of numbers or objects. 


For example: 
e if V is the set of all vowels, then V = {vowels} = {a, 6, i, 0, u} 
e if E is the set of all even numbers, then FE = {even numbers} = {2, 4, 6, 8, 10, 12, ......}. 


We use the symbol € to mean is an element of and ¢ to mean is not an element of. 


So, for the set EF = {2, 4, 6, 8, 10, 12, ....}, wecansay 6€ EF but 11¢ E. 


The set { } or @ is called the empty set and contains no elements. 


COUNTING ELEMENTS OF SETS 


The number of elements in set S' is written n(S). 
A set which contains a finite number of elements is called a finite set. 


A set which contains an infinite number of elements is called an infinite set. 


For example: 


e the set of vowels V has 5 elements. V is a finite set, and n(V) = 5 


e the set of even numbers F is an infinite set. 


SPECIAL NUMBER SETS 


Following is a list of some special number sets you should be familiar with: 


e N= {0, 1, 2, 3, 4, 5, 6, 7, ....$ is the set of all natural or counting numbers. 
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e Z= {0 +1, +2, +3, +4, ....} is the set of all integers. 
—_—____—- -..-» 


-ΌῬ -ὖὁὸ'Ἢ -δ -ὃ -Ὃὖ πὶ 0 1 2 3 4 5 6 


e Z* = {l, 2, 3, 4, 5, 6, 7, ....} is the set of all positive integers. 


—6 -5 -4 -3 -2 -l 0 1 2 3 4 5 6 


e is the set of all rational numbers, or numbers which can be written in the form P where p 
: q 
and q are integers, ἢ # 0. 


For example: 2, 10 (= +2), 0.5 (= 4), and —# are all rational numbers. 


We cannot represent the rational numbers on a number line, because there are infinitely many of 
them, and in between them are irrational numbers which cannot be written in rational form. 
For example: 

> Radicals or surds such as ν 2 and V7 are irrational. 

>» mF 3.14159265 15 an irrational number. 

>» Decimal numbers which neither terminate nor recur are irrational. 


e KR is the set of all real numbers, which are all numbers which can be placed on the number line. 


—§6 -—-5 -—-4 -3 —2 π| 0 1 2 3 4 5 6 
IR includes all rational and irrational numbers. 


- and ,/—2 are not real numbers because we cannot write them in decimal form or place them on 


a number line. 


Example 1 ™)) Self Tutor 


The bar indicates that the 
decimal number is recurring. 


Show that 0.36, which is 0.363636 36...., is a rational number. 


Let x = 0.36 = 0.363 636 36.... 
100z = 36.363 636.... = 36+ x 


So, 0.36 is actually the rational number +. 


EXERCISE 2A 


1. Write using set notation: 
a 8 isan element of set P. 
Ὁ Κα is not an element of set S. 
ς 14 is not an element of the set of all odd numbers. 
d There are 9 elements in set Y. 
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2 True or false? 
a 3eZt Ὁ 6EZ c 2€Q d /2¢Q 


e -1¢Q f 21 ε7 g 0.3684ER h — eZ 


3 Determine whether each of the following numbers is rational, irrational, or neither: 


a 8 Ὁ —8 ς 24 d —34 e v3 


f /-3 g /400 h 9.176 i 7 j ~-T7 
4 For each of the following sets: 
i list the elements of the set 
ii determine whether the set is finite or infinite 
iii if the set is finite, find the number of elements in the set. 
a A= {factors of 6} Ὁ B= {multiples of 6} ς C = {factors of 17} 


d D = {multiples of 17} e FE = {prime numbers less than 20} 
f F = {composite numbers between 10 and 30} 
5 Show that each of the following numbers is rational: 
a 0.7 b 0.41 ς 0.324 
6 Explain why 0.527 is a rational number. 
Explain why 0.9 € Z. 
Give examples to show that these statements are false: 


a The sum of two irrationals is irrational. 
Ὁ The product of two irrationals is irrational. 


To avoid having to list all members of a set, we often use a general description of its members. We often 
describe a set of all values of x with a particular property. 


59 


The notation {2 | ...... } is used to describe “the set of all x such that ...... . 


For example: 
e {x|-3<2<2, cER} 
reads “the set of all real x such that x lies between minus 3 and 2, including 2”. 
We can represent the set on a number line as: an open circle indicates a closed circle indicates 
—3 is not included 2 is included 


—3 2 x 
Unless stated otherwise, we assume we are dealing with real numbers. Thus, the set can also be 
written as {5 -- <2 < 2}. 
e ({:ἰ}-δ «1 «5, rEZ} 
reads “the set of all integers x such that x lies between minus 5 and 5”. 


We can represent the set on a number line as: a ee εὶς 1 
--ῦ 0 5 2 
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Example 2 ™)) Self Tutor 


Write using interval notation: 


Ὁ {x|-3<2< 6} 


EXERCISE 2B 


1. Explain the meaning of: 


a {x|ax2> 4} Ὁ {x|x<5, rE Z} ς {y|0<y< 8} 
d {t|l<a<4, reEZ} e {t|2<t<7, te R} f {n|n<3 or n>6} 
2 Write using interval notation: 
" o_O Ὁ ο-ο.-ἜἝΞΤἉἜΘὨἙ ἙὨ-᾽ὴῦ:υ 
<1 _» <«—__|________|______,» 
3 x 2 Ὁ Ψ 
ς . ; d 
<—___1________|______» «.-οὁ ὁ ὁ ὁ ὁ | » 
-Ἰ 2 x 0 a 
e f : es 
ε«--ὁ ὁ ὁ ὁ ὁ ὁ ὁ» -͵Γ᾿͵͵,'ὔ΄’--» 
0 0 x 0 3: 


3 Represent each of the following number sets on a number line: 


a {t|4<2<8 xcxeEN} Ὁ {t#|-5<2<4, rEZ} 
ς {|-ϑ «ὦ «5, cER} d {1|1} -ῦ, 1Εε2Ζ)} 
e {x|x< 6} f {x|-5<2<0} 


4 Write in interval notation: 
ἃ the set of all real numbers greater than 7 
Ὁ the set of all integers between —8 and 15 


ς the set of all rational numbers between 4 and 6, including 4. 


In this section we consider some other important terms relating to sets. 
SUBSETS 


Suppose A and B are two sets. A is a subset of B if every element of A is also an element of B. 
We write AC B. 
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For example: 


e If FE = {even numbers} then E C Z. 
e The empty set (ὦ is a subset of every set. 


Example 3 ™) Self Tutor 
Z reads 


Suppose A = {1, 2, 3, 4,5, 6, 7}, B= {2, 3, 5}, and “is not a subset of”. 
Carole} 


Decide whether B or C are subsets of A. 


Every element of B is also an element of A, so BC A. 


The element 8 of C’ is not an element of A, so C Z A. 


THE COMPLEMENT OF A SET 


If we are given a problem involving sets, the universal set U is the set of all elements under 
consideration. 


For example, we might be only interested in integers, or only positive integers. 


The complement of A, denoted A’, is the set of all elements of U which are not in A. 


A’ ={ax|x¢ A, x εὖ} 


Example 4 ™) Self Tutor 


Suppose U = {x |x < 12, x € Zt}. Find the complement of: 
a A = {even numbers in U} Ὁ B = {prime numbers in U} 


a A’ = {odd numbers in U} b B’ = {1, 4, 6, 8, 9, 10, 12} 
= (13,5, 7,9, 11} 


EXERCISE 2¢ 


1. For each of the following sets A and B, decide whether A C B: 
a A= {2,5,6}, B= (1, 2, 3, 4, 5, 6, 7, 8} 

A = {4, 8, 11,12}, B= {2, 4, 6, 8, 10, 12, 14, 16} 

A=2, B=({1, 4, 7, 10} 

d A= {5, 10, 15, 20, 25, 30}, B= {10, 15, 20} 

e A= {6,7,8}, B=N 


na 


2 Are the following statements true or false? 
a ZCR b Z+CZ ε {4, /2,5} CQ 
d NCQ ς RCZ f Z* CN 
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3 Suppose A = {1, 2, 3, 4, 5, 6, 7, 8}, B= {3, 6,9}, and C = {4, 7}. Decide whether B or C 
are subsets of A. 


4 Suppose P = {prime numbers less than 10}, Q = {multiples of 3 less than 20}, R = {3, 5, 7}, 
and S = {multiples of 6 less than 20}. Decide whether the following statements are true or false: 


a PCQ Ὁ RCP ς RCS qd ScqQ 
5 Suppose U = {x|x2<9, xe Zt}. Find the complement of: 
a A= {2, 5, 6} Ὁ B = {prime numbers in U} 
¢ C = {odd numbers in U} d D = {multiples of 4 in U} 
e F=2 f F={r|2<3, cxEZ*}. 
6 Suppose U = {letters of the English alphabet}. Find the complement of: 
ὃ. P=iIC.F. 3M... YZ Ὁ Q = {consonants} 
ς R= {letters in the word HOSPITAL} α΄ S = {letters after J in the alphabet}. 


7 Suppose U = {7|2<15, rE Zt}, A={xz|5<2< 13, re Zt}, and 
B={z|6<2<10, xEZ*}. 
a Write down A’ and B’. 


Ὁ True or false? 
i ACB ii BCA iii A’ C B’ iv B’ CA’ 


A Venn diagram consists of a universal set U represented by a rectangle, and subsets within it that 
are generally represented by circles. 


Example 5 ™)) Self Tutor 


Consider the set S = {2, 4, 6, 7} within the universal sett U = {x [« 410, ΕΖ}. 
a Draw a Venn diagram to show S. 


Ὁ List the elements of the complement set 55. 
¢ Find: i n(S) li n(S’) iii n(U) 


Ὁ S’ = {1,3,5,8, 9, 10} 
c I n(S)=4 

li n(S’) =6 

ii n(U) = 10 
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For sets which are subsets of other sets, we can place circles within circles. 


For example, this Venn diagram displays real numbers, rational numbers, integers, and natural numbers: 


Example 6 ™)) Self Tutor 


Illustrate the following numbers on a Venn diagram: 


V3, 84, —2, 7.1, 16, 0.115 


For two sets which have elements in common, we use circles which overlap. 


Example 7 ™)) Self Tutor 
Consider U =47(0= re 5ee7. AH ΣΡ ΣΤ), απθν 1 = ἘΚ ΟΣ 6h. 


Illustrate A and B on a Venn diagram. 


3 and 7 are in both A and B, so the circles 


representing A and B must overlap. 


We place 3 and 7 in the overlap, then fill in the 
rest of A and the rest of B. 


The remaining elements of U are placed outside 
the two circles. 


EXERCISE 2D 
1 Suppose U = {x|a2 <8, x€ Zt} and A = {prime numbers « 8}. 
a Show set A on a Venn diagram. Ὁ List the set A’. 
¢ Find: i n(A) li n(A’) ii n(U) 
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Suppose U = {letters of the English alphabet} and 
V = {letters of the English alphabet which are vowels}. 
a Show these sets on a Venn diagram. Ὁ List the set V’. 
¢ Find: i n(V) li n(V’) iii n(U) 


a List the elements of: 

i U ii N lii M 
Ὁ Find n(N) and n(M). 
¢ Is MCN? 


Illustrate A and B on a Venn diagram if: 

a U=(1, 2, 3, 4, 5,6}, A={1, 2,3, 4}, B= {3, 4, 5, 6} 

b U = {4, 5, 6, 7, 8,9,10}, A= {6,7,9, 10}, B= {5, 6, 8, 9} 
ἃ: U = {3, 4, 5, 6, 7, 8,9}, A= {3,5, 7,9}, B= {4, 6, 8} 


Suppose the universal set is U = R, the set of all real 
numbers. 
Q, Z, and N are all subsets of R. 


a Copy the given Venn diagram and label the sets U, 
Q, Z, and N. 


Ὁ Place these numbers on the Venn diagram: 
Ξ, νΎ, 0.4. --1, -δὲ, 0, 4, and 


a = 0.564105 9236.... which does not terminate or 
recur. 


¢ Shade the region representing the set of irrationals Q’. 


Show the following information on a Venn diagram: 
a U = {triangles}, FE = {equilateral triangles}, J = {isosceles triangles} 
b U = {quadrilaterals}, P = {parallelograms}, R= {rectangles} 


Suppose U={2r|2< 30, rE Z*}, 
A = {prime numbers < 30}, A B 
B = {multiples of 5 < 30}, 
and C = {odd numbers < 30}. 


Use the Venn diagram shown to display the 
elements of the sets. 
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If A and B are two sets, then 


e Af B is the intersection of A and B, and consists 
of all elements which are in both A and B 

e AUB isthe union of A and B, and consists of all 
elements which are in A or B (or both). 


Every element in A 
and every element in B 
is found in A U B. 


U U 
AB is shaded red. AU B is shaded green. 


For example, the Venn diagram alongside shows 
A = {2,3,4, 7} and B= {1, 3, 7, 8, 10}. 


We can see that AM B = {3,7} 
and AUB = {1, 2, 3, 4, 7, ὃ, 10}. 


Example 8 ™)) Self Tutor 


Suppose U = {positive integers < 12}, A= {primes < 12}, and B = {factors of 12}. 
ἃ List the elements of the sets A and B. 
Ὁ Show the sets A, B, and U on a Venn diagram. 
c List the elements in: i A’ i ANB iii AUB 
d Find: i n(ANB) li n(AUB) ii n(B’) 


A = {2,3,5,7,11} and B= {I, 2,3, 4,6, 12} 


A! = {1, 4, 6, 8, 9, 10, 12} ii ANB = (2, 3) 
AN = τ et 

mAh) —2 li n(AUB) =9 
ett Goll ΠΠ|1|. sor cael 6 
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Two sets are disjoint or mutually exclusive if they have no elements in common. 


If A and B are disjoint then AN Β -Ξ (Ὁ. 


EXERCISE 2E.1 


1 a Lust the elements of set: 
i C li D ii U 
iv ΟΠ} v CUD 
Ὁ Find: 
i n(C) li n(D) ii n(U) 
iv n(CnD) v n(CUD) 
2 a List the elements of set: 
i A ii B ii U 
iv ANB v AUB 
Ὁ Find: 
i n(A) ii n(B) ii n(U) 


iv n(ANB) v n(AUB) 


3 Consider 7 -- (5 [1 412, re Zt}, A= {2,7,9, 10,11}, and B= {1, 2,9, 11, 12}. 


a Show these sets on a Venn diagram. 


Ὁ List the elements of: i ANB ii AUB iii 3B’ 
ς Find: i n(A) ii n(B’) iii n(ANB) iv n(AUB) 
4 If A is the set of all factors of 36 and B is the set of all factors of 63, find: 
a ANB b AUB 
5 If X ={A,B,D,M,N,P,R,T,Z} and Y = {B,C,M,T, W, Z}, find: 
a XNY b XUY 
6 Suppose U ={ax|a2< 30, rE Zt}, A= {factors of 30}, and B= {prime numbers < 30}. 
a Find: i n(A) ii n(B) ii n( ANB) iv n(AUB) 


Ὁ Show that n(AU B) =n(A)+n(B)—n(AN B). 
7 Simplify: 
a XNY for X ={1,3,5,7} and Y = {2,4,6, 8} 
b Αι Α΄ foranyset AEU. 
¢ ANA’ forany set AEU. 


USING VENN DIAGRAMS TO ILLUSTRATE REGIONS 


We can use a Venn diagram to help illustrate the union or intersection of regions. 


Shaded regions of a Venn diagram can be used to verify set identities. These are equations involving 
sets which are true for αἰ sets. 


Examples of set identities include: 


AUA’=U ANA’ =@2 
(AU B) = A'NB' (AN B)'=A'UB' 
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Example 9 ™) Self Tutor 


On separate Venn diagrams, shade the region representing: 
a in A or in B but not in both δ A’NB 


1 On separate Venn diagrams, shade regions for: 
A B a ANB b ANB PRINTABLE 
VENN DIAGRAMS 
¢ A'UB d AUB (OVERLAPPING) 
e A’NB f A’NB 
U 


2 Describe in words, the shaded region of: 


b 
4 Co) 
U U 


a On separate Venn diagrams, shade regions for: 


A B i AUB ii (AUB) iii A’ B’ 
iv ANB’ v (ANB) vi A’UB’ 
vii (A’UB’)’ 
Ὁ Hence verify that: 
U i (ANB) =A'UB’ ii (AUB) -Ξ- Α' ἡ Β' 
OS 


Suppose A and B are two disjoint sets. Shade on separate 
Venn diagrams: 


/ PRINTABLE 
a A 6 B VENN DIAGRAMS 
ς AUB d ΑΓΒ (DISJOINT) 


SETS AND VENN DIAGRAMS. (Chapter 2) 39 


5 This Venn diagram consists of three intersecting sets. 
4 Β a Shade on separate Venn diagrams: PRINTABLE 
VENN DIAGRAMS 
i A ii B’ (3 SETS) 
ii BOC iv AUB 
v ANBNC vi AUBUC 
vii (AN BNC) viii (BNC)UA 
Ix (AUB)NC x (ANC)U(BNC) 
C xi (AN B)UC xii (AUC)N(BUC) 
ai Ὁ Verify that: 


i AU(BNC)=(AUB)N(AUC) 
li AN(BUC)=(ANB)U(ANC) 


Click on the icon to practise shading regions representing various subsets. You can 


. : . ᾿ VENN DIAGRAMS 
practise with both two and three intersecting sets. 


We have seen that there are four regions on a Venn 
diagram which contains two overlapping sets A and B. 


There are many situations where we are only interested in the number of elements of U that are in 
each region. We do not need to show all the elements on the diagram, so instead we write the number 
of elements in each region in brackets. 


Example 10 ™)) Self Tutor 
In the Venn diagram given, (5) means that there are 5 elements 
in the set AN B. 
How many elements are there in: 
a A Ὁ B’ ς AUB 
d A,butnotB e B,butnotA f neither A nor B? 


a n(A)=124+5=17 b n(B’)=12+6=18 
ς n(AUB) =124+5+4+8 = 25 d n(A, but not B) = 12 
e n(B, but not A) =8 f n(neither A nor B) = 6 
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Example 11 ™) Self Tutor 
Given? n(U}) = 25, τ ΡΥ = 10; +7(Q)} = 12; “and (Pn) = 3, 
a n(PUQ) Ὁ n(P, but not Q) 
We see that b= 3 Ean Vea gays! 
P Q a+b=10 {5 i = 1} 
b+c=12 jase) 12) 
a+b+c+d=25 fas n(U) = 25} 
phe ea eo 
= (ὦ * T+3494d=25 
ἦς d=6 
a n(PUQ)=a+b+c=19 δ᾽ Γ πο oO) =a—7 
EXERCISE 2F 
1 How many elements are there in: 
a B b A’ 
ς AUB α΄ A, but not B 
e B, but not A f neither A nor B? 


2 Inthe Venn diagram below, (a) means that there are a elements in that region. 
a mae an expression for: 
i n(A) ii n(B) 
ii n( ANB) iv n(AUB) 
Ὁ Show that: 
i n(AUB) =n(A) + n( 
li n(ANB) =n(A) + n( 


B) —n(An B) 

B) —n(AUB) 

iii if A and B are disjoint, then 
n(AU B) = n(A) + n(B) 


a n(An B’) =n(A) —-n(ANB) 
Ὁ n(AUB’)=n(U) —n(A’NB) 


3 ἘΠ Use the Venn diagram to show that: 


U 


4 Given n(U) = 20, n(A) = 12, n(B) = 13, and n(AN B) = 8, find: 
a n(AUB) Ὁ n(B, but not A) 

5 Given n(U) = 28, n(M)=14, n(MON) =3, and n(MUN) = 18, find: 
a n(N) Ὁ n((MUN)’) 
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Example 12 ™)) Self Tutor 


The Venn diagram alongside illustrates the number 
of people in a sporting club who play tennis (1) and Τ' Η 
hockey (#2). 
Determine the number of people: 
a in the club 
7 
who play hockey U () 


b 
¢ who play both sports 
α΄ who play neither sport who play at least one sport. 


n(U) = 15+ 27+ 26+ 7 = 75 n(H) = 27 + 26 = 53 
There are 75 people in the club. 53 people play hockey. 
ME a 20 ee dE ae 

27 people play both sports. 7 people play neither sport. 
n(T U H) = 15+ 27 + 26 = 68 

68 people play at least one sport. 


EXERCISE 2G 


1 The Venn diagram alongside illustrates the number of 
students in a particular class who study French (F’) and F ς 
Spanish (S). 
Determine the number of students: 
ἃ in the class 
b who study both subjects (1) 
¢ who study at least one of the subjects 
d 


who only study Spanish. 


2 Ina survey at a resort, people were asked whether they 
went sailing (57) or fishing (F’) during their stay. 


᾿ (24) 


Use the Venn diagram to determine the number of people: 
a in the survey Ὁ who did both activities 


¢ who did neither activity d_ who did exactly one of the activities. 


42 


10 


11 


13 
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In aclass of 30 students, 19 study Physics, 17 study Chemistry, and 15 study both subjects. Determine 
the number of students who study: 


a at least one of the subjects Ὁ Physics, but not Chemistry 

¢ exactly one of the subjects α΄ neither subject. 
In a class of 40 students, 19 play tennis, 20 play netball, and 8 play neither sport. Determine the 
number of students in the class who: 

a do not play netball Ὁ play at least one of the sports 

¢ play exactly one of the sports d_ play netball, but not tennis. 
In a class of 25 students, 15 play hockey, 16 play basketball, and 4 play neither sport. Determine 
the number of students who play: 

ἃ both sports Ὁ hockey but not basketball. 
In a class of 40 students, 34 like bananas, 22 like pineapples, and 2 dislike both fruits. Find the 
number of students who: 

ἃ like both fruits Ὁ like at least one fruit. 
In a class of 40 students, 23 have dark hair, 18 have brown eyes, and 26 have dark hair, brown eyes 
or both. How many students have: 

a dark hair and brown eyes Ὁ neither dark hair nor brown eyes 


¢ dark hair but not brown eyes? 
Answer the Opening Problem on page 28. 


In a circle of music lovers, 14 people play the piano or violin, 8 people are piano players, and 
5 people play both instruments. Find the number of violin players. 


64% of students at a school study a language, and 79% study Mathematics. Every student studies 
at least one of these subjects. What percentage of students study both a language and Mathematics? 


Our team scored well in the interschool athletics carnival. 
Each person was allowed to participate in one running and 
one jumping event. We gained 8 places in running events. 
5 of us gained a place in both running and jumping events, 
and 14 of us gained exactly one place. In total, how many 
places were gained by the team? 


At a certain school there are 90 students studying for their IB diploma. They all study at least one 
of the subjects Physics, French, or History. 50 are studying Physics, 60 are studying French, and 
55 are studying History. 30 students are studying both Physics and French, while 10 students are 
studying both French and History but not Physics. 20 students are studying all three subjects. 


a Construct a Venn diagram to illustrate this information. 
Ὁ How many students are studying both Physics and History, but not French? 
¢ How many students are studying at least two of the three subjects? 


In a school of 405 pupils, a survey on sporting activities shows that 251 pupils play tennis, 157 play 
hockey, and 111 play softball. There are 45 pupils who play both tennis and hockey, 60 who play 
hockey and softball, and 39 who play tennis and softball. What conclusion may be drawn about the 
number of students who participate in all three sports? 
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For the set of real numbers IR, we can write laws for the operations + and x: 


For any real numbers a, b, and c: 
e commutative a+b=b+a and ab=ba 
e identity Identity elements 0 and 1 exist such that 
a+0=O0+a=a and axl=1xa=a. 
e associativity (a+b)+c=a+(b+c) and (ab)c=a(bc) 
e distributive a(b+c) =ab+ac 


The following are the laws for the algebra of sets under the operations U and ΠΟ: 


For any subsets A, B, and C of the universal set U: 
e commutative ANB=BNOA and AUB=BUA 


e associativity AN(BNC)=(ANB)NC and 
AU BUC) =A Bye 

e distributive AU(BNC)=(AUB)N(AUC) and We have already used 
AN(BUC) =(ANB)U(ANC) Venn diagrams to verify 


the distributive laws. 
e identity AUS=A and ANU=A 


ὁ complement AUA’=U and ANA’=2 

e domination AUU=U and ANSD=2@ 

e idempotent ANA=A and AUA=A 

e DeMorgan’s (AN B)'=A’UB’ and (AUB) =A'NB 
e involution (A’)’=A 


EXERCISE 2H 


1. With the aid of Venn diagrams, explain why the following laws are valid: 
a the commutative laws ANB=BMA and AUB=BUA 
Ὁ the idempotentlaws ANA=A and AUA=A 
¢ the associative laws AN(BNC)=(ANB)NC and AU(BUC)=(AUB)UC 
d 


the complement law (A’)' = A. 


2 Use the laws for the algebra of sets to show that: 


a AU(BUA’)=U Ὁ AN(BNA’)=2 
¢ AU(BNA’)=AUB d (A’UB’)’=ANB 
e (AUB)N(A’NB')=2 

f (AUB)N(CUD)=(ANC)U(AND)U(BNC)U(BND). 


"- 
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REVIEW SET 2A 


1 
2 
3 


Explain why 1.3 is a rational number. 


Is ν 4000 € Q? 
Let P be the set of all prime numbers between 20 and 40. 

a Is 37¢€P? b Find n(P). 
Write a statement describing the meaning of S = {t|—1<t< 3}. 


Write using interval notation: o—_—___—_e 
0 5 x 


For each of the following sets P and Q, decide whether P C Q): 
8, ΓΞ δε 8 hs ΠΟ ΞΟΤΙ ἀμ Ose 
Ὁ P = {multiples of 4 between 10 and 30}, @ = {even numbers between 0 and 40} 


Suppose U = {x|x2< 10, x € Zt}. Find the complement of: 
a A= {3, 7, 9} Ὁ 8 = {composite numbers in U}. 


Suppose U = {r|2<12, xe Zt} and A = {multiples of 3 < 12}. 
a Show A ona Venn diagram. b List the set A’. 
¢ Find n(A’). 


True or false? 


a NCZ Ὁ QCZ 
a List the elements of set: 
A B i A ii B iii U 
iv AUB v ANB 
Ὁ Find: 
i n(A) li n(B) fii n(AUB) 
6 


Consider 60 | a SO ee ta, (atid: τ — 424 8k 
a Show these sets on a Venn diagram. 
Ὁ List the elements of: i PNQ ii PUQ “ΠΟ! 
¢ Find: i n(P’) fi n(PNQ) fii n(PUQ) 
80 5 Pmie Ga? 


Describe in words the shaded region: 


a b ς 
@. ep 
ti U U 


13 


14 
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How many elements are there in: 
a A b B A B 
ς AUB d neither A nor B? 


ἢ (2) 


45 


400 families were surveyed. It was found that 90% had a TV set, and 60% had a computer. 
Every family had at least one of these items. How many families had both a TV set and a 


computer? 


REVIEW SET 2B 


Se P= See 
Show that 0.51 is a rational number. 
Sketch the number set {c|x2<3 or z>7, cE ΕΠ. 


For each of the following sets: 


i list the elements of the set 
ii determine whether the set is finite or infinite 
lii if the set is finite, find the number of elements in the set. 


a A = {factors of 15} Ὁ B = {multiples of 8} 

¢ C = {odd numbers between 30 and 50} d= D = {prime numbers less than 30} 
SHppOSE. ge — 45-4710, Ole Or Oy Ld OO) and «Fy 19.00; 19. 
Decide whether @ and R are subsets of P. 
Suppose U = {x|2< 12, re Zt} and A = {prime numbers less than 12}. Find: 

a A b A’ ¢ n(A) d n(A’) e n(U) 


Illustrate these numbers on a Venn diagram 
like the one shown: 


es ey es ee 


© 


Show this information on a Venn diagram: 
Tee 9 ie ne ἘΠ: 12:12. 11.215} = a a0 a cea De ae 2 
Ὁ U = {quadrilaterals}, S = {squares}, R = {rectangles} 


If A is the set of all factors of 24 and B is the set of all factors of 18, find: 
a ANB 6b AUB 


46 


13 


14 
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On separate Venn diagrams like the one shown, shade 
the region representing: A B 


a 8’ Ὁ in Aandin B 
¢ (AUB) 


U 


Using separate Venn diagrams like the one 
shown, shade regions to verify that 
(Ansa eC SANG δῦσα 


3) 
Given n(U) = 30, n(A) = 14, n(B) = 10, and n(AN B) =6, find: 
a n(AUB) Ὁ 7n(B, but not A) 


In a certain town, three newspapers are published. 20% of the population read A, 16% read B, 
14% read C, 8% read A and B, 5% read A and C, 4% read B and C, and 2% read all 
3 newspapers. What percentage of the population read: 


a none of the papers Ὁ at least one of the papers 
¢ exactly one of the papers d either A or B 
e A only? 


Use the laws for the algebra of sets to show that AN (BU A’) = ANB. 


Algebraic expansion 
and factorisation 


Revision of expansion laws 

Further expansion 

The binomial expansion 

Revision of factorisation 

Factorising expressions with four terms 
Factorising quadratic trinomials 
Factorisation of az*+ba+c,a¢1 
Miscellaneous factorisation 


Contents: 
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OPENING PROBLEM 


Jody showed her friend Leanne a trick for performing multiplications of 2 digit numbers, such as 
42 x 83: 


Step 1: Multiply the digits in the units column. 4 2 
2x3=6 x 8 3 
6 
Step 2: Multiply the digits along the diagonals, then add the results. me 
(4 x 3) + (8 x 2) = 28, so we write 8 and carry the 2. x 83 

2 
ΒΡ 
Step 3: Multiply the digits in the tens column. 4 2 
4x 8= 32, adding the 2 gives 34. Bo 
3.478076 


So, 42 x 83 = 3486. 


Things to think about: 


Can you use algebra to explain why this trick works? 


The study of algebra is vital for many areas of mathematics. We need it to manipulate equations, solve 
problems for unknown variables, and also to develop higher level mathematical theories. 


In this chapter we revise the expansion of expressions which involve brackets, and the reverse process 
which is called factorisation. 


In this section we revise the laws for expanding algebraic expressions. 


DISTRIBUTIVE LAW 


Example 1 ™)) Self Tutor 


Expand the following: 
a 2(3: — 1) Ὁ —32(x + 2) 


a. fant ae 

2(3x — 1) —3x(x + 2) 
= 2x 34+2 x (-1) = —324 xX 1+ -—32 x 2 
= θα — 2 = —32* — θα 


THE PRODUCT (a +b)(c +d) 


(a+ b)(c+ d) = ac+ad-+ bc+ bd 


Example 2 ™)) Self Tutor 


Expand and simplify: 
(x + 4)(x — 3) (22 — 5)(—x + 3) 


(x + 4)(x — 3) 
=x£xx“2+a2~x (-3)+4x2+4x (-3) 
= g* —37+4a —12 
=g*+2—-—12 

(2x2 — 5)(—ax + 3) 
= 27 x (-4) +22 x 3-5 x (-2) -—5 x 3 
= —2r* + θα -- ὅς -- 15 
= --2ῳῦ + lla —15 


DIFFERENCE OF TWO SQUARES 


(a + b)(a — δ) = a* — b’? 


Example 3 ™)) Self Tutor 
Expand and simplify: 
(a + 4)(5 — 4) (3a — 2)(3x + 2) 


(x + 4)(5 — 4) (35 — 2)(35 + 2) 
= 7* — 4? = (3x)* — 2? 
= 77 —16 = 977 —4 


PERFECT SQUARES EXPANSION 
(a + b)* = a? + 2ab + b? 
Example 4 ™)) Self Tutor 


Expand and simplify: 
(22 + 1)? 


(22 + 1)? (8 — 40): 
= (22)? +2x 222x141? = 374+2x3x (—4y) + (-4y)” 
= 477+ 4¢+1 = 9 — 2dy + 16 
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EXERCISE 3A 
1. Expand and simplify: 
a 3(27+5) Ὁ 4r(zx -- 3) ς —2(3+4+ 2) 
d —32(4+ y) ς 2χ(χἷ —1) f —2(1 -- 27) 
g —ab(b—a) h x?(x — 3) i 3(a*+3a+1) 
j 5(x* — 3x + 2) k —4(2c? — 3c — 7) Ι 2a(3a? — 5a +1) 
2 Expand and simplify: 
a 2(2+3)+5(x -- 4) Ὁ 2(3-— 2) -—3(4+2) ς z(x+2) + 2Χ( -- 5) 
d x(x? + 2.) -- x*(2— 2) ς a(a+b) -- δ(α -- ὃ) f χ:(6 -- “) + 32(2 -- 4) 
3 Expand and simplify: 
a (x+2)(2+5) Ὁ (x -- 3)(4+ 4) ς (1+  5)(5 -- 8) 
d (x —2)(x -- 10) e (2. -- 1)(5 -- 8) f (3x2 -- 4γ)γ(25 -- 5) 
g (2. -- υ͵γ(α -- υἹ h (x+3)(—2z -- 1) i (x +2y)(—ax — 1) 
4 Expand and simplify: 
ἃ (x+3)(a —1)4+ 3(a — δ) Ὁ (4+7)(x4—-—5)4+(e+1)(@4+ 4) 
ς (27+ 3)(a — 2) — (a+ 1)(a + 6) d (4t —3)(t+1) — (2t—1)(2¢+5) 
ἐ (4: -- 1)(8 -- 2) + (22 — 8)(85 — 2) f 5(3. -- 4)(5 - 2) -- (Τ -- α)(δ — 55) 
5 Expand and simplify: 
ἃ (x+7)(x—7) Ὁ (3+ α)(8 -- αἹ ς (5—2)(54+2) 
d (22+ 1)(25 -- 1) e (4-- 3y)(4+4+ 3y) f (32 — 4z)(4z + 35) 
6 Expand and simplify: 
ἃ (“1 -- 3)( — 3) — (a+ 6)(a — 6) Ὁ (5p — 2)(5p + 2) — p(3p — 1) 
ε (3y —z)(3y - 2) — (2y + 3z)(2y — 32) α (10—27)(10 + x”) — (10 — 3x7)(10 + 327) 


7 Expand and simplify: 


a (x+5)? Ὁ (22 +3)? ς (7+2) 

d (3x2 +4)? e (5+27)? f (3x7 + 2)? 

g (5x + 3y)? ἢ (2x7 - τυ): i (α΄ -8.): 
8 Expand and simplify: 

a (x —3)? b (2-2)? 

d (6— 5p)? ς (2x — dy) 

g (x? - δ): h (4a* - 3y)? 


9 Use the diagram alongside to show that 
(a — b)* = a* — 2ab +b’. 
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10 Expand and simplify: 
a (σα -- 9) + (a -- 2)? Ὁ (37 +1) — (25 — 3)? ς (ἡ -ἰ 8)" —(x+2)(x -- 5) 
d (5—p)? + (p* -- 4)? e (327 — 1)? —4(1—-2)? f (δ +y7)? — x(x? —y)? 


3 


EXPANSION 


When expressions containing more than two terms are multiplied together, we can still use the distributive 
law to expand the brackets. Each term in the first set of brackets is multiplied by each term in the second 
set of brackets. 


If there are 2 terms in the first brackets and 3 terms in the second brackets, there will be 
2 x 3 = 6 terms in the expansion. However, when we simplify by collecting like terms, the final 
answer may contain fewer terms. 


Example 5 ™)) Self Tutor 


Each term in the first 
bracket is multiplied 
by each term in the 

second bracket. 


Expand and simplify: («+ 3)(52 + 2a +4) 


LA 
eee 


= χ᾽ + 227 + 4 {x x each term in 2nd bracket} 
+ 8.2 + 6x + 12 {3 x each term in 2nd bracket} 
=2°+52*+10r+12 {collecting like terms} 


EXERCISE 3B 
1. Expand and simplify: 


a (x+2)(27+2+4) δ (x+3)(x? + 2x — 3) ¢ (x+3)(x? + 2. +1) 
d (x+1)(2x7? —x—5) ς (2x4+3)(a* + 25 +1) f (22 —5)(x? — 2x — 3) 
4 (x+5)(3r* —2 +4) ἢ (4: -- 1)(212 — 3. + 1) 


Example 6 ™)) Self Tutor 
Expand and simplify: (x + 1)(x — 3)(a + 2) 


(x +1)(a — 3)(a + 2) 


= (x* — 32+ 2 —3)(x +2) {expanding first two factors} 
= (2* — 22 — 3)(@ + 2) {collecting like terms} 

= g° + 2n* — 25 — 45 — 30 —6 {expanding remaining factors} 
= 2° -- Τὰ —6 {collecting like terms} 


2 Expand and simplify: 
a (“1 -- 4)(5 -Ὁ 8)(5 4+ 2) Ὁ (x -- 3)(x -- 2)(Σ + 4) ς (x -- 3)(5 -- 2)(a -- 5) 
d (2. -- 38)(5 -- 3)(z -- 1) e (4: -- 1γ)(35 -- 1)(5 -Ἡ 1) f (2 -- α)ί(ϑα -- 1)(α -- 7) 
g (x -- 2)(4 -- “«)(85 - 2) h (4 -[. 3} i (x -- 2) 
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3 State how many terms you would obtain by expanding: 

a (a+ b)(c+d) Ὁ (a+b+c)(d+e) ες (a+b)(c+d+e) 

ἃ (a+b+c)(d+e+f) e (a+b)(c+d)\(e+ f) f (atb+c)(d+e)(f +g) 
4 Expand and simplify: 


a (“2 - 3xr+4+1)(2? — 2+ 3) (2.2 + x —1)(x? + 35 — 2) 


b 
¢ (327 +2 —4)(2r7 — 32 +1) d (#7 —3r+4+ 2)(x4 + 5)(x — 3) 


Consider (a+ b)” where n is a positive integer. 
a+ ὃ is called a binomial as it contains two terms. 


The binomial expansion of (a+ 6)” is obtained by writing the expression without brackets. 


INVESTIGATION 1 
In this Investigation we discover the binomial expansion of (a+ b)?. 
What to do: 


1 Find a large potato and cut it to obtain a 4 cm by 4 cm 
by 4 cm cube. 


2 By making 3 cuts parallel to the cube’s surfaces, divide lcm 
the cube into 8 rectangular prisms as shown. 


3 How many prisms are: 30m 
a 3by3by3 Ὁ 3 by 3 byl 3cm 
¢ 3bylbyl d 1 byl byl? 3cm lcm lem 


4 Now instead of the 4 cm x 4cm x 4 cm _ potato cube, suppose you had a cube with edge 
length (a+b) cm. 


a Explain why the volume of the cube is given by (α - ὁ)". 


Ὁ Suppose you made cuts so each edge was divided into a cm and ὁ cm. DEMO 
How many prisms would be: 
i abyabya li abyabyb 
lili aby ὁ by ὃ iv b by ὁ by b? 


¢ By adding the volumes of the 8 rectangular prisms, find an expression for the total volume. 
Hence write down the binomial expansion of (a+ δ)". 


Another method of finding the binomial expansion of (a+b)? is to expand the brackets: 
(a+b) = (α -- δ)“ (α +b) 
= (a* + 2ab + b*)(a + ὃ) 
= αὐ +a7b + 2a7b + 2ab? + ab? + ὃ" 
= αὖ + 3a°b + 3ab? + δ 


(a + b)? = a® + 3a7b + 8ab? + δ5. 
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The binomial expansion of (a+ δ) can be used to expand other perfect cubes. 


Example 7 ™)) Self Tutor 


Expand and simplify using the rule (a+b)? = a® + 3a7b+ 3ab? + b°: 
a (1 4) b (3: -- 2)" 


Notice the use 
of brackets. 


a We substitute a=2z and O=4. 


(29 -- 4, =2°4+3x27x44+3xex4+4 
= 7°? + 1277 + 48x + 64 


Ὁ We substitute a= (32) and b= (--2). 
+, (8a -- 2) = (3a) +8 x (32)? x (2) Ὁ 8 x (32) x (-2)? + (-2)3 
= 272° — 5412 + 36x — 8 


EXERCISE 3¢ 


1. Use the binomial expansion of (a+b)? to expand and simplify: 


a (x+1)? Ὁ (x+3)? ς (1: -. δ) d (1: - υ)3 

e («—1)° f (ὦ -- ὅ)" 4 (υ -- 4)" h (ὦ -- τ)" 

i (2+y)3 Ι (2x+1)° k (32+ 1)° Ι (2y + 35)" 
m (2 -- υ) n (2: -- 1)3 ο (3: -- 1) p (2y— 3:)3 


2 By expanding and simplifying (a+ b)?(a +), show that 
(a + b)* = αὐ + 4a°b + 6a7b* + 4ab? + b+. 


3 Use the binomial expansion (a+ )* = αὖ + 4a°b + 6a7b* + 4ab? + b* το expand and simplify: 


a (x+y)* δ (11) ς (1) τ2})3 d («+3)4 
e (x—y)* f («—1) g (x-—2)* h (22 —1)4 
4 Consider: (a+b)' = a -- b 
(a+b)* = a? + 2.0 + b? 
(α - δ) = αὐ τ 8. + 38ε02 + DP 
(a+b)* = αὐ + 4a%b + θα + 4ab® + 04 
The expressions on the right hand side of 1 1 
each identity contain the coefficients: 1 2 1 
1 3 3 1 
1 4 6 4 1 


This triangle of numbers is called Pascal’s triangle. 
a Predict the next two rows of Pascal’s triangle, and explain how you found them. 
Ὁ Hence, write down the binomial expansion for: 
i (a+b) ili (a—b)° iii (a+b)® iv (a—b)® 
¢ i Expand and simplify (x — 2)°. 
ii Check your answer by substituting 2 = 1 into your expansion. 
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Factorisation is the reverse process of expansion, so we use the expansion laws in reverse. 


FACTORISING WITH COMMON FACTORS 


If every term in an expression has the same common factor, then we can place this factor in front of a 
set of brackets. We use the reverse of the distributive law for expansion. 


ORISATION 


Factorisation is the process of writing an expression as a product of its factors. 


Example 8 ™)) Self Tutor 
Fully factorise: 


a 627 + 41 Ὁ -4(α - 1) - (α -- 2)(α - 1) 


6x7 + 45 —4(a+1)+(a4+2)(a+1) 
= χη kde ee ee = (a+ 1)[(-4+ (a+ 2)] 
= 22(3x + 2) = (a+ 1)(a — 2) 


DIFFERENCE OF TWO SQUARES FACTORISATION 
a* — b*? = (a+ b)(a — δ) 


Example 9 ™)) Self Tutor 
Fully factorise: 


a 4- θυ: Ὁ 9α-- 16a? 


ἘΠ; b 9a — 16a° 
= 2* — (3y)* = a(9 — 16a") 
= (2 + 3y)(2 — 3y) = a(3° — (4a)”) 
= a(3 + 4a)(3 — 4a) 


PERFECT SQUARES FACTORISATION 


a* + 2ab + b? = (a+b)? 
a” — 2ab + b? = (a — b)? 


Example 10 ™)) Self Tutor 
Factorise: 


a 4774+ τ} Ὁ 827 — 247+ 18 


4χ" +4¢ +1 b 827 —247+18 
= (22)? +2x2ex14+L = 2(4a° — 122 + 9) 
= (22 + 1)’ = 2((22)* — 2 x 22 x 34.37) 
= 2(22 — 3)? 
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EXERCISE 3D 
1 Fully factorise: 


a x*—52 Ὁ 2774+ θα ς 4: —2zry d 3ab—6b 

e@ 227+ 82? f —627 +122 g αὐ τ ἢ 3ab? -- 9a7b 
2 Fully factorise: 

a 3(5 -- 5) -- σία -Ὁ- 5) Ὁ a(b+3) —5(b+3) ς a(x7+4)+2+4 

d x(x+2)+(x+2)(x+5) e a(c—d)+b(c—d) f y¥2+y)-y-2 

g ab(x—1)+c(a-1) ἢ a(x+2)—x-2 i (x-—3)*+2-3 

j (. τ ὅ)2 85 15 k 2(. -- 2)2-. 4. -- 8 Ι (7+y)>—ar-y 
3. Fully factorise: 

a z7-—16 Ὁ 64-2’ ¢ 927-1 

d 49 — 47? @ y* — 4.2 f 4a* — 2502 

4 812? — 16y’ h 424 — y? i 9a*b* — 16 

j (~+3)*-4 k (32 -- 2)" -- 16 | (2. -- δ)2 — (a -- 4)? 
4 Fully factorise: 

a 2277-8 Ὁ 3y* —27 ¢ 2-182? d 42 —9zx° 

e α -- ab? f 50 —2277y? g 9b° — 4b h x° —xy* 
5 Factorise: 

a 27+47+4 9 -- 107+ 25 ς 92? + 302 + 25 

d χ΄- 81 16 e 4.2-. 285 4 49 f «* — 20r + 100 
6 Factorise: 

a —927+6r-1 Ὁ 327+ 185 + 27 ¢ -1852 - 125 -- 2 

d 2.2 —50 e 27* — 167+ 32 f —32* — 182 — 27 


Some expressions with four terms do not have an overall common factor, but can be factorised by pairing 
the four terms. 


For example, ab+ac + bd-+ cd 
Nee oe Ne ee 
=a(b+c)+d(b+c) {factorising each pair separately} 
= (b+c)(a+d) {removing common factor (b + c)} 


Example 11 ™)) Self Tutor 


Factorise: 3ab+d+3ad+b. Sometimes we need to 
reorder the terms first. 


3ab+d-+ 3ad + ὃ 
= 3ab+6b + 3ad+d {putting terms containing b together} 
---- a 


= δίϑα + 1) + d(3a + 1) { factorising each pair} 
= (3a+ 1)(b+ d) {(3a+1) is a common factor} 
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EXERCISE 3E 


1. Factorise: 
a 2a+2+ab+ ὃ b 4d+ac+ad+4c ¢ ab+6+ 26+ 3a 
d mn+3p+np+3m Σ 2Qry—5+10y-—2 f θα — be —2ac+ 3b 


Example 12 ™)) Self Tutor 


Factorise: 
ἃ 2° +274+-52- 10 b 274+ 32-42-12 


a7+22 + 52+10 
Ne κ.- Ne oe 


= σία + 2) + 5(@ + 2) {factorising each pair} 
= (x + 2)(4 + 5) {(a - 2) is a common factor} 
b =a +.3a - 4-12 
— συ 9 πο. 
Ξε σία -Ὁ- 3) --  4(.. - 38).  {factorising each pair} 
= (ἡ -- 3)(5 -- 4) {(2 +3) is a common factor} 


2 Factorise: 


ἃ 274+274+47+4+8 Ὁ στ΄ 31 τὰ -ἰ 21 ¢ 2*4+524+42+ 20 

d 27*+2+62+4+3 e@ 3774+27+127+8 f 20274+127+52+3 
3 Factorise: 

a 2*—42+4+ 52 -- 20 b .2-- 7χ -- 2. -- 14 ε χ"--3.5 --25:. -Ἐ6 

d .2-- δ. --35. - 15 @ “5.2 - 7. -- 82 -- 56 2.2 -ἰα -- θα -- 3 

g 3.2- 2. -- 125 -- ὃ h 477 — 32 --8: --ΕΙ i 977 +27 -- 91 -- 2 


A quadratic trinomial is an algebraic expression of the form axz?+ba-+c¢ where z is a variable and 
a, ὃ, c are constants, a ~ 0. 


Consider the expansion of the product (a + 2)(a +5): 


(x+2)(2+5) =a? 4+52+274+2x5 fusing FOIL} 
= 9° - [5 -- 215 - [2 χ 5] 
= χα + [sum of 2 and 5|x + [product of 2 and δ] 
-- 2*+7xr+10 


a’ + px+q=(x+a)(x +b) 
where a and ὃ are two numbers whose sum is p, and whose product is q. 
So, if we want to factorise the quadratic trinomial «* + 7r+10 into (x+...)(a +...) we must find 


two numbers to fill the vacant places which have a sum of 7 and a product of 10. The numbers are 
2and5,so “2 - 75 - 10 -- (ὦ -- 2)(5 - δ). 
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™)) Self Tutor 


Example 13 


Factorise: 
a x?-—7r+12 Ὁ 27-27-15 
a We need two numbers with sum —7 and product 12. 
The numbers are —3 and —4. 
a* — Tx +12 = (x — 3)(x — 4) 
Ὁ We need two numbers with sum —2 and product —15. 
The numbers are —5 and 3. 
φῇ — 2x -- 15 = (x —5)(x + 8) 


EXERCISE 3F 


1 Fully factorise: 


a 2?+3r+2 b 277+5r+6 ε 2*-2r-6 d x?+32r—-10 
e x#*+47-21 f «7+827+4+16 g x«*— 147+ 49 h «7? +32 — 28 
| “ὦ -- 115 -- 24 j χ'-Ε 155 -" 44 κ α΄ --:« -- 56 | χα“ -- 185 -- 81 
m «ἡ -- 4. — 32 n χα2- 4. -- 45 ο «΄-- 4. — 96 p τὉ2-415-- 96 


Example 14 ™)) Self Tutor 


Fully factorise by first removing a common factor: 
a 327+ 6x -- 72 b 77+ 42-2? 


327 + 62 — 72 
= 3(x* + 2. — 24) 
= 3(x + 6)(x — 4) 


{3 is a common factor} 
{sum = 2, product = —24 


᾿ς the numbers are 6 and —4} 


b 77 + 4a — x’ 
= —9* + 42+ 77 
= —1(x* — 4¢ — 77) 
= —(x —11)(x+7) 


{writing in descending powers of x} 
{—1 is a common factor} 
{sum = —4, product = —77 

᾿ς the numbers are —11 and 7} 


2 Fully factorise by first removing a common factor: 


a 277+10r+8 

d 5. — 301 — 80 
g 227 — 2x -- 180 
j 2° — 7x? — 82 

m 2x7 — 445 + 240 

3 Fully factorise: 

a -αὖ —327+54 
ἃ 4:--«. --3 


b 


Σ xX UT 8 


3.2 — 217+ 18 
4.2 — 8. -- 12 
35 -- 6a -- 24 
Ar? -- 24. + 36 


xe? — 3x7 — 281 


—7* — 7χ -- 10 
-4-. 45 -- x? 


2x7 + 147 + 24 
3x? — 425. + 99 
2r* + 185 + 40 
327 + 182 — 81 


et + 2x3 4+ 2? 


—7* — 107 -— 21 


3 — 27 -- 2. 


af 
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4 Fully factorise: 
a —x* + 2x + 48 Ὁ 62 —2*-9 ¢ 80. — 3:2 — 63 
d —2x* + 4x + 126 e 202 — 2x” — 50 f - αὐ 15 22 
5 Giventhat 2*+br+c=(r+m)(x+n), factorise x? -- δὰ +c. 


In this section we will learn how to factorise quadratic trinomials where the coefficient of x? is not 1, 
and we cannot remove a common factor. 


Consider the quadratic trinomial 4a? + llx + 6. 


Using the FOIL rule, we observe that (45 + 3)(5 + 2) 
= 4." + 84 + 34 +6 
= 4." + 112 +6 


We will now reverse the process to factorise 4%? + lla + 6: 


4.5. + lla + 6 
= 4x? + 8a + 35 + 6 {‘splitting’ the middle term} 
= (4x7 + 85) + (32 + 6) { grouping in pairs} 
= 4χ( + 2) + 3(x + 2) {factorising each pair separately} 
= (45 + 3)(5 + 2) {completing the factorisation} 


But how do we know how to correctly ‘split’ the middle term? How do we know that 11z should be 
written as 82+ 3a rather than 62+5z or 10%+4 2? 


INVESTIGATION 2 


Consider the general quadratic trinomial ax? + br +c. 
Suppose we ‘split’ the middle term into pr+qz, so axz?+br+c=aar?+pr+qrt+e. 
What to do: 

1 Explain why p+q=Db. 

2 Show that ar*+br+c=2(axr+p)+(qr+c). 


3 Wecan only factorise this expression further if the two terms have a common factor. This means 
that ax + p=k(qx+c) for some k. 


ἃ By equating coefficients, show that kg=a and kc=p. 
Ὁ Hence, show that pg = ac. 


This tells us that factorisation by ‘splitting’ the middle term only works if we can choose p and q 
such that p+q=b and pq =ac. 


& Since pq = ac, we let gq = oc. When we ‘split? the middle term, we therefore either 
p 


write αὐ! ρα: “σὸς or ar?+oat+prte. 
Pp Pp 


Show that factorising gives the result (= 35 ΟἹ (ας +p) in either case. 
Ρ 
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The following procedure is used to factorise ax* + bx +c by ‘splitting’ the middle term: 
Step 1: Find two numbers p and g whose sum is 6 and whose product is ac. 
Step 2: Replace bx by px+qz. 
Step 3: Complete the factorisation. 


Example 15 ™)) Self Tutor 


Factorise: 
a 327+177+10 Ὁ 6.2 -- 11. -- 10 


a For 327+17z+10, αοτΞῷ 3 Χ]10- 80 and ὁ -Ξ- 17. 
We need two numbers with sum 17 and product 30. These are 2 and 15. 


327 +177 + 10 = 3..2- 2. -ἰ 1551. +10 


= χί3. + 2) + 5(8z + 2) 
= (35 + 2)(5 + 5) 
Ὁ For 627 —11lz-—10, ac=6 x —10 = —60 and b= --11. 
We need two numbers with sum —11 and product —60. These are —15 and 4. 
6x* — 11 — 10 = 6x* — 15x + 4x — 10 
= 3x(2x — 5) + 2(25 — 5) 
= (2x — 5)(3a + 2) 


EXERCISE 3G 


1. Consider the quadratic trinomial 327 + 7x + 2. 
ἃ Factorise the expression by ‘splitting’ the middle term into: 
i +62+2 li +2+62 
Ὁ Are your factorisations in a equivalent? 


2 Fully factorise: 


ἃ 22*+524+3 Ὁ 277+13r+18 ¢ 777+97+2 d 312-131 τ 4 
ς 3277+827+4+4 3.9 161 - 21 9 8:2-141 3 h 21.5.9 17. - 2 
i 6.2 -55:-Ἐ1 j 652-195 3 κ 10χ 17 -ἰ 8 | 141 + 375 4+5 


3 Consider the quadratic trinomial 45:2 + 45 — 3. 
ἃ Factorise the expression by ‘splitting’ the middle term into: 
i +62 — 2x li —27+ 62 
Ὁ Are your factorisations in a equivalent? 


4 Fully factorise: 


a 227-92 —5 b 327+52—2 ¢ 3.2 —5a2—2 d 277+ 35 -- 2 
@ 2.2 -31--5 f 527-8243 g llz?-—92-2 h 2.2-- 31 --9 
i 3.2 —17x+10 Ι 5.52 -- 135 —6 κ 352-106 -- 8 | 2774+172r -- 9 
m 2.2 -[9.5 -- 18 n 15χ2-« -- 2 © 2127 -- 62. -- 3 
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Example 16 ™)) Self Tutor 


Fully factorise: —5ar* —7x+6 


We remove —1 as a common factor first. 


2 
—5a2* -- 7 -Θ For 5a? + 7x — 6, ac = —30 and b= 7. 


2 
= —1[5x* + 7x — 6] «—————¢_ The two numbers with product —30 and 
= —[5a* + 102 — 35 — 6] sum 7 are 10 and —3. 


= --ἰσαί(α + 2) — 3(a 4+ 2)| 
= —|(x + 2)(55 — 3)| 
= —(¢ + 2)(5a — 3) 


5 Fully factorise by first removing —1 as a common factor: 
a -—3277-—27+14 Ὁ —527+11lzr-—2 ¢ —427-—97+9 
d -θ." - 12. -- 4 ς -8διυ"-- 147 —3 f —12x7+162+3 
6 a Showthat (3. - δ)“ — (2x —3)? = 5a? - 425: - 16 by expanding the LHS. 
Factorise 52?7+42r+16 by ‘splitting’ the middle term. 


Factorise (32 +5)? — (21 —3)? using the difference of two squares. 


RISATION 


In the following Exercise you will need to determine which factorisation method to use. 


This flowchart may prove useful: 


Expression to be factorised. 


᾿ 


Remove any common factors. 


ellie --ς-ς- 


For four terms, 


aie oe Look for perfect look for Poo eee ΓΌΟΝ ΟΓ 
difference of ee sum and ‘splitting’ the 
squares. grouping in 
two squares. : product type. middle term. 
pairs. 
EXERCISE 3H 
1 Fully factorise: 
a 3224 22 Ὁ 7?-81 ς 2p?+8 d 3b? — 75 
@ 2x* — 32 f n* —4n? g «7-8-9 h d*+6d—7 
i 2*+8r-—9 j 4¢ + 8t? κ 477+1274+5 | 2 — 12g — 110 
da? — 9d? n 5a? —5a—10 © 2c? —8c+6 p 2274+17r+21 


q d*+ 289 — 3d? r +4774 41 
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2 Fully factorise: 


REVIEW SET 3A 


Use the diagram alongside to show that 
a(b+c) =ab+ac. 


Tx — 35y Ὁ 297-8 ς 
m? + 3mp e αὐ 86:1 f 
5a? + bay — day ἢ sy+2¢7+2y+4 i 
227 +10r2+24+5 k 3y? — 147 I 
4ς2 —1 n 327 + 3x — 36 ο 
125." + 135 Ὁ 8 4 -2.υ --6- 85 r 
Ax? — 2. — 25 t (a+b)? --9 u 


b 
Expand and simplify: 
a (c+ δ)(α -- 6) Ὁ (2. -- δ)(35 -- 1) 
¢ (“ --Ῥ Α3)(5 -- 2) -- (22 -- 1)(“ -- 6) 
Fully factorise: 
a 7x* -- 41 b α΄ +52? — θα ς 


Expand and simplify: 
ἃ (2+5)(x —2)(x +1) Ὁ (2. — 3)(x? + 45 + 2) 
Fully factorise: 
a 16—9m? Ὁ τ -- 811 ς 


Expand and simplify: 
a (+ 7)({ -- Τ) Ὁ (2y+5)(2y -- 5) ς 


Fully factorise: 


2x? + 205. + 50 Ὁ 2b-—dc+ 2d—bc 


Use the binomial expansion of (a+ δ)" to expand and simplify: 


(2k + 3)° δ (r—4t)? 


Fully factorise: 


P41 (7p -- 1 b 327 — 91 — 30 ς 


Fully factorise: 


a 
Ὀ 


8x? +102 +3 Ὁ 522 —137+6 ς 


—5a? — 10x 

m? —6m+4+9 

y? + 5y — θυ — 45 
6x2? — 292 —5 

2bx — 6b + 10x — 30 
1627+ 8x41 

12x? — 382 +6 


x(x — 8) + 5(x — 8) 


(x + 7)? — 25 


(2m — 5n)? 


64 — 212 - 81 


Ξῆ 7.02 


Show that (25 +9)? -- (ἡ -- 3)2 = 3.2 -- 42. --ἰ 72 by expanding the LHS. 


Factorise 327 +42x2-+ 72 by first taking out a common factor. 


Factorise (25 +9)* —(x—3)? using the difference of two squares. 


62 
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a Write down the binomial expansion of: 
i (a+b)? fi (a+b)? iii (a +b)* iv (a+b)? 
b In (a+b)? =a*+2ab+b*, the sum of the coefficients of the expansion is 1+2+1 = 4. 
Find the sum of the coefficients in the expansion of: 


i (a+b) li (a+b) iii (a+b)° 
¢ What do you suspect is the sum of the coefficients in the expansion of (a+ b)”"? 


d Prove your result by letting a= b= 1. 


REVIEW SET 3B 


Expand and simplify: 


a δ(4: -- δ) Ὁ ο4χ(. -- 3) ¢ 2(5. -- 6) -- σ(35 —7) 
Expand and simplify: 

a x(a* —3)+5(a -- 4) b (a+ b)(a—b) — (a+ 2b)(a — 2b) 
Fully factorise: 

a 2x7 —98 b (32 +1)? — (x -- 4)? 


Answer the Opening Problem on page 48. 
Hint: The 2 digit number with digit form ‘ab’ represents the value 10a + ὁ. 


Fully factorise: 

a τό 08. -- 54 b 327 + 245 + 48 
How many terms would you obtain by expanding (a+b+c+d)(e+ f)(g +h)? 
Expand and simplify: 


a (3x7 - 5)? δ (2a —b)° 
Fully factorise: 
a «* — 5x — 66 b 2x7 + 20x — 78 ¢ 4: — 8. -- 21 


Expand and simplify: (x7 — 2 + 4)(x? + 22 + 3) 

Fully factorise: 
a - “2 .- 12 b - 6.“ -- 5. -- 50 

Consider factorising the expression 6x? + 17x + 12. 
a Explain why the middle term 17x should be ‘split’ into 9x and 8z. 
Ὁ Factorise 6x7 +17x+12 by writing 17z as 95 + 85. 


¢ Now factorise 627 +17r+12 by writing 17x as 82+92. Check that you get the same 
answer as in b. 


a Use your calculator to find: 
i 23? and 27? fi 18? and 32? fii 11° and 39? iv 14° and 362. 
Ὁ Ifa and b are two integers whose sum is 50, what can we say about the last 2 digits of the 
squares a? and 22 
¢ Prove that your answer to 6 is correct. 
Hint: Write ὁ in terms of a, then find the difference between the two squares. 


«᾿ 
-- 


Radicals and surds 


Contents: 


Z~“MmOA WD Db 


Radicals 

Simplest radical form 

Adding and subtracting radicals 
Multiplications involving radicals 
Division by radicals 

Equality of surds 
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OPENING PROBLEM 


Pamela’s students claim that since an irrational number 
cannot be written as a fraction, it cannot be placed on a 
number line. 


To demonstrate that an irrational length can be represented, 
and therefore placed on a number line, Pamela draws this 
figure. 
Things to think about: 
ἃ Find: 
i the area of the large square 
li the total area of the blue triangles. 


Ὁ Using your answers to a, find the area of the red square. 


¢ Hence explain why the side length of the red square is \/5 units. 
d What is the perimeter of the red square? 


In Chapter 1 we encountered values such as /3, V5, and </8. These numbers are known as radicals. 


A radical is a number that is written using the radical sign ν΄. 


Radicals occur frequently in mathematics, often as solutions to equations involving squared terms. We 
will see a typical example of this in Chapter 5 when we study Pythagoras’ theorem. 


SQUARE ROOTS 


The square root of a, written να, is the positive solution of the equation x? = a. 


να is the positive number which obeys the rule να x να =a. 
For example, J2x J/2=2, V3xV3=3, V4x ν4-- 4. and so on. 
We know that the square of any real number is non-negative. This means that: 


/a is real only if a> 0. 


HIGHER ROOTS 


In this course we will concentrate mainly on square roots, but it is important to understand that other 
radicals exist. For example: 


The cube root of a, written ὅπ, satisfies the rule (Ὁ α)" =a. 
If a>O then ~/a>0. 
fa = then. a 0. 


We can define higher roots in a similar way. 
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RATIONAL AND IRRATIONAL RADICALS 


In Chapter 2 we saw that the set of real numbers IR can be divided into the set of rational numbers Q, 
and the set of irrational numbers Q’. 


Remember that: 


An irrational number is a real number which cannot be written in the form Ξς where p and q are 
q 


iitesers ἢ =). 


Radical numbers may be rational or irrational. An irrational radical is called a surd. 


Examples of rational radicals include: 


If the number under the radical sign 
can be written as a perfect square, 
then the radical is rational. 


V4=2=2 


Two examples of surds are V2 = 1.414214 
and V3 = 1.732051. 


HISTORICAL NOTE 


When the Golden Age of the Greeks was past, the writings of the Greeks were preserved, translated 
into Arabic and extended by Arabic mathematicians in the regions currently known as Iraq and Iran 
and also in Moslem Spain. The word surd came about because of an error in translation. 


The Greek word a/ogos meaning ‘irrational’, or “without reason’, was translated as the Arabic word 
asamm which means ‘irrational’, but also means ‘deaf’. Thus rational and irrational numbers were 
called ‘audible’ and ‘inaudible’ numbers respectively by the Arabic mathematician Al-Khwarizmi, 
from Persia, around 825 AD. 


This later led to the Arabic word asamm meaning ‘deaf’ or ‘dumb’ for 
irrational numbers being translated into Latin as surdus meaning ‘deaf’ or 
‘mute’. The European mathematician, Gherardo of Cremona (c. 1150), 
adopted the word surd. 


The origin of the root symbol ν΄ is not clear. Some sources suggest 
that the symbol was first used by Arabic mathematicians. It is believed that 
the modern square root symbol developed from the letter r which is the first 
letter in the Latin word radix, meaning ‘root’, from which we get the word 
radical. 


SIMPLIFYING RADICALS 


In previous years we have established that: 


e Jaxvb=Vaxb for a>0, b>0 


Ja a 
ei for a>0, b>0 
vob Vb 


Example 1 


Simplify: 


™)) Self Tutor 


Example 2 ™)) Self Tutor 
Simplify: 


(2/5) 
(2V5)° 


—2y/5 x 3/5 


~2V/5 x 3/5 

= 2y/5 x 2v/5 x 2/5 -2x3xvV5x V5 
=2x2x2xV5xvV5x v5 —6x5 

=8x5x V5 —30 

= 40/5 


EXERCISE 4A 


Simplify: 
(v7)? (v/13)? (v5)? (v2.4)? 
(v3) (V3) (v3) (3 
1 : 2 ᾿ J3 ; 2 
() (π) (5) (v4) 
Simplify: 
3 3 3 1 ° 
(9) (5) (=) 
Simplify: 
4/3 x V3 3/2 x V2 V5 x 6V5 
3,/2 x 4/2 —2,/3 x 5V3 ἃν x (--2ν) 
2/2 x (-3v2) (3/2)? (3V2)3 
(4/3)? (4/3)? (2,/2)4 
V5 x (3/5)? —2/3 x (5/3)? (2,/2)3 x (--τν 2) 


Example 3 ™)) Self Tutor 


Write in simplest form: wi ere us oui 
Bock ἘΠ. ΠΣ not need the middle steps. 
2/5 x 32 
-οχῆχνδχν 
=6x /5x2 
= 6V10 
Simplify: 
V2x V5 V3x V7 V3 x V11 
Vix V7 V3 x 2V3 2/2 x (—v5) 
3/3 x 2/2 2/3 x 3/5 J2x V3 x V5 
V3 x V2 x 2/2 —3y/2 x (+/2)° (3\/2)3 x (/3)8 


Example 4 ™)) Self Tutor 


Simplify: 


SIs 


1 
2 


μ- 
lS 


Ts 


re ple pole 
x 
ho 


Simplify: 
v8 v2 vis va 
V3 VB ΝΣ ΝΞ 
vB vB vi VB 
V5 V0 V3 V3 
V30 V2 V24 V3 
Simplify 


ols 
Ww 
ale 
bo 
Θ 
Je 


Prove that \/aV/b = Vab for all positive numbers a and b. 
Hint: Consider (,/av/b)? and (Vab)?. 


Prove that aE for a>O and b> 0. 
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8 als V9+V16=/9+16? Is V25—V16 = /25— 16? 
Ὁ Are f/a+Vb=Vat+b and /a—VWb=Va—b possible laws for radicals? 


A radical is in simplest form when the number under the 
radical sign is the smallest possible integer. 


Example 5 ™)) Self Tutor 


4 is the largest perfect 


Write ν 28 in simplest radical form. square factor of 28. 


EXERCISE 4B 


1. Write in simplest radical form: 


a /24 b 50 ς 54 d ./40 

ες 56 f 63 4 V52 h /44 

i V60 j V90 k 96 | 68 

m 175 n 162 ° 128 p 700 
2 Write in simplest radical form: 

a fi b ,/18 ¢ 3 qd «18 


3 Write in simplest radical form a+b,/n where a,b€Q, πε Ζ: 


4+ ν 8 b vay. ᾿ 4+ /20 d 8 -- ν32 
2 2 4 4 
᾿ 1... 72 f 18 + 27 ᾿ 14 — ν 60 ἢ 5 — “200 
6 6 8 10 


We can add and subtract ‘like’ radicals in the same way as we do ‘like’ terms in algebra. 


For example: 


ὁ justas 3a+2a=5a, 3/2+2/2=5V/2 
ὁ justas 6b—4b=2b, 6/3—4/3 = 2v3. 
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Example 6 ™)) Self Tutor 


We write the whole 
number first, then the 
radical. So, we write 


A/3 not WEY 4. 


Simplify: 
a 3/2-4,/2 5/3 + 275 — V3 + 7V5 


‘like’ radicals 


5V3 +2V5 —- V3 4775 


‘like’ radicals 


= 4/34 95 


EXERCISE 4¢ 


1. Simplify: 

a 3/24+7/2 Ὁ 11/3-8/3 ¢ 6/5 —7/5 

d —/10+ 2/10 e /64+7V6—-3V6 f 9/15 — 4/15 — 11/15 
2 Simplify: 


4/7 + 5V6 + 3V7 — 2V6 
1173 — 8/13 + V13 — 133 
—6/14 — 3/14 — 2V6 + 10/14 
—8— 15+ 77/15 — 13 


a 5V2—V34+V2- v3 
¢ 9/10 —5V75+ 875 — V10 
e J/7+5V/114+ 9/7 —4V7 
4 14+6/17-8V17-3 


= ma A SC 


Example 7 ™)) Self Tutor 


Simplify: 


3 Simplify: 
VB, vB » “8. ν v3, V3 
3 4 2 7 6 8 
2/11 = 8VI11 J10 vV10. V10 5/2 7/2 
4 ------πς ει 4 eer fv2+s - τ 
4 Show that: 
a J0+V5=VB b JIN-V=-vVB 


5 Answer the Opening Problem on page 64. 
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The rules for expanding expressions containing radicals are identical to those for ordinary algebra. 


a(b+c) =ab+ac 

(a+ b)(c+ d) = ac+ad-+ bc + bd 
(a + b)? = a? + 2ab + b* 

(a + b)(a — δ) = a? — db? 


Example 8 ™)) Self Tutor 


With practice you should 
Expand and simplify: not need all of the steps. 
a /2(V2+ V3) 


ἃ ¥2(/2 + V3) b = /3(6 — 2v3) 
=V2x V2 + V2x v3 = V3 x 6+ V3 x (-2¥V3) 


=2+ v6 = 6V3 —6 


EXERCISE 4D 
1 Expand and simplify: 


ἃ V2(V/5+ V2) Ὁ /2(3— V2) ς V3(V3+4+1) 

d /3(1— v3) e V7(7— v7) f /5(2— V5) 

4 V11(2V11 -- 1) h V6(1— 26) i νϑίνϑ + V2-1) 
j 2V3(V3 — V5) k 2/5(3 — V5) | 3V5(2V5 + V2) 


Example 9 ™)) Self Tutor 
Expand and simplify: 


a —/2(/2 +3) b —/3(7 — 2v3) 


a —2(V2 +3) b -—3(7 -2v3) 
=-V2x V2 + -V2x3 = —V3 x 7+—-¥V3 x (-2V3) 
= —2— 3/2 = —7/3 +6 


2 Expand and simplify: 


a —/2(3 — /2) Ὁ —/2(V/2+ v3) ς —/2(4— V2) 
d -V3(1+ V3) e —/3(V3 +4 2) f —/5(2+ V5) 
g —(V2+3) h - νῦ(νῦ — 4) i - (8 -- V7) 

j --νἹ( -- v11) k -(νϑ -- νὴ) | -2ν2(ᾳ — V2) 
m —3/3(5 — v3) n —7/2(/2+ v6) ο (- ν2)" -- V2) 


Example 10 ™)) Self Tutor 
Expand and simplify: (8 — /2)(4+2V2) 


(3 — /2)(44+ 2v2) 


= 12+3 x 22+ (—-V2) x 44 (--ν2) x 2V2 {FOIL mule} 
= 12+6/2—4/2-4 
=8+2V/2 


Expand and simplify: 


(1+ /2)(2+ V2) (2 + /3)(2+ V3) (V3 + 2)(/3 — 1) 
(4 — /2)(3+ V2) (1+ ν8)( -- V3) (5+ /7)(2— V7) 
(V5 + 2)γ(ν8 — 3) (2/2 + V3)(V2 — V3) (4—4/2)(3 —/2) 


Example 11 ™)) Self Tutor 
Expand and simplify: 


(V3 + 2)? (V3 — V7)? 


CAE) (V3 — V7)? 
= (V3)? + 2x V3x2 + 2? Sy eee τ oe 
=3+4/3+4+4 = 3-—2/21+7 
=7+4 3 — 10-221 


Expand and simplify: 


(1+ V2)? (2 — V3)? (V3 + 2) 
(1+ v5) (V2 — V3) (5 — 2)? 
(/2+ V7) (4 — V6)? (V6 — V2)? 
(V5 + 24/2)? (V5 — 25/2)? (6+ V8)? 
(ὅν — 1)? (3 — 24/2) (1+ 3/2) 
Use the binomial expansion for (a+ δ)" to write the following in simplest radical form: 
ὌΠ (V3 -- ν)3 


Example 12 =) Self Tutor 
Expand and simplify: 


(3 + V2)(3 τι V2) (2V3 7 5)(2V3 + 5) Did you notice that these 
answers are integers? 
(3 + V2)(3 — V2) (2/3 — 5)(2V3 + 5) 


= 32. (/2)? = (2/3)? — 5? 
=9-2 = (4 x 3) — 25 
aE = 12 — 25 


= —13 
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6 Expand and simplify: 
a (4+ V3)(4—- V3) b (5—V2)(5+ V2) (/5 — 2)(/5 + 2) 
ἃ (V7+4)(v7—4) (3V2 + 2)(3V2 — 2) f (2V5 — 1)(2V5 + 1) 
g (5—3V73)(5+4+ 3v3) h (2-- ἀν2)2 -- ἀν2) i (1+5V7)(1 —5v7) 
7 Expand and simplify: 
a (V3+V2)(V3-Vv2) 5. (ν͵]εντη7- νὴ ς (VE —- Vat VB) 
d (3V2+ V3)(3V2—V3) e (8V3+V7)(3V3-V7) ἐἐ (2V5 —3V2)(3V2 + 2v5) 


{τ 3Y RADICALS 


When an expression involves division by a radical, we can write the expression with an integer 
denominator which does not contain radicals. 


A 


If the denominator contains a simple radical such as νία then we use the rule να x /a =a. 


. 6 
For example, consider —=. 


V3 
Since Ξ Ξε 1, we οδῇ multiply - by = without changing its value. 
6 _ 6 "8 
V3 ἈΞ V3 This process is 
6x V3 called “rationalising 

_ V3xV3 the denominator”. 
a {since /a x /a=a} 
= 2/3 


™) Self Tutor 


Express with integer denominator: 


b 


Now suppose the denominator has the form α - b,/c. 


The radical conjugate of a+b,/c is a— b/c. 
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The product of the radical conjugates is (a+ by/c)(a — b/c) = a* — (by/c)* 
2. 12 
Ξε αὐ -- δ'ς 


which does not involve a radical. 


So, given a denominator of the form a+ b,/c, we multiply the fraction by ὗε Ἂς ; 
a= Cc 


Example 14 ™)) Self Tutor 


5 with integer denominator. 


We are really multiplying 
by one, which does not 
change the value of the 


= 1 3—5V2 original expression. 
3+5/2 345/72] Χ3-- δν 


— 8-572 
32 — (54/2)? 
_ 3-572 

9 — 50 
_ 572-83 


ra 


{using (a+ δ)(α -- ὃ) =a? -- δ} 


EXERCISE ΔΕ 
1. Express with integer denominator: 
1 2 4 ν 8 V7 
a — Ὁ — ς — d — ς -ϑο-- 
ΝΞ ΝΞ ΝΞ V3 3. 
ι 1 ς“ -" h 4. , v7 vil 
V3 V3 V3 V3 4/3 
1 3 15 ν 8 125 
k — Ι — m — n — ο 2 
V5 V5 V5 V5 2/5 
p v10 q i r 2v2 ς 1 t 
V2 2ν 3 νϑ 2ν 8 (/2)3 
2 Express with integer denominator: 
1 1 1 ἡ. 
ἃ —— b ς α 
3-5 94..4/3 4—/I1 5+/2 
ὰ ν 8 f 5 ἃ - Ὁ 5 h 3= 277 
34/3 2-3/2 3+ 2/5 24+3/7 
3 Write in the form a+b /2 where a, δ Ὲ Q: 
A 8 sor v2=2 
a b ς α 
2 -- ν2 1- νῶ 1- ν2 3—/2 
1 1 
Va ax 1 +d 
© —* : 1—-— 9 ν2 ” v2 
V2 V2 ate aa ἡ 
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Example 15 ™)) Self Tutor 


ΝΠ eet WE 
1-V3 14+Vv3 


v3 10 9. Τὺ Πντ of tae as 
1-νϑ τε νῷ \1-v3/ \14+ v3 1+V3 /\1-v3 

V3 +3 5 1—v3—2/3 46 

~ 1=3 1-3 

V3+3  7—3V3 

ἘΞ a a 

_ V¥3+3-74+3V3 

=, 

_ —44+4Vv3 

—— 
ἘΠΕ 4v3 


Write 


in simplest form. 


eS ἘΠῚ 


=a 


4 Write in simplest form: 


1+ v2, 1-v2 υ 2tv5_ _ v5 « 4-ἤ’Ὲὁ _2v3 
1-ν 14+v2 2-νῦ 245 3-2/2 3+2/2 


5 ἃ Suppose a and b are positive integers. Show that (να + Vb)(,/a — Vb) is also an integer. 


Write with an integer denominator: 


oan ι —2v5_ " V3+2v18 
V7 + V2 V5 — ν V3 — V13 
6 Write ΠΡῸΣ in the form α - ὃν 2 where a, be Q. 
7 If ------, find 6 in terms of p. 


8 If c= /5— νῷ, find x? and hence show that σῇ — 1612 + 4 -- 0. 
You have just shown that one solution of «* — 1627 +4=0 is «= V5-— v3. 


(4%) - (+) | Evaluate u,, for n= 1, 2, 3, 4, 5, and 6. 


1 


9 Suppose u, = 75 


We have discussed how irrational radicals such as /2, ν 3, V5, and 6 are also known as surds. In 
this section we develop a theorem for the equality of surds which does not hold for rational radicals. 


Following is the traditional proof by contradiction that \/2 is an irrational number. 
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Proof: Suppose 2 is rational. 


J/2=" where p and q are integers, g #0, and where all common factors 
4 


of p and ᾳ have been cancelled. 


2 
Now 2= a {squaring both sides} 
ρ΄ = 2¢q° 
᾿ς} is even {as it has a factor of 2 and q” is an integer} 
"| p is even. cape AL) 


we can write p= 2k where k is some integer 


τ (2k)? = 26° 
2q* = 4k? 
᾿ς g? =2k? where k? is an integer. 


q? is even and so q is even .... (2) 


From (1) and (2) we have a contradiction to our supposition, since if both p and q 


are even then they share a common factor of 2. 


the supposition is false, and hence 2 must be irrational. 
An immediate consequence of \/2 being irrational is: 


If a, ὃ, c, and d are rational, and a+b/2=c+dvV2, then a=c and b=d. 


Proof: Suppose a, ὁ. c, and d are rational. Assume that ὦ + d. 
So, a+tbV2=c+dv2 gives 
a—c=(d—b)y2 .... (1) 
— = /2 where the LHS exists as b £ d. 


However, this result is impossible as the LHS is rational and the RHS is irrational. 


Thus the assumption is false, and so ὦ = d. 


using (1), a—c=0, andso a=c. 


THEOREM FOR EQUALITY OF SURDS 


Suppose Vk is irrational, and that a, b, c, and d are rational. 
If at+tbVk=c+dVk then a=c and b=d. 


We can easily show by counter-example that this theorem does not hold for rational radicals. 


For example, 14+4/4=3+4+3/4 but Lao and 455, 


1 


Example 16 ™)) Self Tutor 


Solve for x and y given that they are rational: 


a+yV/2=5-6/2 (x + yvV/2)(3 — /2) = --2ν 


Since V2 is irrational, (a + yV2)(3 — V2) = -2V2 


x=5 and y= -—6. 2/3 
- 2 = 
xt+yvV2 SE: 


_ { -2v2 \ {3+v2 
(=4) (4) 
—6/2—4 
9 -- 2 
_ —4-6/2 
ee 
4 6 


Se ΠΕ 
since ν2 is irrational, x = — 


Example 17 ™)) Self Tutor 


Find rationals a and b such that (a + 2\/2)(3 — V2) =5 + bv2. 


(a + 2V/2)(3 — V2) =5 + ὄν 
᾿ς 86 -- αν - θν2 -- 4 -- 5 -- ὄν 
(8α -- 4) + (6 -- αν =5 + bvV2 
Ὁ since V2 is irrational, 3a—4=5 and 6—a=bD 
at — 
al — se, and uence? οὐ ΞΡ ὅΞ 


EXERCISE 4F 
Solve for x and y given that they are rational: 
a+yV/2=34+2/2 15-4/2=2r+4+yV2 
—a+yV/2 = 11-32 c+ yV/2=6 
t+ yV/2 = —3/2 c+yV/2=0 
Solve for x and y given that they are rational: 
(x + yV2)(2— V2) =1+V2 (x + υν2),(8 -- V2) =1 
(2 — 3x/2)(2 + νν2) = V2 (x + yv/2)(3 — V2) = --ἀν2 
Find rationals a and 6 such that: 
(a+ V2)(2— V2) =4—by2 (a+ 3V2)(3— V2) =6 + by2 
(a + by2)? = 33 + 20V2 (a + bV2)? = 41 — 24/2 


Find 11 =6y/2. Hint: /2 is never negative. 
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5 a Write 11+4V6 inthe form a/2+b/3 where a, bE Q. 
b Can V/11+4V6 be written in the form a+b/6 where a, b Ε Q? Explain your answer. 


INVESTIGATION 


) 12 + 12 +4/2+/2+2+.... is an example of a continued square root. 


Some continued square roots can be simplified to integers. 


What to do: 
1 Use your calculator to find, correct to 6 decimal places: 
a4? b /24+/2 δ, ἃ, 24/2472 


d 12 γ2ιν2ιεν ε 4/24+4/24+1/24+V24+Vv2 


2 Continue the process and hence predict the value of X. 


3 Use algebra to find the value of X. 
Hint: Find X? in terms of X. 


4 Work your algebraic solution in 3 backwards to find a continued square root whose value is 3. 


REVIEW SET 4A 


1. Simplify: 
a (3/2)? b -2/3 x 4/3 ε 3/2- V8 
d (9/27) ε (ὄν) x (v2)! t/a 
2 Write in simplest radical form: 
a 48 Ὁ 864 
3 Simplify: 
ἃ 2/3 + 6/5 — 3/3 — 4/5 b ee hee 


4& Expand and simplify: 
ἃ 2V3(4— v3) Ὁ (8- v7)? ς (2-- V3)(2+ v3) 
ἃ (3+2/5)(2— v5) e (4—/2)(3+ 2ν2) f (/7+3V8)? 

5 Express with integer denominator: 


an ce ba v3 d 


V2 V3 4+ /2 


6 Write Jt in the form ἀν. 


on 
| 

bo | σι 

Ba 
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7 Use the binomial expansion for (a+b)? to write (5+ /2)> in the form a+ b/2 where 
a, be Z. 


8 Write in the form a+bV/3 where a, b€ Q: 


+d 2+V3 2ν8 
2-V3  2+Vv3 
2/5 — V7 


9 Write with integer denominator: --- 


V5 +2V7 
10 Find z,y€Q suchthat (8 -- αν δ)(ν -- ψ) = -- 13 -Ὁ 575. 


b 


TS 


1::Ξ 


REVIEW SET 4B 


1 Simplify: 
a 2/3 x ὃν b (2/5)? ς 572-772 
d —V3(2 — 2) e (V3)! ( fax τ 


2 Write /75 in simplest radical form. 
3 Write in simplest radical form a+b,/n where a,b€Q, πῈε Ζ: 


Ξ 3+ ν24 b ὃ - ν 72 
2 A 


4 Expand and simplify: 


a (5—V3)(5+ V3) b —(2-—/5) 
¢ 2/3(/3 — 1) -- 2ν8 d (2/2 -- 5)( -- v2) 
5 Express with integer denominator: 
14 v2 ν2 —5 
te oT “ 1732 4 πα 


6 Use the binomial expansion (a+b)* = at +4a%b+6ab? + 4ab?+b4 to write (ν2- V3)4 
in simplest radical form. 


7 Write in the form a+b/5 where a, bE Q: 


1 
ae νυν Ξ-Ἰὃ 4 . [8Ξν8 
2V5 + τς ἘΠῚ a 34/5 
5 

8 Write in simplest form: 
2a V2 Disk υ 2tv3 , -2ν8 
tee ees eyo) Loss 1278 

9 Write 3V2 +1 in the form av/b + ον. 


8ν2 -- 1 
10 Find p,q€Q suchthat (p+3V7)(5+qvV7) = 9V7 -- 58. 
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OPENING PROBLEM 


Sven has challenged Jill to a swimming race in 
a lake. Both swimmers will swim from A to B, 
but each needs to touch a buoy along the way. 
Sven thinks he is a very good swimmer, so he 
will swim to buoy C on his way to B. Jill will 
swim to buoy D, as shown. 


Things to think about: 
a How far will Sven swim? 


Ὁ How far will Jill swim? 
¢ How much further will Sven swim than Jill? 


A right angled triangle is a triangle which has a right angle 
as one of its angles. 


wr 

The side opposite the right angle is called the hypotenuse, yee 
and is the longest side of the triangle. 
The other two sides are called the legs of the triangle. Ὶ 
Around 500 BC, the Greek mathematician Pythagoras YO 
discovered a rule which connects the lengths of the sides of legs 
right angled triangles. 
PYTHAGORAS’ THEOREM 

In a right angled triangle with ed 


hypotenuse c and legs a and 8, 
c? =a? +b’. 


RESEARCH 


The Persian mathematician Al-Nayrizi (865 - 922 AD) 
came from Nayriz, Iran. Around 900 AD, he used the 
tiling arrangement shown to prove Pythagoras’ theorem. 


Research the method of five-piece dissection he used for 
his proof. 


Pythagoras theorem 


Pythagoras’ theorem 

The converse of Pythagoras' theorem 
Pythagorean triples 

Problem solving using Pythagoras 
Circle problems 

3-dimensional problems 


Contents: 


Z~monmAw pb 
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In geometric form, Pythagoras’ theorem states that: 


In any right angled triangle, the area of 
the square on the hypotenuse is equal to 
the sum of the areas of the squares on the 
other two sides. 


Hy-pot-en-use? 


ἘΞ 


ee? 


If x? =k, then x =+Vk, 
but we reject —Vk as 
lengths must be positive! 


Let the hypotenuse have length x cm. 


ΠΣ τὺ {Pythagoras} 
α΄ =9+4 
t= 13 

z= V13 (85 « = 


The hypotenuse is 13 cm long. OA 


EXERCISE 5A 


1. Find the length of the hypotenuse of each of the following triangles, leaving your answer in simplest 
radical form where appropriate: 


a 4cm b ς 
6cm 8 km 
7cm 
Scm 13 km 
d e om f 
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__ Example 2 "() Self Tutor 


2 Find the length of the third side of each of the following right angled triangles. 
Where appropriate, leave your answer in simplest radical form. 


a b 15m ς 

llcm een 
6cm 
17m 
9cm 

d e f 

18cm 6.3m 75om 
3.7m 
1.95m 
21cm 


3 Find the length of the unknown side of each of the following right angled triangles. Give your 


answer to 1 decimal place where appropriate. 
2cm 
9cm 


a b 
14.1cm 


a 


8cm 


7m ς 
x 
f 
4.9m 
6.1cm 
1.7m 


22cm 


8.5cm 


Find x in each of the following: 


Example 3 ™)) Self Tutor 


(2x)* = z* + 67 {Pythagoras} 
᾿ς Δ Ξε ee 
PA She —30 
7? =12 
᾿ g=Vv12 {as x > 0} 
ey 


Find the value of z: 


9cm 
xem 
22cm 
32cm 


Example 4 ™)) Self Tutor 


22m 


21 ΟΠ 


Find the values of the unknowns: In triangle ABC, the hypotenuse is x cm. 


᾿Ξ 55 1" {Pythagoras} 
B οι φῇ = 26 


A Ὁ ΟΠ] 
nt =O {as x > 0} 
yom : : 
In triangle ACD, the hypotenuse is 6 cm. 
D 6cm 


c “oy? + (26)? = 6? { Pythagoras} 
᾿ y% +26 = 36 
᾿ς μετ 10 
᾿ς y=v10 fas y>0} 
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6 Find the values of the —— δ" 


2 ΟΠ] ς 
7cm 
cm 
yom 
7 Find az: 
(a —2)cm . 
13cm 
8 Find the length of [AC]: 9 Use the figure below to show that 


J2+ νᾶ = v'18. 


A 
— . 
2 
Β D 
ς 


10 Find the distance AB in each of the following figures: 


D ς b 4m ς Β 
Μ lm 
cm ap 6m 7m 5m N 
B 3m 
A A 


INVESTIGATION 


Prior to being President of the United States, 
James Garfield used the diagram alongside to prove 
Pythagoras’ theorem. When he found this proof he was 
so pleased he gave cigars out to his many friends. 


1 Two identical right angled triangles, ABP and 
BCQ, are placed on a line. What can you deduce 


about ABC? Explain your answer. 


2 Find the areas of triangles X, Y, and Z. 
Hence, express area X + area Y + area Z in simplest form. 
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3 The combined regions X, Y, and Z form a trapezium. Find: 
ἃ the average length of the parallel sides 
Ὁ the distance between the parallel sides 


¢ the area of the trapezium in terms of a and ὁ. 


Area of trapezium 


4 Use your results from 2 and 3 ¢ to find a relationship 
between a, ὃ. and c. 


aes 
= fs EOREM 
ify 
" 
5 aL 


If we know all of the side lengths of a triangle, we can use the converse of 


GEOMETRY 
Pythagoras’ theorem to test whether the triangle is right angled. PACKAGE 


If a triangle has sides of length a, ὃ, and c units where a? + b? = c?, then 
the triangle is right angled. 


Example 5 κ() Self Tutor 


The hypotenuse 
Is a triangle with side lengths 6 cm, 8 cm, and 5 cm right angled? 


would be the 
longest side! 


The two shorter sides have lengths 5 cm and 6 cm. 
Now 57+67=25+36=61, but 87 = 64. 
τς 5?+6? - 82, and hence the triangle is not right angled. aA 


EXERCISE 5B 


1. The following figures are not drawn to scale. Which of the triangles are right angled? 
a 
7cm 


b ς 
9cm 12cm 
Ὁ ΟΠ 5cm 
4cm 
1 


ῸΠΙ 
e f 
1 


ς 
J/7cm ν 27 τὴ ν 48 ΠῚ 
Ὁ ΠῚ 


: 9 ΟΠ] 
ὃ ΟΠ] 
8m 
J/12cm J/75m 
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2 The following triangles are not drawn to scale. If any of them is right angled, identify the right 
angle. 


3 Find z: 


The set of positive integers {a, b,c} where a<b<c isa Pythagorean triple 
if it obeys the rule a? +b? -- εὥ. 


For example, {3, 4,5} is a Pythagorean triple because 
37 + 42 = 5. 


Other examples of Pythagorean triples include 
{5, 12, 13} and {8, 15, 17}. 
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Example 6 ™)) Self Tutor 


Determine whether the following sets of numbers are Pythagorean triples: 
ἃ {5, 8, 9} b {6, 8, 10} ε (2.3, /13} 


52 + 82 = 25+ 64 -- 89 
and 95 -- 81 
Since 57+87497, {65, 8, 9} is not a Pythagorean triple. 
6? + 82 = 36+ 64 = 100 
and 107 = 100 
Since 62 - 82 -- 102, {6, 8,10} is a Pythagorean triple. 


ς {2, 3, 13} is not a Pythagorean triple, as these numbers are not all positive integers. 


Example 7 ™)) Self Tutor 


Pythagorean triples 
are always written 
in ascending order. 


Find k given that {9, k, 15} is a Pythagorean triple. 


9° + k* = 15° 


- 814+ kh? = 225 
k? = 144 
eo — ΠΡ 


EXERCISE 5¢ 


1. Determine whether the following are Pythagorean triples: 


a {15, 20, 25} Ὁ {5, 6, 7} ς {14, 48, 50} 
d {1, 6, 37} e {20, 48, 52} f {—15, 8, 17} 
2 Find k given that the following are Pythagorean triples: 
a {12, 16, k} Ὁ {k, 24, 26} ς {14, k, 50} 
d {8,k,k+2} e {20,k,k+8} f {k, 60, k+ 50} 


3 a Given that {a, ὃ. c} is a Pythagorean triple and k is a positive integer, show that 
{ka, kb, kc} is also a Pythagorean triple. 
Ὁ Use the multiples k = 2, 3, 4, and 5 to construct new Pythagorean triples from these 
Pythagorean triples: 
i {3, 4, 5} li {5, 12, 13} 


4 ἃ Given that {a,b,c} and {d,e, f} are Pythagorean triples, show that 
{be — ad, bd + ae, cf} is also a Pythagorean triple. 


Ὁ Given that {3, 4,5} and {8, 15, 17} are Pythagorean triples, use a to construct a new 
Pythagorean triple. Use technology to check your answer. 
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5 a For each of these values of n, show that {2n+1, 2n?+2n, 2n?+2n+1} is a Pythagorean 
triple: 


rn) li n=2 li n=3 iv n=4 
Ὁ Prove that {2n+1, 2n?+2n, 2n?+2n+1} is a Pythagorean triple for all n € Ζ7. 
Hint: Let a = 2n+1, ὃ = 2n?4+2n, and c = 2n? + 2n+1, then simplify 
c? — b? = (2n* + 2n 4+ 1)? — (2,2 + 2n)? using the difference of two squares 
factorisation. 


Consider a sequence of numbers such that any two consecutive numbers are members of a Pythagorean 
triple. 
{10, 24, 26} 
—— 
For example, one such sequence is Ho eee ae Loe, 
—— 


en oe 
{6, 8,10}  {18, 24, 30} 


What to do: 


1 Create a sequence of 6 numbers with this property, which starts with 3 and ends with: 
a 6 Ὁ 50 ¢ 75. 


2 Find the shortest such sequence you can, that starts with 3 and ends with 1000. 


3} ΤῊΣ 2 a) LOOO 


Right angled triangles occur in many practical problems. In these situations we can apply Pythagoras’ 
theorem to help find unknown side lengths. The problem solving method involves the following steps: 


Step 1: Draw a neat, clear diagram of the situation. 

Step 2: Mark known lengths and right angles on the diagram. 
Step 3: Use a symbol such as « to represent the unknown length. 
Step 4: Apply Pythagoras’ theorem to the right angled triangle. 
Step 5: Solve the equation. 


Step 6: Where necessary, write your answer in sentence form. 


The following special figures contain right angled triangles: 


In a rectangle, right angles exist between adjacent 
sides. We can construct a diagonal to form a right 
angled triangle. 


rectangle 
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In a square and a rhombus, the diagonals bisect 
each other at right angles. 


square rhombus 


In an isosceles triangle and an equilateral triangle, 
the altitude bisects the base at right angles. 
aa] Ei 
isosceles triangle equilateral triangle 


Example 8 ™)) Self Tutor 


A rhombus has diagonals of length 6 cm and 8 cm. 
Find the length of its sides. 


The diagonals of a rhombus bisect at right angles. 
Let each side of the rhombus have length x cm. 
a? =3°+4% {Pythagoras} 
«2 = 25 
io {as x > 0} 


The sides are 5 cm long. 


EXERCISE 5D 


A rectangle has sides of length 8 cm and 3 cm. Find the length of its diagonals. 


The longer side of a rectangle is three times the length of the shorter side. The length of the diagonal 
is 10 cm. Find the dimensions of the rectangle. 


A rectangle with diagonals of length 20 cm has sides in the ratio 2:1. Find the: 


a perimeter Ὁ area of the rectangle. 


A rhombus has sides of length 6 cm. One of its diagonals is 10 cm long. Find the length of the 
other diagonal. 


A square has diagonals of length 10 cm. Find the length of its sides. 
A rhombus has diagonals of length 8 cm and 10 cm. Find its perimeter. 


To check that his set square was right angled, Roger measured 
its sides. The two shorter sides were 8 cm and 11.55 cm long, 
and the longest side was 14.05 cm long. Is the set square right 
angled? 
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A drain pipe runs down the wall of a house, then out to 
the road as shown. Find the length of the pipe. 


Example 9 ™) Self Tutor 


A man and his son both leave point A at the same time. The man rides his bicycle due east 
at 16 kmh~?. The son rides his bicycle due south at 20 kmh~!. How far apart are they after 
4 hours? 


After 4 hours, the man has travelled 4 x 16 = 64 km, 
and his son has travelled 4 x 20 = 80 km. 


Let the distance between them be x km. 
Thus 2x” = 645 + 807 {Pythagoras} 
- a? = 10496 
. £=v10496 {as x > 0} 
x = 102 


they are about 102 km apart after 4 hours. 


9 A yacht sails 5 km due west and then 8 km due south. 
How far is it from its starting point? 


10 Pirate Captain William Hawk left his hat on 
Treasure Island. He sailed 18 km northeast (UC ΓΑ 
through the Forbidden Strait, then 11 km e5 
southeast to his home before realising it was Δ 
missing. He sent his parrot to fetch the hat and 
return it to the boat. How far did the parrot 
need to fly? 


11 Two runners set off from town A at the same time. One 
runs due east to town B, and the other runs due south to 
town C at twice the speed of the first. They both arrive at 
their destinations two hours later. Given that B and C are 
50 km apart, find the average speed of each runner. 


12 Answer the Opening Problem on page 80. 


13 A highway runs east-west between two towns B and C that are 25 km apart. Town A lies 15 km 
directly north of B. A straight road is built from A to meet the highway at D. Given that D is 
equidistant from A and C, find the position of D on the highway. 


14 
15 


16 


17 


18 
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Example 10 


An equilateral triangle has sides of length 6 cm. Find its area. 


The altitude bisects the base at right angles. 


a* + 3? = 6? {Pythagoras} 
, a? +9 = 36 
27 
a=V27 {as a>0} 
1 


Area = 5 x base x height 


=4x6x V27 
— 3/27 cm? 


~ 15.6 cm? 


So, the area is about 15.6 cm?. 


™)) Self Tutor 


An equilateral triangle has sides of length 12 cm. Find the length of one of its altitudes. 


An isosceles triangle has equal sides of length 8 cm and a base of length 6 cm. Find the area of the 


triangle. 


An equilateral triangle has area 16\/3 cm?. Find the length 
of its sides. 


An extension ladder rests 4 m up a wall. If the ladder is 
extended a further 0.8 m without moving its feet, then it will 
now rest 1 m further up the wall. How long is the extended 
ladder? 


A rectangular piece of paper, 10 cm by 25 cm, is folded so that a pair of diagonally opposite corners 


coincide. Find the length of the crease. 


ACTIVITY 


An altitude of a triangle is a line which is perpendicular 
to one side of the triangle, and which passes through the 
opposite vertex. Every triangle has three altitudes. 


Can you use Pythagoras’ theorem to find the lengths of the 
three altitudes of this triangle? 
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CIRCLE PROBLEMS 


There are also certain properties of circles which involve right angles. They are described in the following 
theorems: 


ANGLE IN A SEMI-CIRCLE 


The angle in a semi-circle is a right angle. 


No matter where C is placed on the circle, ACB is always 
a right angle. 


Example 11 ™)) Self Tutor 
A circle has diameter [XY] of length 13 cm. Z is a point on the circle such that XZ is 5 cm. 
Find the length YZ. 


From the angle in a semi-circle theorem, XZY isa right angle. 


Vet the ΠΡ ¥Z be x cm: 


ρ΄ + 2° = 13° { Pythagoras} 
“, @ = 169 — 25 = 144 
- τε ν 144 {as x  0] 
. £=12 


So, YZ has length 12 cm. 


A CHORD OF A CIRCLE 


The line drawn from the centre of a circle at right angles to a chord, 
bisects the chord. 


centre 


The construction of radii from the centre of the circle to the end points 
of the chord produces an isosceles triangle. The above property then 
follows from the isosceles triangle theorem. 
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Example 12 ™)) Self Tutor 


A circle with radius 8 cm has a chord of length 10 cm. 
Find the shortest distance from the centre of the circle to the chord. 


The shortest distance is the ‘perpendicular distance’. The 
line drawn from the centre of a circle, perpendicular to a 
chord, bisects the chord. 


oe Γ᾿ an cm 
In AAOB, 57 +27 = 87 {Pythagoras} 
"ἢ = 64-25 = 39 
᾿ς τε ν 39 esti 10] 
. 26.24 


So, the shortest distance is about 6.24 cm. 


TANGENT-RADIUS PROPERTY 


A tangent to a circle and a radius at the point of 
contact meet at right angles. 


Notice that we can now form a right angled triangle. 


tangent point of contact 


Example 13 ™)) Self Tutor 


A tangent of length 10 cm is drawn to a circle with radius 7 cm. How far is the centre of the 
circle from the end point of the tangent? 


Let the distance be d cm. 10cm 


ad 7 ΕΠ’ {Pythagoras} 

 =149 fem) Adem 
pudd = 149 {as d> 0} 
Ar ig le 

The centre is about 12.2 cm from the end point of the tangent. 


EXERCISE 5E 


1 A circle has diameter [AB] of length 10 cm. C is a point on the circle such that AC is 8 cm. 
Find the length BC. 


2 A rectangle with side lengths 11 cm and 6 cm is inscribed in a circle. χ τς 


Find the radius of the circle. llem 
| 6cm | 
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3 A circle with radius 4 cm has a chord of length 3 cm. Find the shortest distance from the centre of 
the circle to the chord. 


4 <A chord of length 6 cm is 3 cm from the centre of a circle. Find the radius of the circle. 
A chord is 5 cm from the centre of a circle of radius 8 cm. Find the length of the chord. 

6 A circle has radius 3 cm. A tangent is drawn to the circle from point P, which is 9 cm from the 
circle’s centre. How long is the tangent? 
A tangent of length 12 cm has end point 16 cm from the circle’s centre. Find the radius of the circle. 


A circular table of diameter 2 m is placed in the corner of a room so that its edges touch two 
perpendicular walls. Find the shortest distance from the corner of the room to the edge of the table. 


9 The radius of the Earth is about 6400 km. 
Determine the distance to the horizon from a rocket 
which is 40 km above the Earth’s surface. 


distance to 
the horizon 


40 km 


6400 km 


10 B C is the centre of two circles with radii 7 cm and 5 cm. 
[AB] is a chord of the larger circle, and a tangent of the 
smaller circle. 

Find the length of [AB]. 


Example 14 ™) Self Tutor 


Two circles have a common tangent with points of 
contact A and B which are 7 cm apart. The radii of 
the circles are 4 cm and 2 cm respectively. Find the 
distance between the centres. 


For centres C and D, we draw [BC], [AD], [CD], and 
[CE] || [AB]. 
ABCE 1s a rectangle. 


CE =f cm {as CE = AB} 
and DE=4-—-2=2cm 


Let the distance between the centres be x cm. 
fe = ee ΞΕ {Pythagoras in ADEC} 
᾿ς φῇ = 53 

t= V53 {πῆ > ἢ} 

55.7.28 


The distance between the centres is about 7.28 cm. 


13 


14 In the given figure, the largest circle has radius 12 cm. 


15 
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A and B are the centres of two circles with radii 4 m 10m 
and 3 m respectively. The illustrated common tangent 
has length 10 m. 
Find the distance between the centres to the nearest 
millimetre. 
B The illustration shows two circles of radii 4 cm and 
2 cm respectively. The distance between the two 


centres is 8 cm. Find the length of the common 
tangent [AB]. 


A 


In the given figure, AB = 1cm and AC = 3 cm. 
Find the radius of the circle. 


ἃ Find the radius of: 
i the medium circles 
ii the smallest circles. 


Ὁ What fraction of the largest circle is occupied by the 
four inner circles? 


ς.-. 2 Show that Area A + Area B = Area C. 
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DIMENSIONAL PROBLEMS 


Pythagoras’ theorem is often used to find lengths in 3-dimensional problems. 


Example 15 ™)) Self Tutor 


A 50 m rope is attached inside an empty cylindrical wheat <ionep 
silo of diameter 12 m as shown. How high is the silo? εἶ 


Let the height be h m. 


h? + 125 = 50? {Pythagoras} 
h? + 144 = 2500 
" = 2350 
h = 48.5 {as h > 0} 


The wheat silo is about 48.5 m high. 


Sometimes we need to apply Pythagoras’ theorem twice. 


Example 16 ™) Self Tutor 


A room is 6 m by 4 m, and has a height of 3 m. Find the distance from a corner 
point on the floor to the opposite corner point on the ceiling. 


The required distance is AD. We join [BD]. 
In ABCD, x” = 47+67? {Pythagoras} 
In AABD, y*? = 2* +37 {Pythagoras} 
υ" = 4° + 6° + 3° 
y*? = 61 
i i ef oly ass poy 


the distance is about 7.81 m. 


EXERCISE 5F 


1 A cone has a slant height of 17 cm, and a base radius of 8 cm. 
How high is the cone? 
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2 Find the length of the longest nail that could fit entirely within a cylindrical can with radius 3 cm 
and height 8 cm. 


3 A 20 cm nail just fits inside a cylindrical can. Three identical spherical balls need to fit entirely 
within the can. What is the maximum radius each ball could have? 


4 A cube has sides of length 3 cm. Find the length of a diagonal 
of the cube. 


5 A room is Ὁ m by 3 m, and has a height of 3.5 m. Find the distance from a corner point on the 
floor to the opposite corner of the ceiling. 


6 A rectangular box has internal dimensions 2 cm by 3 cm by 2 cm. Find the length of the longest 
toothpick that can be placed within the box. 


7 Can an 8.5 m long piece of timber be stored in a rectangular shed which is 6 πὶ by 5 m by 2 m 
high? 
Example 17 >) Self Tutor 


A pyramid of height 40 m has a square base with edges of length 50 m. 
Determine the length of the slant edges. 


Let a slant edge have length s m. 
Let half a diagonal have length x m. 


Using 
(2x)? = 502 +50? {Pythagoras} 
ἘΚ 4z* = 5000 
ee PN 


s* = 27 + 40 {Pythagoras} 
8. = 1250 + 1600 
9. ἘΞ στὴ 

s = 53.4 {as s > 0} 


Each slant edge is about 53.4 m long. 


8 An Egyptian Pharaoh wishes to build a square-based pyramid 
with all edges of length 100 m. Its apex will be directly above 
the centre of its base. How high, to the nearest metre, will the 
pyramid reach above the desert sands? 
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9 A symmetrical square-based pyramid has height 10 cm and slant edges of length 15 cm. Find the 
dimensions of its square base. 


10 In the office building alongside, the entrance is at E. A radio 
antenna at A, the centre of the roof, receives security signals 
from the door E. 

Find the direct distance between the entrance and the antenna. 


Ὧν ES 


11 A clock tower has the dimensions shown. The slant edges of 
25m the pyramid are 7.5 m long. Find the height of the tower, to the 
nearest cm. 


Lm 


9m 


12 An aircraft hangar is semi-cylindrical with diameter 
40 m and length 50 m. A helicopter places a cable 
across the top of the hangar, and one end is pinned 
to the corner at A. The cable is then pulled tight and 
pinned at the opposite corner B. Determine the length 
of the cable, to the nearest cm. 


REVIEW SET 5A 


1 Find the length of the unknown side in each of the following triangles: 


2cm Ὀ 4cm ς 


a 
5cm / /150 cm 
7cm 0 cm 


2 Determine whether {5, 11, 13} is a Pythagorean triple. 


3. Is this triangle right angled? A 
Explain your answer. 1 
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4 Find the values of the unknowns: 


a | b 


ce TN > 


Use the figure alongside to show that 


V2+ V18 = 32. 


A softball diamond has sides of length 30 m. ond 
Determine the distance a fielder must throw the ball from 
second base to reach home base. 


3rd lst 


30m 


home 


a Find the value of & such that {15, k, k +3} is a Pythagorean triple. 


b i For any integer k > 2, show that {4k, k? —4, k? +4} is a Pythagorean triple. 
li Find the Pythagorean triple which results when k = 5. 


A rectangle has diagonals 15 cm long, and one side is 8 cm long. Find the perimeter of the 
rectangle. 


A circle has a chord of length 10 cm. The shortest distance from the circle’s centre to the chord 
is 5 cm. Find the radius of the circle. 


Find z: 
a b 


tangent 


A room is 10 m by 6m by 3 m. 
Find the shortest distance from: 
a EtoK 
b AtoK. 
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12 Consider the two squares below. 


=] ~~ 


Square A Square B 
In each square, the 4 shaded right angled triangles have legs a and b, and hypotenuse c. 
a Show that the squares have the same area. 
Ὁ Find an expression for the unshaded area in: i square A ii square B. 


¢ Hence, prove Pythagoras’ theorem. 


13 Find the height of an equilateral triangular pyramid in 
which every edge has length 1 m. 


REVIEW SET 5B 


1. Find the value of x in the following: 


: xcm b 2x 
{ 
5m v Tem /42 ἘΣ 
2 Show that this triangle is right angled, and identify which is B 
the right angle. 
Ὁ 
2 
τ 
Α J 29 


3 Find k given that {12, k, 37} is a Pythagorean triple. 


4 The diameter of a circle is 20 cm. Find the shortest distance from a chord of length 16 cm to 
the centre of the circle. 
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5 Find the distance AB in the following figures: 


<a 


6 A rectangular gate is twice as wide as it is high. 
It is held in shape by a diagonal strut 3.2 m long. 
Find the height of the gate to the nearest millimetre. 


7 A 15 m ladder reaches twice as far up a vertical wall as the base is out from the wall. How far 
up the wall does the ladder reach? 


Can a wooden beam 10.5 m long be placed in a rectangular shed 8 m by 7 m by 3 m? 


9 Two circles have a common tangent with points of 
contact X and Y. 
The radii of the circles are 4 cm and 5 cm 
respectively, and the distance between the centres 
is 10 cm. 
Find the length of the common tangent [XY]. 10 iA 


10 A barn has the dimensions given. 
ΓΕ Α a Find the shortest distance from A to B. 


3m B 


Ὁ Π| 
2m 


11 Consider a regular octagon with side length 5. 
The interior angles of a regular octagon are 135°. y 
a Find AB in terms of 5. A 
Ὁ Find the area of: 
i a red triangle 
li a green rectangle. 
¢ Hence, show that the area of a regular octagon 
with side length 5 is (2 + 2,/2)s?. 
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12 a P i Find the length of [PQ]. 
li Use triangle areas to explain why 
NGS eee 
᾽ ν αὖ + b2 
Ν 
R a Q 


Ὁ All edges of a square-based pyramid are 200 m 
long. O is the centre of base ABCD and M is 
the midpoint of [BC]. [ON] is a small shaft 
from face BCE to the King’s chamber at O. 
How long is this shaft? 


13 Two circles are inscribed inside a semi-circle with 
radius r as shown. 


ἃ Find the radius of the red circle in terms of r. 
6 Let x be the radius of the green circle. 
i Show that 


(E+2) - (ξ - οὐ -τ- ὦ} - οἱ 


li Hence, find an expression for the radius 
of the green circle in terms of r. 


Coordinate geometry 


The distance between two points 
Midpoints 

Gradient 

Parallel and perpendicular lines 
The equation of a line 
Perpendicular bisectors 

Distance from a point to a line 
3-dimensional coordinate geometry 


Contents: 


zTa™"™ mon DW Pb 
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OPENING PROBLEM 


The towns Artville, Branton, and Carden are joined Ly 

by straight roads. On a road map Artville is at eee 

(—3, 8), Branton is at (7, 2), and Carden is at NN rTP 

(5, —3). The grid units are kilometres. NOK. SLT 
IS 

Things to think about: Pty INP EES a | 

Eas 


a How far is it from Artville to Branton? 


| PLN 
Ὁ What point is halfway between Branton and \ 
Carden? paeae Nae 
ane 


a 
7 

¢ Are any of the roads perpendicular to each P| ft tot EIN ane 
\/ 
\ 
| [C 


d i Can you find the equation of the road P| | | ft tN 
connecting Artville and Carden? Pe] tof dy pd 
li Does the point (2, 1) lie on this road? P|} fof bt fd 


a 
a 
Ss 
ΤΩ͂Ν 

oo ΜΙΝ τ 
ἽΝ 

f || 

aiden 


HISTORICAL NOTE 


History shows that the two Frenchmen 
René Descartes and Pierre de Fermat 
arrived at the idea of analytical geometry 
at about the same time. Descartes’ work 
La Geometrie was published first, in 1637, 
while Fermat’s /ntroduction to Loci was not 
published until after his death. 


Today, they are considered the co-founders 
of this important branch of mathematics 
which links algebra and geometry. 


The initial approaches used by _ these 
mathematicians were quite opposite. 
Descartes began with a line or curve and then found the equation which described it. Fermat, to a 
large extent, started with an equation and investigated the shape of the curve it described. 


René Descartes Pierre de Fermat 


Analytical geometry and its use of coordinates enabled Isaac Newton to later develop another 
important branch of mathematics called calculus. Newton humbly stated: “171 have seen further 
than Descartes, it is because I have stood on the shoulders of giants.” 


The number plane consists of two perpendicular axes which 
intersect at the origin, O. 


y-axIS 


quadrant 2 quadrant 1 


The x-axis is horizontal and the y-axis is vertical. 
X-axis 


The axes divide the number plane into four quadrants. 


quadrant 3 quadrant 4 


The number plane is also known as either the 2-dimensional plane, or the Cartesian plane after René 
Descartes. 
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The position of any point in the number plane can be specified in terms of 
an ordered pair of numbers (xz, y), where: 


DEMO 


e «x is the horizontal step from O, and is the x-coordinate of the point 
e y is the vertical step from O, and is the y-coordinate of the point. 


Suppose we want to find the distance d between the points 
A(1, 3) and B(4, 1). 


By drawing line segments [AC] and [BC] along the grid 
lines, we form a right angled triangle with hypotenuse [AB]. 
d* = 2°43? {Pythagoras} 
d? = 13 
d=vV13 {as d > 0} 


So, the distance between A and B is ν 13 units. 


While this approach is effective, it is time-consuming because a diagram is needed. 
To make the process quicker, we can develop a formula. 
To go from A(x, y1) to B(x2, y2), we find the 
x-step = 79 — 11 
and y-step = yo — ψι. 
Using Pythagoras’ theorem, 
(AB)? = (a-step)* + (y-step)? 
AB = \/ (a-step)? + (y-step)? 
d = y/ (@2 — 21)* + (y2 — y1)?. 


The distance d between two points (x1, yi) and (#2, y2) is given by 


d = ν (2 — £1)? + (y2 — νι). 


Example 1 =) Self Tutor 
Find the distance between A(—2, 1) and B(3, 4). 


The distance formula saves us 
having to graph the points each 
time we want to find a distance. 


AB = \/(3 — —2)? + (4-1)? 


= ν 52 + 3? 
= /254+9 


= V7 34 units 
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Example 2 ™) Self Tutor 
Consider the triangle formed by the points A(1, 2), B(2,5), and C(4, 1). 
a Use the distance formula to classify the triangle as equilateral, isosceles, or scalene. 


Ὁ Determine whether the triangle is right angled. 


a AB=1/(2—1)?+(5-2)2 AC=/(4—1)?+4+(1—-2)? 
= /12 +32 ee 
10 units ="7/ 10 units 
BC = \/(4— 2)? + (1-5)? 
2? + (—4)? 
20 units 
Since AB = AC, the triangle is isosceles. 
The shortest sides are [AB] and [AC]. 
Now AB*+AC* = 10+ 10 
— a 
= 20> 
Using the converse of Pythagoras’ theorem, the triangle is right angled. The right angle is 
at A, opposite the longest side. 


EXERCISE 6A 
1. Find the distance between: 
a A(3,1) and B(5, 3) Ὁ C(-1, 2) and D(6, 2) ς O(0,0) and Ρί--2, 4) 
d E(8,0) and F(2, —3) e G(0, —2) and H(0, 5) f 1(2,0) and J(0, —1) 
4 R(1,2) and S(—2, 3) ἢ W(1,—1) and Z(4, —2). 
2 In the map below, the rr lines are 10 km pe 
Og 


be 


ἊΝ 


ἘΞ Ὁ wd 


7 8 9 


αἷς 


© OpenStreetMap contributors 


0 


Find the direct distance between: 
a Dalgety Bay and Edinburgh Ὁ Coatbridge and Dalgety Bay ¢ Coatbridge and Edinburgh. 
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3 Use the distance formula to classify triangle ABC as either equilateral, isosceles, or scalene: 


a A(3, —1), B(1, 8), C(—6, 1) δ A(1, 0), B(3, 1), C(4, 5) 
ς A(—1,0), B(2, —2), C(4, 1) d A(V/2, 0), B(—v2, 0), C(0, —V5) 
e Α(νϑ, 1), B(—V3, 1), C(0, —2) f A(a, b), B(—a, Ὁ), C(0, 2) 


4 Determine whether the following triangles are right angled. If there is a right angle, state the vertex 
where it occurs. 


a Α(-2, --1), B(3, --1), C(3, 3) b A(—1, 2), B(4, 1), C(4, —5) 
ς A(1, —2), B(3, 0), C(—3, 2) d A(3, —4), B(—2, --5), C(-1, 1) 


Example 3 ™)) Self Tutor 


Find b given that A(3, —2) and B(b, 1) are ν 13 units apart. 
Explain your result using a diagram. 


From A to B, a-step = ὁ -- ξ 
y-step = 1 -- --ΦὋ-: ὃ 


οι (Ὁ -- 3)? +32 = 713 


(b—3)?+9=13 {squaring both sides} 
ὙΠ (b—8)? =4 
0) — cee 
fia ae 
*. b=5o0rl 


Point B could be at two possible locations: 
(521) Sonrns 1): 


5 For each of the cases below, find a and explain the result using a diagram: 


a 
b 


ς 


b 


7 P is at (—5, 9), Q is at (1, 2), and R is on the z-axis. 
Given that triangle PQR is isosceles, find the possible 
coordinates of R. 


P(2, 3) and Q(a, —1) are 4 units apart 

P(—1, 1) and Q(a, —2) are 5 units apart 

X(a, a) is V8 units from the origin 

A(0, a) is equidistant from P(3, —3) and Q(—2, 2). 


Find the relationship between x and y if the point P(x, y) is always: 
i 3 units from O(0, 0) ii 2 units from A(1, 3). 
Illustrate and describe the set {(x, y) | 27 + y? = 1}. 
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sions 


The midpoint of line segment [AB] is the point 


B 
which lies midway between points A and B. 
x midpoint 


Consider the points A(—1, —2) and B(6, 4). From the 
diagram we see that the midpoint of [AB] is M(25, 1). 


The x-coordinate of M is the average of the x-coordinates 
of A and B. 


the x-coordinate of M = 


-116. § 01 
ΜΝ π- 


9 2 
The y-coordinate of M is the average of the y-coordinates 
of A and B. 


the y-coordinate of M = 


—2+4 
2 


= 1 


If A(a1, yi) and B(x2, y2) are two points, then the midpoint 
+2 
of [AB] has coordinates (5.15. noe) 


Example 4 
Find the midpoint of [AB] given A(—1, 3) and B(4, 7). 


So, the midpoint is (13, 5). 


EXERCISE 6B 
1. Find the coordinates of the midpoint of the line segment joining: 
a (8,1) and (2, 5) Ὁ (2, —3) and (0, 1) 
d (-1, 4) and (1, 4) e (5, --3) and (-1, 0) 


(3,0) and (0, 6) 
(5,9) and (—3, —4). 


Example 5 ™)) Self Tutor 
M is the midpoint of [AB]. A is (1, 3) and M is (4, —2). Find the coordinates of B. 


Suppose B has coordinates (a, ὁ). 
Ξ ΩΣ - — 4 and b+3 — ΞΞΕῸ 
2 2 


a+1=8 and ῥῤ-.:8:-:: -- 
a=7 and b= —T7 


B is (7, —7). 
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Example 6 ™)) Self Tutor 


Suppose A is (—2, 4) and M is (3, 1), where M is the midpoint of [AB]. 
Use equal steps to find the coordinates of B. 


xz-step: —2 +9 3 ae) 8 


y-step: 4-—31-3 -2 


B is (8, —2). 


2 Mis the midpoint of [AB]. Find the coordinates of B for: 


a A(6,4) and M(3, —1) b A(—5,0) and M(0, —1) 
ς Αἴ, —2) and M(15, 2) d Α(-1, —2) and M(-S, 23) 
e A(7, —3) and M(O, 0) f A(3,—1) and M(0, —3). 


Check your answers using the equal steps method given in Example 6. 


3 [AB] is a diameter of a circle with centre C. If A is (3, —2) and B is (—1, —4), find the coordinates 
οἵ Ὁ. 


4 [ΡΟ] is a diameter of a circle with centre (3, —4). If Q is (—1, 2), find the coordinates of P. 


5 The diagonals of parallelogram PQRS bisect each other 


ΡΟ 9) -- 
αἱ X. Find the coordinates of S. : 


- Q(5, 3) 


© 
- 
- 
- 
- 
΄. 
.-" 
- 


- 
- * 
-* 


ΡΟ 
ef 
- 


- 
- 
- 
-. 
- 
. 
- 
-* 
- 


6 Triangle ABC has vertices A(—1, 3), B(1, —1), and C(5, 2). Find the length of the line segment 
from A to the midpoint of [BC]. 


7 A,B,C, and D are four points on the same straight line. " 


The distances between successive points are equal, as 
shown. If A is (1, —3), C is (4, a), and D is (b, 5), B 
find the values of a and ὁ. 4 


8 The midpoints of the sides οἵ a triangle are (5, 4), (8,5), and (6, 0). Find the coordinates of 
the vertices of the triangle. 


Consider the lines shown: 7 ΤΠ} 
Pe 


Pr tine [TT 
ΓΕ Tr 
CCE EEE 
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We can see that line 2 rises much faster than the other two lines, so line 2 is steepest. 
However, most people would find it hard to tell which of lines 1 and 3 is steeper just by looking at them. 
We therefore need a more precise way to measure the steepness of a line. 

The gradient of a line is a measure of its steepness. 
To calculate the gradient of a line, we first choose any two distinct points on the line. We can move 
from one point to the other by making a positive horizontal step followed by a vertical step. 
The gradient is calculated by dividing the vertical step by the horizontal step. 


vertical step y-step 


The gradient of a line = ———————— 
horizontal step x-step 


If the line is sloping upwards, then both steps are positive, so the 
line has a positive gradient. 


positive 
vertical step 


horizontal step 


If the line is sloping downwards, the horizontal step is positive and 
the vertical step is negative, so the line has a negative gradient. 


horizontal step 


negative 
vertical step 


Example 7 ™)) Self Tutor 


Find the gradient of each line segment: 


SEEPS LEE 
pT tT ATT | 


PIA T Tt tt fe] Pt 
ϑ ΠῚ ΠῚ 


b gradient = = = - 


ἃ gradient = Ξ 


3 
2 
¢ gradient = - ΞΞΞ 1} α΄ gradient = = which is undefined 
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From the previous Example, we can see that: 
e The gradient of all horizontal lines is 0, since the vertical step is 0. 


e The gradient of all vertical lines is undefined, since the horizontal step is 0. 


Example 8 ™)) Self Tutor 


Draw a line with gradient —4, through the point (2, 4). 


Plot the point (2, 4). 


ἘΠ ΝΞ. ΞΕ 2 = = eae step ARSE 
ees | | | Ἃς Se 


EXERCISE 6€.1 


1. Find the gradient of each 
line segment: 


2 On grid paper, draw a line segment with gradient: 

ag Ὁ —5 ς 2 d -3 e 0 ι.2 
3 Draw a line with gradient 5, through the point (3, —1). 
4 Draw a line with gradient —3, through the point (—1, 3). 


5 On the same set of axes, draw lines through (2, 3) with gradients $3 3, 2, and 4. 


6 On the same set of axes, draw lines through (—1, 2) with gradients 0, —2, —2, and —5. 


THE GRADIENT FORMULA (xo, 2) 


The gradient of the line through 
Y2— V1 


9 4 > . 
(v1, y1) and (2, y2) is as 


Example 9 κ() Self Tutor 
Find the gradient of the line through (3, —2) and (6, 4). 


gradient = 22— 5: 
29 —2] 


ee 


EXERCISE 6C€.2 


Use the gradient formula to find the gradient of the line through A(—2, —3) and B(5, 1). 
Plot the line segment [AB] on a set of axes to illustrate your answer. 


Find the gradient of the line segment joining: 


(2,3) and (7, 4) (5, 7) and (1, 6) (1, —2) and (8, 6) 
(5,5) and (—1, 5) (3, —1) and (3, —4) (5, --1) and (—2, —3) 
(—5, 2) and (2, 0) (0, —1) and (—2, —3) (—1, 7) and (11, —9). 


Example 10 ™)) Self Tutor 


Find ἐ given that the line segment joining (5, —2) and (9, t) has gradient Ξ. 


- 3(¢+2)=8 
3t +6 =8 
- 3t=2 


2 aah" 
ff =—— 


Find ¢ given that the line segment joining: 


(—3, 5) and (4, ἐ) has gradient 2 (5, t) and (10, 12) has gradient —4 

(3, —6) and (t, —2) has gradient 3 (t,9) and (4,7) has gradient -- 

(2,5) and (t,t) has gradient 4 (t, 2t) and (—3, 12) has gradient -- 
The gradient of [PQ] is ἘΝ and the gradient of [QR] 
is —2. Find the coordinates of R. 


4 
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5 A(x, y1), B(xe, yo), and C(axs3, yz) are three points 
such that the gradient of [AB] is 7, the gradient of [BC] 
is 1, and AB = BC. 

a Use the gradient formula to show that 
(yo — yi)? =49(x2 -- “1) and 
(ys — y2)* = (x3 — a2)”. 

Ὁ Use a and the distance formula to show that 
L3—-%2 => 5(x2 - 41). 

ς Hence, find the gradient of [AC]. 


PARALLEL LINES 


C(x3, y3) 


The given lines are parallel, and both of them have a gradient 


of 3. 
iy ARl Aah e If two lines are parallel, then they have equal gradient. 
La ὁ Iftwo lines have equal gradient, then they are parallel. 


PERPENDICULAR LINES 


INVESTIGATION 


Consider two lines /; and ἰο which intersect at right 
angles at point P(X, Y). 


If 1, and J» are not horizontal or vertical, then both lines 
will cut the y-axis. We suppose line ἢ cuts the y-axis 
at A(O, a), and line Jj cuts the y-axis at B(0, ). 
What to do: 
1 Explain why (AP)? + (BP)? = (AB). 
2 Hence show that 
X*+(Y —a)?+X2+4+(Y —b)? = (b-a)?. 
3 By expanding the brackets and simplifying, show 
that Y2—(a+b)Y +ab=—X?. 
—-a Y-—b 
<< — 
XxX 
5 Explain the significance of the result in 4. 


4& Hence show that —1. 
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ἈΓΡΕ TT Line 1 and line 2 are perpendicular. 


. . 3 
Line 1 has gradient 5. 


. . —? ΝΙΝ 2 
Line 2 has gradient == = -- Ξ. 


We see that the gradients are negative reciprocals of each other, 


and their product is 5 χ —2 = -—1. 


For lines which are not horizontal or vertical: DEMO 


e if the lines are perpendicular, then their gradients are negative reciprocals 


e if the gradients are negative reciprocals, then the lines are perpendicular. 


Example 11 ™)) Self Tutor 


Find the gradient of all lines perpendicular to a line with a gradient of: 
Ὁ —5 


ἃ The negative reciprocal of = 15 —f. The negative 
reciprocal of 
α. δ 

Ὁ The negative reciprocal of —5 = —— z. bo 


the gradient of any perpendicular line is 2. 


the gradient of any perpendicular line is —f. 


EXERCISE 6D.1 
1 Find the gradient of all lines perpendicular to a line with a gradient of: 
a 4 b 2 ς 3 d 7 
2 7 1 
] —= f πες g το h -1 


2 The gradients of two lines are listed below. Which of the line pairs are perpendicular? 


1 3 1 1 
a a9 0 b 9, —O ς 7, —25 d 4, -- 
5 2 3 » q a 
ε 6, ΝΕ: f Q5 °° 5 σ. 7 h “7 Sy 
6 3 2 9 4᾽ p b a 


3 Consider the hexagon alongside. 
a Calculate the gradient of each side of the hexagon. 
Ὁ Which sides are: 
i parallel ii perpendicular? 


4 


10 


COORDINATE GEOMETRY (Chapter 6) 115 


Find the value of k: 


Consider the points A(1, 4), B(—1, 0), C(6,3), and D(t, —1). Find ¢ if: 


a [AB] is parallel to [CD] Ὁ [AC] is parallel to [DB] 

¢ [AB] is perpendicular to [CD] d [AD] is perpendicular to [BC]. 
Consider the points P(1, 5), Q(5, 7), and R(3, 1). 

a Show that triangle PQR is isosceles. Ὁ Find the midpoint M of [QR]. 


ς Use gradients to verify that [PM] is perpendicular to [QR]. 
α΄ Draw a sketch to illustrate what you have found. 


For the points A(—1, 1), B(1, 5), and C(5, 1), M is the midpoint of [AB], and N is the midpoint 
of [BC]. 


. Figures named 

a Show that [MN] is parallel to [AC]. ABCD are labelled 
6 Show that [MN] is half the length of [AC]. in cyclic order. 
Consider the points A(1, 3), B(6, 3), C(3,—1), and D(—2, —1). .) Ηὶ [) 


ἃ Use the distance formula to show that ABCD is a rhombus. 
Ὁ Find the midpoints of [AC] and [BD]. 

¢ Show that [AC] and [BD] are perpendicular. 

α΄ Draw a sketch to illustrate your findings. 


The sketch of quadrilateral ABCD is not drawn to scale. A(—3, 4) 
P, Q, R, and S are the midpoints of [AB], [BC], [CD], and 
[DA] respectively. 
ἃ Find the coordinates of: 
i P ii Q lili R iv 5. 
Ὁ Find the gradient of: 
i [PQ] ii [QR] lili [RS] iv [SP]. 
¢ What can be deduced about quadrilateral PQRS? 


S(s, 8) lies on a semi-circle as shown. 
a Find s. 
Ὁ Find the gradient of: 
i [PS] li [SQ]. 
¢ Hence show that angle PSQ is a right angle. 


116 COORDINATE GEOMETRY (Chapter 6) 


COLLINEAR POINTS 


Three or more points are collinear if they lie on the same straight line. 


Consider the three collinear points A, B, and C, which all lie on C 
the line ἰ. 
B 
gradient of [AB] = gradient of [BC] = gradient of / 


Three points A, B, and C are collinear if gradient of [AB] = gradient of [BC]. 


™)) Self Tutor 


Example 12 
Show that the points A(1, —1), B(6, 9), and C(3, 3) are collinear. 


Gradient of [AB] = Gradient of [BC] = == 
6—1 3—6 


[AB] is parallel to [BC], and point B is common to both line segments. 


Boe ae 


A, B, and C are collinear. 


EXERCISE 6D.2 
1. Determine whether the following sets of points are collinear: 
a A(1, 2), B(4, 6), and C(—4, —4) Ὁ P(—6, —6), Ο(--1, 0), and R(4, 6) 
ς R(5, 2), S(—6, 5), and T(0, —4) d A(0, —2), B(—1, —5), and C(3, 7). 


2 Find c given that these three points are collinear: 
a A(—4, —2), B(0, 2), and C(c, 5) Ὁ P(3, —2), Q(4,c), and R(-—1, 10). 


3 The points A(—2, —7), B(0, —3), C(6, 1), and 
D(2, —5) form a kite. 
a Find the midpoint M of [BD]. 
b Show that A, M, and C are collinear. 
¢ Show that [AC] is perpendicular to [BD]. 


Stephanie presents the following puzzle to her friend Courtney: 
“TI can arrange these four shapes to form a right angled triangle which is 13 units long and 5 units 
high.” 
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q—— jt tt gt tt ι ἰ; 
eS ee ee ee 1 ee 


“I can then rearrange the shapes to form a 
triangle of the same size. However, there is now 
a missing square.” 


Can you explain why there is a missing square? 


The equation of a line is a rule which connects the x and y-coordinates of all points on the line. 


The equation of a line is commonly written in either gradient-intercept form or in general form. 


GRADIENT-INTERCEPT FORM 


y= max-+c is called the gradient-intercept form of an equation of a line. 


The line with equation y=mz-+c_has gradient m and y-intercept c. 


For example, the line with equation y = 2x — 3 has 
gradient 2 and y-intercept —3. 


The y-intercept of a line is 
the y-coordinate of the point 
where the line cuts the y-axis. 


GENERAL FORM 
Az + By =C' is called the general form of the equation of a line. 


For example, the equations 2x+3y=5 and x -—6y=-—7 are in general form. 


Equations in general form are usually written with a positive coefficient of x. 
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FINDING THE EQUATION OF A LINE 
If we are given enough information about a line, we can determine its equation. 


To determine the equation of a line, we need to know either: 


e its gradient and at least one point which lies on the line, or 
e two points which lie on the line. 


Suppose that a line has gradient 4, and passes through the 
point (2, 3). 


nt ἢ 
gradient 5 


For any point (2, y) which lies on the line, the gradient 


between (2,3) and (2, y) is oo 
--- 


-2 2 
which can be writtenas y—3=4(x -- 2). 


‘. the line has equation 


We can rearrange this to find the equation of the line in either gradient-intercept form or general form: 


Gradient-intercept form General form 
y—3=4(x -- 2) υ--3- ξ( -- 2) 
υ--83-- : --Ἰ “. 2(y—3) ΞΞ 1(5 -- 2) 

y=5rt+2 ᾿ς 2y-6=2-2 
x—2y=—-A4 


If a straight line has gradient m and passes through (a, b), then it has equation 


We can rearrange the equation into either gradient-intercept form or general form. 


Example 13 ™) Self Tutor 


We are given the 
gradient and a point 
which lies on the line. 


Find, in gradient-intercept form, the equation of the line with 
gradient 5 that passes through (—1, 3). 


The equation of the lineis y—3=5(x4-—-1) 
y—3=5(2+4+1) 


y—3=92+0 
. y=or+8 
EXERCISE 6E.1 
1. Find, in gradient-intercept form, the equation of the line with: 
a gradient 2, passing through (1, 3) Ὁ gradient —1, passing through (—1, 2) 
¢ gradient 2, passing through (—3, 1) α΄ gradient —Z, passing through (4, —2) 


e gradient —3, passing through (6, —5). 


Example 14 ™)) Self Tutor 


Find, in general form, the equation of the line with gradient 4 that passes 
through (5, —2). 


The equation of the line is υ -- --2 = Ξ5(α -- δ) 
᾿. A(y+2) = ϑ(5 -- 5) 
᾿“.͵ 4y+8=32-—15 
ox -- 4y = 23 


Find, in general form, the equation of the line with: 
gradient 4, passing through (3, 5) gradient —3, passing through (—2, 1) 
gradient 5, passing through (1, 4) gradient —¥, passing through (0, 6) 
gradient 2, passing through (—5, —5). 


Example 15 κ() Self Tutor 


Find, in gradient-intercept form, the equation of the line which passes through A(1, 3) and 
B(—2, 5). 


= We could use either 


and passes through the point A(1, 3). A or B as the point 
which lies on the line. 
*. the equation of the line is 


y—3=—3(2-1) 
y—-3=-2r+2 


.-. 2 iB! 
ἀπὸ το στα 


Find, in gradient-intercept form, the equation of the line which passes through: 


A(8, 4) and B(5, 1) A(5, —1) and B(4, 0) 
A(—2, 4) and B(—3, —2) P(—4, 6) and Q(2, 9) 
M(—1, —2) and N(5, —4) R(2, —4) and S(7, —7). 


Find, in general form, the equation of each of the following lines: 
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d 


(—4, —3) (5, —3) 


5 a Find, in general form, the equation of the line through A(—3, 5) and B(2, 1). 
Ὁ Show that the point C(12, —7) also lies on this line. 


6 Find the equation of the line which: 

a cuts the x-axis at 5 and the y-axis at —2 

Ὁ cuts the x axis at —1, and passes through (—3, 4) 

c is parallel to a line with gradient 2, and passes through the point (—1, 4) 
d_ is perpendicular to a line with gradient Σ᾽, and cuts the x-axis at 5 
ε 


is perpendicular to a line with gradient —2, and passes through (—2, 3). 


7 a Find the gradient of line 1. 
Ὁ Hence, find the equation of line 2. 


8 Find the equation of the line through (—1, 7), which is parallel to the line through (—3, —4) and 
(2. 3). 


9 Find the equation of the line through (2, 0), which is perpendicular to the line through (—5, 3) 
and (4, —3). 


10 a Find, in gradient-intercept form, the equation 
of line 2. 


Ὁ Hence, find the y-intercept of line 2. 


line 2 


11. Lines J; and lz are perpendicular to each other, and intersect at (—2, 5). The equation of J, is 
y = 3x+11. Find, in general form, the equation of [2. 
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8 Find, in gradient-intercept form, the equation of: 
i line 1 li line 2 iii line 3. 
Ὁ Show that the coordinates of P are (5, 7). 


A median of a triangle is a line segment from a vertex 
to the midpoint of the opposite side. 
a Show that [OP] has equation 
cz —(a+b)y=0. 
Ὁ Show that [AQ] has equation 
cx — (b— 2a)y = 2ac. 
¢ Prove that the third median [BR] passes through 


the point of intersection G of medians [OP] 
and [AQ]. 


FINDING THE GENERAL FORM OF A LINE QUICKLY 


If a line has gradient 3, its equation has the form y = Ser Ἔς 
. 4y=3r7+4c 


95; —4y=C' for some constant C’. 
Similarly, if a line has gradient —3, its equation has the form 32+ 4y=C. 
e The equation of a line with gradient Ξ has the general form Az -- By ΞΞ  Ο.. 
e The equation of a line with gradient -= has the general form Az+ By =C. 
The constant term ( is obtained by substituting the coordinates of any point which lies on the line. 


Example 16 ™)) Self Tutor 


Find the equation of the line: 


With practice you can write 


with gradient #, which passes through (5, —2) ; 
down the equation very quickly. 


with gradient —3, which passes through (1, 7). 


The equation is 35 — 4y = 3(5) — 4(—2) 
᾿ 95 —4y = 23 


The equation is 3a + 4y = 3(1) + 4(7) On 
* d7+4y = 31 
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EXERCISE 6E.2 


1 Find the equation of the line: 


a through (4,1) with gradient ὦ Ὁ through (—2,5) with gradient = 
¢ through (5,0) with gradient 3 d through (3, —2) with gradient 3 
e through (1,4) with gradient —4 f through (2, —3) with gradient -- 5 
through (3, —2) with gradient —2 h through (0, 4) with gradient —3. 
2 Find the gradient of the line with equation: 
a 27+3y=8 Ὁ 5. --ἴυ ΞΕ 11 ς 6x—-—lly=4 
d 52+6y=-1 e 37+ 6y = —-1 f 15. -- ὅν Ξ- 17 


3 Explain why: 
a any line parallel to 3x+5y=2 has the form 32+ 5y=C 
Ὁ any line perpendicular to 3x - 5y = 2 has the form 5x -- θυ =C. 


4 Find the equation of the line which is: 
a parallel to the line 32 - ἄμ τ ϑ and which passes through (2, 1) 
Ὁ perpendicular to the line 52+ 2y = 10 and which passes through (—1, —1) 
¢ perpendicular to the line « — 3y+6=0 and which passes through (—4, 0) 
α΄ parallel to the line «—3y = 11 and which passes through (0, 0). 


5 2x—3y=6 and 6%+ky=4 are two straight lines. 
a Write down the gradient of each line. 
Ὁ Find k such that the lines are parallel. 
¢ Find αὶ such that the lines are perpendicular. 


6 Answer the Opening Problem on page 104. 


Example 17 ™)) Self Tutor 


A circle has centre (2, 3). Find the equation of the tangent to the circle 
with point of contact (—1, 5). 


The tangent is 
perpendicular to 
the radius at the 
point of contact. 


The gradient of [CP] is 


the gradient of the tangent at P is 3 


the equation of the tangent is 


3x -- 2y = 3(--1) -- 2(5) 
whichis 35 — 2y = -- 18. 
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7 Find the equation of the tangent to the circle: 
a with centre (0, 2) if the point of contact is (—1, δ) 
Ὁ with centre (0,0) if the point of contact is (3, —2) 
ς with centre (3, —1) if the point of contact is (—1, 1) 
d with centre (2, —2) if the point of contact is (5, —2). 


8 P(2, 2) a Find the equation of the tangent to the circle at: 
Q(8, 0) i P ii Q. 
Ὁ Show that the point R(+, 2) lies on both tangents. 
¢ Show that PR = QR. 


pr b 


Ε SECTORS 


If A and B are two points, the perpendicular bisector of [AB] is the line perpendicular to [AB], 
passing through the midpoint of [AB]. 


The perpendicular bisector of [AB] divides the number plane 
into two regions. On one side of the line are points that are perpendicular 
closer to A than to B, and on the other side are points that Ae. bisector of [AB] 
are closer to B than to A. oy 


. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
al 
. 


» 
. 
. 
. 
- 
- 
*. 
. 


Points on the perpendicular bisector of [AB] are equidistant from A and B. 


Example 18 ™)) Self Tutor 
Given A(—1, 2) and B(3, 4), find the equation of the perpendicular bisector of [AB]. 


-1-. 2+4 
perpendicular M Is ( 5 —*) or (1, 3). 
bisector of [AB] 


The gradient of [AB] is ae 


. . . . 2 
the gradient of the perpendicular bisector is ἘΞ Κ᾽ 


‘. the equation of the perpendicular bisector is 2a” + y = 2(1) + (3) 
whichis 27+y=5. 
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EXERCISE 6F 


1. Find the equation of the perpendicular bisector of [AB] for: 


a A(3, —3) and B(1, —1) 
ς A(3,1) and B(—8, 6) 


Ὁ A(1,3) and B(-—8, 5) 
d A(4, —2) and B(4, 4). 


2 Suppose A is (—1, —4) and B is (3, 2). 
a Find the equation of the perpendicular bisector of [AB]. 


Ὁ Show that C(—5, 3) lies on the perpendicular bisector. 
¢ Show that C is equidistant from A and B. 


3 Two Post Offices are located at P(3, 8) and Q(7, 2) on 
a Council map. Find the equation of the line which should 
form the boundary between the two regions serviced by the 


Post Offices. 


4 The Voronoi diagram alongside shows the location of 
three Post Offices and the corresponding regions of closest 
proximity. The Voronoi edges are the perpendicular bisectors 
of [AB], [BC], and [CA] respectively. Find: 

ἃ the equations of the Voronoi edges 


Ὁ the coordinates of the point where the Voronoi edges 


meet. 


ΕΠ ἢ 


5 Consider the points A(x1, νι) and B(2, y2). Show that the equation of the perpendicular bisector 


of [AB] is (rg — 41)" + (γα -- νι)ῦ 


7 Triangle ABC has the vertices shown. 


a Find the coordinates of P, Q, and R, the midpoints 
of [AB], [BC], and [AC] respectively. 


Ὁ Find the equation of the perpendicular bisector of: 


i [AB] ii [BC] 


ς Find the coordinates of X, the point of intersection 
of the perpendicular bisector of [AB] and the 


perpendicular bisector of [BC]. 


Does X lie on the perpendicular bisector of [AC]? 


e@ What does your result from d suggest about the 
perpendicular bisectors of the sides of a triangle? 


-- (xf + ys) = (x? ΝΗ ψ.2) 
2 

The perpendicular bisector of a chord of a circle, passes through 
its centre. 
Find the centre of a circle passing through points P(5, 7), 
Q(7, 1), and R(-—1, 5). 
Hint: Find the perpendicular bisectors of [PQ] and [QR], 

and solve them simultaneously. 


iii [AC] 


Ci.) 


f What is special about the point X in relation to 


the vertices of triangle ABC? 
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When we talk about the distance from a point to a line, we actually mean the shortest distance from the 
point to the line. 


Suppose N is the foot of the perpendicular from P to the line J. 


If M is any point on the line other than at N, then triangle MNP 
is right angled with hypotenuse [MP], and so MP > NP. 


Hence NP is the shortest distance from P to line J. 


The distance from a point P to a line / is the distance 
from P to N, where N is the point on / such that [NP] 
is perpendicular to ἰ. 


FINDING THE DISTANCE 
To find the shortest distance from a point P to a line / we follow these steps: 
Step 1: Find the gradient of the line /, and hence the gradient of [NP]. 


Step 2: Find the equation of the line segment [NP]. 


Step 3: Find the coordinates of N by solving simultaneously the equations of line / and 
line segment [NP]. 


Step 4: Find the distance NP using the distance formula. 


Example 19 =) Self Tutor 


Find the distance from P(7, —4) to the line with equation 2x + y = 5. 


Step 1: The gradient of 2x +y=5 is —# 2 P(7,—4) 


i 
the gradient of [NP] is ὦ 


Step 2: The equation of [NP] is 
x — 2y = (7) — 2(--4) 
whichis x—2y=15 


2 Ea veel) 
S- 7y — ΤῊ; 5.5.2] 


do +2y=10 {(1)x 2} 


Step 3: Wenow solve simultaneously: 


a — 2y = 15 {(2)} When c=5, 2(5) Ἐν Ξε ὅ 
Adding, 52 = 20 “ l0+y=68 
- 7 ἦς. y=-o 


Nis (5, —5). 
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Step 4: NP =./(7—5)2 + (—4— —5)? 


Ξε ν 25 11: 


ΞΞΞ 5 US 


EXERCISE 6G 
1. Find the distance from: 
a (7, --4) to y=3r—-—5 Ὁ (-6,0) to y=3-2r 
ς (ὃ, --ὃ) to τ -Ξ --2α -- 4 d (-10,9) to y=-4r+3 
e (—2,8) to 85: --ψ Ξ 6 f (1,7) to 4: -- ὃν ΞΞ ὃ. 
2 Find the distance between the following pairs of parallel lines: 
a y=3r+2 and y=32r-8 Ὁ 37+4y=4 and 37+ 4y = —16 
Hint: Find any point on one of the lines, then find the distance from this point to the other line. 
3. A straight water pipeline passes through two points with map references (3,2) and (7, —1). The 
shortest spur pipe from the pipeline to the farm at P(9, 7) is [NP]. 
8 Find the coordinates of N. 
Ὁ Find the length of the pipeline [NP] given that the grid reference scale is 1 unit = 0.5 km. 


4 a For the diagram alongside, write two expressions for the area 


a 
ΕΞ 
of the shaded triangle. Hence show that d= — . 
\/ a + δ2 ς b 
o 


Ὁ The modulus of z is |x]. It is the size of x, ignoring 
ΝΕ |x| is never negative 
its sign, and can be defined by [1] = V2?. 
A property of modulus is that [σῷ] = |a||y| for 
cs 


all real numbers ὦ, y. 


Consider the shortest distance d from a point (h, k) 
to the line Ax+ By+C=0. 

Point P is the point on the line with y-coordinate k. 
Point Q is the point on the line with x-coordinate ἢ. 


Show that: 
" ᾿ Α Β 
i the distance a= |Ah + Bk +C| 
|A| 
ce . Ah+ Bk+C 
ii the distance b= |Ah+ Bk + ΟἹ = +C| 


|Ah+ Bk +C| 


\/ A2 + B? 


iii the distance d= 


Az + By+C=0 
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In 3-dimensional coordinate geometry, we specify an origin O, and three mutually 3D-POINT 
perpendicular axes called the X-axis, the Y-axis, and the Z-axis. PLOTTER 


Any point in space can then be specified using an ordered triple in the form (2, y, 2). 


We generally suppose that the Y and Z-axes 
are in the plane of the page, and the X-axis is 
coming out of the page as shown. 


The point (2, 3, 4) is found by starting at the 
origin O(0, 0, 0), moving 2 units along the 
X-axis, 3 units in the Y-direction, and then 
4 units in the Z-direction. 


We see that (2, 3, 4) is located on the corner of a rectangular prism opposite O. 


Now consider the rectangular prism illustrated, in which A is 


opposite B. 
AC? = α΄ +0? { Pythagoras} 
and AB? = AC? - εὖ { Pythagoras } 


AB? =a? 4+0?4+¢? 


AB= Va? +b? +c? {AB>0} 


Suppose A is (21, y1, 21) and B is (29, yo, 22). 


ὁ The distance AB = ,/(x2q — 21)? + (yo — y1)? + (22 -- 21:)?. 


Ti+ Yyit Ye τ 
2 ᾽ ) as vy 


e The midpoint of [AB] is ( 


Example 20 ™)) Self Tutor 


Consider A(3, —1, 2) and B(—1, 2, 4). Find: 
ἃ the distance AB Ὁ the midpoint of [AB]. 


AB =4/(-1—3)}* +(2=——1)? + 4-2) 
= /(-4P +P +P 
=/i6+9+4 


= ν 29 units 


The midpoint is ( 


3+-1 -1+2 — 
Στὸ Ps πὴ. 
. . 1 

which is (1, 5, 3). 
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EXERCISE 6H 
1 On separate axes, plot the points: See ὦ 
a (4, 0, 0) b (0, 2, 0) ς (0, 0, —3) d (1, 2, 0) 
ς (2, 0, 4) f (0, 3, —1) g (2, 2, 2) h (2, —1, 3) 
i (4, 1, 2) j (—2, 2, 3) k (—1, 1, -1) Ι (- 3,2, —1) 
2 For these pairs of points find: 
i the distance AB ii the midpoint of [AB]. 
a A(2, 3, —4) and B(0, —1, 2) Ὁ A(0, 0,0) and B(2, —4, 4) 
¢ A(1,1,1) and B(3, 3, 3) d A(-1, 2,4) and B(4, —1, 3) 
3 Find the nature of triangle ABC given that: 
a A is (3, —3, 6), B is (6, 2, 4), and C is (4, —1, 3) 
b A is (1, —2, 2), B is (—8, 4,17), and C is (8, 6, 0). 
4 Find k if the distance from P(1, 2,3) to Q(k, 1, —1) is 6 units. 
5 Find the relationship between x, y, and z if the point P(a, y, z): 
a is always 2 units from O(0, 0, 0) 
Ὁ is always 4 units from A(1, 2, 3). 
Comment on your answer in each case. 
6 Illustrate and describe these sets: 
a {(x,y, z)| y= 2} Ὁ {(x,y 2)1 2 ΞΞ1, y=2} 
ς {(z,y, 2)" Ἐν’ ΞΞ 1, z=0} d {(z,y,z)|a*+y?+2*=4} 
ἃ τ Ὁ) (0-2 <2, DR 7 ΕΣ 2=3} 
Γ 11432) 10<7=— 2. 0< y= 2, 0 2 <I}. 


REVIEW SET 6A 


1. Find the midpoint of the line segment joining A(—2, 3) to B(—4, 3). 
2 Find the distance from C(—3, —2) to D(O, 5). 

Find the gradient of all lines perpendicular to a line with gradient 2. 
Κί(--3, 2) and L(38, m) are ν 52 units apart. Find m. 

Find t given that the line joining (—1, ὁ) and (5, —3) has gradient $. 
Show that A(1, —2), B(4, 4), and C(5, 6) are collinear. 


vn Oo Ww Ὁ": 


Find the equation of the line: 
a with gradient —2 and y-intercept 7 
Ὁ passing through (—1, 3) and (2, 1) 
¢ parallel to a line with gradient 3, and passing through (5, 0). 
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8 Find the equation of the line: 9 Find the value of a: 


10 Consider the points A(—3, 1), B(1, 4), and C(4, 0). 
a Show that triangle ABC is right angled and isosceles. 
Ὁ Find the midpoint X of [AC]. 
¢ Use gradients to verify that [BX] is perpendicular to [AC]. 


11 a Find, in general form, the equation of 
line 1. 

Ὁ Point P has z-coordinate 3, and is 
equidistant from A and B. Find the 
coordinates of P. 

¢ Find the equation of line 2, which 
is perpendicular to line 1, and passes 
through P. 

d i Find the midpoint M of [AB]. 

li Show that M lies on line 2. 


12 Find the equation of the: 

a tangent to the circle with centre (—1, 2) at the point (3, 1) 

Ὁ perpendicular bisector of [AB] for A(2,6) and B(5, —2). 
13 Find the shortest distance from A(3, 5) to the line with equation 3x + 2y = 6. 
14 For P(—1, 2,3) and Q(1, —2, —3), find: 

ἃ the distance PQ b the midpoint of [PQ]. 


15 The distance between P(1, 3, —1) and Q(2,1,k), is ν 80 units. Find k. 


REVIEW SET 6B 


1 Consider the points 5(7, —2) and T(-—1, 1). 
ἃ Find the distance ST. Ὁ Determine the midpoint of [ST]. 


2 Find, in general form, the equation of the line passing through P(—3, 2) and Q(3, —1). 
3 a Find the gradient of all lines perpendicular to a line with gradient —s. 

Ὁ Determine whether the line 2” + y= 93 is perpendicular to a line with gradient -ἰ 
& X(—2,3) and Y(a, --1) are ν 17 units apart. Find the value of a. 
5 Find ὁ given that A(—6, 2), B(b, 0), and C(3, —4) are collinear. 
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6 Determine the equation of the line: 7 Find the equation of line 2. 


RECESS 
1111 
| LAAN TE Tt 


CCCP 
ἘΠ ΠΣ Ν δεν ἘΣ ΙΝ ΕΠ 

se a ls Τῷ a 
TP CaS : ine? 


Find, in gradient-intercept form, the equation of the line passing through (1, —2) and (38, 4). 
9 A(—3, 2), B(2, 3), C(4,-—1), and D(—1, —2) are the vertices of quadrilateral ABCD. 


a_i Find the gradient of each side of the quadrilateral. 
ii What can you deduce about quadrilateral ABCD? 


Ὁ i Find the midpoints of the diagonals [AC] and [BD]. 
li What property of parallelograms does this check? 


¢ i Find the gradients of the diagonals [AC] and [BD]. 
ii What does the product of these gradients tell us about quadrilateral ABCD? 


ἃ the coordinates of point N 
Ὁ the shortest distance from A to N. 


2x2 — 3y=6 


11 [AB] is a diameter of a circle with centre (1, —1). 
A has coordinates (—3, 2). 

Find the radius of the circle. 

Find the equation of the tangent at A. 

Find the coordinates of B. 


B 


Ω. ὦ σ' ὦ 


Find the equation of the tangent at B. 


12 a Show that the perpendicular bisector of [OB] has 
equation ba + cy = b? +c’. 
Ὁ Show that the perpendicular bisector of [AB] has 
equation (a — δ) x — cy = a? — b* —c’. 
¢ Prove that the perpendicular bisector of [OA] passes 
through the point of intersection of the other two 
perpendicular bisectors of AOAB. 


13 Find the distance between the parallel lines 2x +y=—-—5 and 2xa+y= 7. 
14 How far is A(—1, —2, 5) from the origin O? 
15 P(x, y, z) is equidistant from (—1, 1,0) and (2, 0,0). Deduce that y = 3a —1. 


Congruence and 
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A Congruent triangles 
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B Proof using congruence 
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D Areas and volumes 
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CONGRUENCE AND SIMILARITY 


Two figures are congruent if they are identical in 
every respect except for position. 


Two figures are similar if one figure is an 
enlargement of the other. 


OPENING PROBLEM 


In an art gallery, a security camera is being ene . 
- : ᾿ ι.«------- Viewing region —————>| 
installed along the wall [AB], to view the . sileescanbd D 


opposite wall [CD]. 


6m 
Peter is wondering which location for the camera 


along [AB] maximises the viewing region on the 
opposite wall. Aa > ‘ 


“It doesn’t matter,” says Linda, “no matter where A πὶ Β 
the camera is placed, the size of the viewing 
region will be the same.” 


Things to think about: 


Can you use similar triangles to determine whether Linda is correct? 


The triangles alongside are congruent. 


They have identical side lengths and angles. 


If we are given sufficient information about a triangle, there will be only one way in which it can be 
drawn. Any two triangles which have this information in common must be congruent. 


TESTS FOR TRIANGLE CONGRUENCE 


There are four acceptable tests for the congruence of two triangles. 
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Two triangles are congruent if one of the following is true: 


e All corresponding sides are equal in length. (SSS) ~ {- 
e Two sides and the included angle are equal. (SAS) Ke awe 


e Two angles and a pair of corresponding sides are ΝΣ 
equal. (AAcorS) 
e For right angled triangles, the hypotenuses and one 
other pair of sides are equal. (RHS) fA es Ft 


The information we are given will help us decide which congruence test to use. The diagrams in the 
following Exercise are sketches only and are not drawn to scale. However, the information marked on 
them is correct. 


Example 1 ™)) Self Tutor 


Are the following pairs of triangles congruent? If so, state the congruence relationship and give a 
brief reason. 


a C P b K ie 
IX la 
A B 
R 
B Ὺ 


AABC & AQRP {SSS} Ὁ AABC Y ALKM {RHS} 


AABC & ADFE_ {AAcorS} ἢ 
~ reads 


The two angles a and 95 are common, but “is congruent to”. 
although AC equals XZ, these sides are not 

corresponding. [AC] is opposite a@ whereas 

[XZ] is opposite β. 

So, the triangles are not congruent. 


When we describe congruent triangles, we label the vertices in corresponding positions in the same order. 
In Example 1 part a above, A and Q are opposite two tick marks, B and R are opposite one tick mark, 
and C and P are opposite three tick marks. So we write AABC = AQRP, not AABC 5 APQR. 
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EXERCISE 7A 


1 Are the following pairs of triangles congruent? If so, state the congruence relationship and give a 


brief reason. 
A D 
Χ Y 
B P 
Ε 7 
Q R 
C F 
ς α 
" D Ὲ Β . Ii, 
A aw 
B C 
Ε Μ 
ε D E f 
A D E 
Z F 
x B C F 
g F h A 
D 
p Χ 
Ε Β ς 
R 
7 Ὗ 
Q 
i A J 
R Q A D ἼΕ 
ΒΕ C F 
B ᾿δ 
Ρ 


2 For the following groups of triangles, determine which two triangles are congruent. Give reasons 
for your answers. The triangles are not drawn to scale, but contain correct information. 


AP de 
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6cm 


llecm 


Once we have proven that two triangles are congruent, we can deduce that the remaining corresponding 
sides and angles of the triangles are equal. We can therefore use congruence to prove facts about 
geometric figures. 


Example 2 >) Self Tutor 
In the figure alongside, show that [AB] is parallel to [DE]. 


In triangles ABC and EDC: 
e BC =DC {given} || reads “‘is parallel to”. 
e AC=EC { given} 
e ACB = ECD {vertically opposite angles} 


So, AABC 2 AEDC {SAS} 


Therefore, ABC = EDC {equating angles} 
and 50 [AB] || [DE] {equal alternate angles} 
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EXERCISE 7B 


1 D E In the given figure, [DE] is parallel to [AB] and 
DE = AB. 
Show that the triangles are congruent. 
C 
A B 


2 a Show that triangles ABD and CBD are congruent. 


b Given that ABD = 47° and BAD = 82°, find the 
size of: 
i CBD ii CDB. 


B 
4 ; 
D 
3 Consider the quadrilateral ABCD alongside. [AB] is A B 
parallel to [DC], and [AD] is parallel to [BC]. 
a Use congruence to show that the opposite sides 
are equal in length. 
D C 


Ὁ Hence, show that the diagonals of a parallelogram 
bisect each other. 


4 W X WXYZ is a quadrilateral with opposite sides equal. 
i [XZ] is added to the figure. 


a Show that the two triangles created are congruent. 
Ὁ Hence deduce that WXYZ is a parallelogram. 


Z Y 
5 The tangents to a circle at A and B intersect 6 [AC] is a radius of the large circle, and a 
at P. diameter of the small circle. A line through 
Show that AP = BP. A cuts the small circle at X and the large 
circle at B. 
- Show that X is the midpoint of [AB]. 


B 
Ρ 
Α 
Β 


CONGRUENCE AND SIMILARITY (Chapter7) [37 


7 Triangle ABC is isosceles, with AB = AC. 8 The perpendicular bisectors of a triangle’s 


The angle bisectors of B and C are drawn, edges meet at a point called the 
meeting the triangle at P and Q respectively. circumcentre of the triangle. 
Show that AP = AQ. Prove that the circumcentre is equidistant 


from each vertex of the triangle. 


9 ABCD is a rectangle. Equilateral triangles 
are drawn from each side of the rectangle, 
with apexes W, X, Y, and Z. 

Show that WXYZ is a rhombus. 


INVESTIGATION 1 


THE ISOSCELES TRIANGLE THEOREM apex 
In an isosceles triangle: GEOMETRY 
e the base angles are equal PACKAGE 


e the line joining the apex to the midpoint of the 
base bisects the vertical angle and meets the base 
at right angles. 


base angles 


CONVERSES OF THE ISOSCELES TRIANGLE THEOREM 


With many theorems there are converses which we can use in problem solving. We have already 
seen one example in the converse to Pythagoras’ theorem. 


The isosceles triangle theorem has these converses: 


Converse 1: If a triangle has two equal angles then it is isosceles. 
Converse 2: The angle bisector of the apex of an isosceles triangle bisects the base at right angles. 


Converse 3: The perpendicular bisector of the base of an isosceles triangle passes through its 
apex. 
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What to do: 


1 Triangle ABC is isosceles. The angle bisector at A meets [BC] at X. 
Prove Converse 2 by using congruence to show that [AX] is 


perpendicular to [BC]. 


2 Sam wants to prove Converse /. 


a Suppose Sam draws a line from the apex to the midpoint 
of the base. Can he use congruence to prove Converse I? 


from the apex to the base. Can he now use congruence 
to prove Converse 1? 


Ὁ Sam now decides to begin by drawing the perpendicular ΓᾺΝΣ 
a 
ZS 


3 A Mustafa is trying to prove Converse 3. He draws the 
Ρ perpendicular bisector of the base so that it does not pass 
M B through vertex B, but instead meets [AB] at some other 


point P. By joining [CP], help Mustafa complete his proof. 


TM daeley-vale), iy 
In triangle ABC, M is the midpoint of [AB], and N is the A 
midpoint of [AC]. 


The midpoint theorem states that the line [MN] is parallel N 
to [BC], and half its length. M 


Proving the midpoint theorem 
What to do: 


Suppose we extend [MN], and draw a line through C A 
parallel to [AB]. We let these lines meet at D. 


1 Show that triangles AMN and CDN are congruent. 


2 Hence show that: 
a MN = DN b BM=CD. 


3 Show that BCDM is a parallelogram. 
Hence, show that: a [MN] is parallel to [BC] b MN = 5BC. 


= 


CONGRUENCE AND SIMILARITY (Chapter 7) 139 


Using the midpoint theorem 
What to do: 


1 A In the diagram alongside, P, Q, and R are the midpoints 
of [AB], [AC], and [BC] respectively. Use the midpoint 
theorem to show that the four small triangles are all 

Q congruent. 


Β R 


2 For any quadrilateral ABCD, let W, X, Y, and Z be the 
midpoints of [AB], [BC], [CD], and [DA] respectively. 
Use the midpoint theorem to show that WXYZ is a 
parallelogram. 


Two figures are similar if one is an enlargement of the other, regardless of orientation. 


If two figures are similar then their corresponding sides are in proportion. The lengths of their sides 
will be increased (or decreased) by the same ratio from one figure to the next. This ratio is called the 
enlargement factor. 


Consider the enlargement below for which the enlargement factor k is 1.5. 
A! 


A / 
B B 


ΤΥ 


Α'Β' Β΄ CD! © ~iD/A’ ©sCiB/D! 


since £ = 1.5, = = = = ἘΞ ee ae es 
AB BC CD DA BD 


When a figure is enlarged or reduced, the size of its angles does not change. The figures are therefore 
equiangular. 
Two figures are similar if: 


e the figures are equiangular and 
e the corresponding sides are in the same ratio. 


SIMILAR TRIANGLES 


When we are dealing with triangles, if either of the above conditions is true, then the other condition 
must also be true. Therefore, when testing for similar triangles, we only need to check that one of the 
conditions is true. 

Two triangles are similar if either: 


e they are equiangular or Φ their side lengths are in the same ratio. 


If we can show that two of the angles in one triangle are equal in size to two of the angles in another 
triangle, then the remaining angles must also be equal, since the angles in each triangle sum to 180°. 


Once we have established that two triangles are similar, we can use the fact that corresponding sides are 
in the same ratio to find unknown lengths. 


Example 3 ™) Self Tutor 


Show that the following figures possess similar triangles: 


A 
dX 
D E 

A 
B 6 
E 
D 
σ 
Ε 


Δ5 ABC and ADE are equiangular as: 


ὁ a, -- αὐ {equal corresponding angles} 
e A is common to both triangles 
rN ., the triangles are similar. 


D 
A Δ5 ABC and EDC are equiangular as: 


ὁ a, -Ξ- αὐ {equal alternate angles} 
ὁ 35, -- β. {vertically opposite angles} 
., the triangles are similar. 


B 


EXERCISE 7¢ 


Show that the following figures possess similar triangles: 
A 


Example 4 ™)) Self Tutor 


Establish that a pair of 
triangles is similar, and We label the vertices 
hence find 1: and angles of the 
oe figure so that we can 
easily refer to them. 
12cm 


24cm 


Δ5 ABE and ACD are equiangular since 
Qa,;=a2 and ~£,=, {corresponding angles} 
As ABE and ACD are similar. 


Corresponding sides must be in the same ratio. 
CD 


a Ble ΒΝ els 
eo] cr cal Go Gr] Go 


| 
No 
S 
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2 For the following figures, establish that a pair of triangles is similar, and hence find x: 


a b ς 7cm 
lem 
Ὁ ΟΠ] 
dem 6cm 
xem 
ἢ 4cm ὃ ΟΠ] en 
d e f 
3cm xem 12cm 
xem 
10cm 
2cm 0 ΟΠ 
g h Ϊ 
7cm 
5m 
Ν 4. 
μῶν 6m 4m 
6cm Ζ ΟἿ 


Example 5 ™)) Self Tutor 


An electric light post E is directly opposite a mail 
box M on the other side of a straight road. Taj walks 
30 metres along the road away from E to point T. 


Kanvar is 4 metres away from M at point S, so that 
E, M, and S are in a straight line. Kanvar walks 
6 metres parallel to the road in the opposite direction 
to Taj, to K. Now T, M, and K are in a straight line. 


Find the width of the road. 


Let the width of the road be x m. 
Δ TEM and KSM are equiangular as: 


e TEM = KSM = 90° 
e EMT = SMK {vertically opposite angles} 
Δὲ TEM and KSM are similar. 


Corresponding sides must be in the same ratio. 
EM ΤΕ 


So, the road is 20 metres wide. 
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A boy who is 1.6 m tall stands 8.1 m from 4 A 3.5 m ladder leans on a 2.4 m high fence. 


the base of an electric light pole. He casts One end is on the ground and the other 
a shadow 2.4 m long. How high above the end touches a vertical wall 2.9 m from the 
ground is the light globe? ground. 

How far is the bottom of the ladder from the 


fence? 


i 8 1 m ————> 


A hospital H receives a report about a serious road 
accident at C. An ambulance reaches the scene by 
travelling 5 km north, 15 km east, then 3 km north. 
A helicopter travels directly from H to C. Their paths 
intersect at X. 

Find the distance from the hospital to X. 


Two surveyors estimate the height of a nearby hill. One stands 5 m away from the other on horizontal 
ground holding a measuring stick vertically. The other surveyor finds a “line of sight” to the top of 
the hill, and observes that this line passes the vertical stick at a height of 2.4 m. They measure the 
distance from the stick to the top of the hill to be 1500 m using laser equipment. 

Find, correct to the nearest metre, their estimate for 


the height of the hill. ͵᾿. 


- τς - 


Mitchell pushes a coin of diameter 3 cm into a cone with 
diameter 9 cm and height 12 cm. How far into the cone 
can Mitchell push the coin before it gets stuck? 


Answer the Opening Problem on page 132. 


A swimming pool is 1.2 m deep at one end, and 
2 m deep at the other end. The pool is 25 m 
long. Isaac jumps into the pool 10 m from the 
shallow end. How deep is the pool at this point? 
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10 It is safe to let go of the flying fox 
shown alongside when you are 3 m 


above the ground. How far can you ΠΡ 
travel along the flying fox before letting 
go? om 
«--------------- 40 m ——— 
11 + oem ——_> The conical medicine glass alongside is filled with 20 mL 


> of medicine. 


Nee” | To what height does the medicine level rise? 


ACTIVITY 


The shaded area alongside is called an arbelos, a 
Greek word meaning “shoemaker’s knife”. It is 
formed by drawing two smaller semi-circles inside 
a large semi-circle. 


Archimedes showed that if a line is drawn from P 
perpendicular to [AB], meeting the arbelos again at 
Q, then the area of the arbelos is equal to the area 
of the circle with diameter [PQ]. 


Can you use similarity to prove this fact? 


Triangle A has base 6 cm and height h cm. 


Suppose it is enlarged with scale factor k A 
to produce a similar triangle B. 
a 
xk 
B / 


If k > 1, we have 
an enlargement. 
lft 0=# = 1 we 
have a reduction. 


Area of triangle B ees 


= 3(kb)(kh) 
= k?(Sbh) 
-- κ΄ x area of triangle A. 
Ox 
5 


kbcm 


This suggests that: 


If a figure is enlarged with scale factor k to produce a similar figure, then 


the new area = k? x the old area. 


Deli) (ae 


For the following similar figures, find a: 


B 


A is enlarged with scale factor k 
to give B. 
k= i2=8 


6 3 
Area of B = k? x area of A 
eh (5): x 18 


"ΣΉ — A) 


VOLUME 


The cylinder A has radius rcm and height hem. 
Suppose it is enlarged with scale factor k to produce 
a similar cylinder B. 


The radius of cylinder B will be kr, and its height will 
be kh. 


Volume of cylinder B 
= m(kr)?(kh) 
= 1(k?r*)(kh) 
= k?(rr7h) 


— k® x volume of cylinder A. 


This suggests that: 


™)) Self Tutor 


C is enlarged with scale factor k 
to give D. 
Area of ἢ = k? x area of C 


ΟἿ = k? x 12 


i 


If a 3-dimensional figure is enlarged with scale factor k to produce a similar figure, then 


the new volume = k® x the old volume. 


Example 7 


For the following similar figures, find 2: 


A is reduced with scale factor k 
to give B. 
_ 2 
k=5§ 
Volume of B = k? x volume of A 
ae (=) 100 
ee ἢ 


EXERCISE 7D 


For each pair of similar figures, find z: 


5m 


area = 20 m? 


area= 7m 


». ( 


For each pair of similar figures, find zx: 


™) Self Tutor 


C is enlarged with scale factor k 
to give D. 
Volume of D = k® x volume of C 
- 80=k* x 10 
. 8=k° 
oie 
SOs. 2 = 3 ἢ 
a ae f 


area = 50 m? area = 10 m? 
15cm xem 


12cm | 20cm 
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A 
as ii“ 
xem 
5d ons " 81cm? | 
volume = x m® 


volume = 1.6 m® 


«--11] ἢ --»» 


-«-«ψ-τ- ΤΥ 0 --.»» 


3 Α Β C 4 
59cm 
D 
2cm 
E 
The area of ABCD is 6.4 cm?. Find the 8 Find the value of 2. 
area of: 6 Quadrilateral QRST has area 22 m’. 
a AACE Ὁ quadrilateral ABDE. Find the area of APQT. 


5 Rhombuses A and B are similar. 
Given that each side of A is 13.5 cm long, find 
the perimeter of B. A 


6 The density of an object is its ratio of mass to volume. Objects made of the same material have the 
same density, so their mass is in proportion to their volume. 


a What will happen to the mass of a sphere if its radius is: 


i doubled ii increased by 20%? 
6 What will happen to the mass of a cylinder if its radius and height are both: 
i halved ii increased by 50%? 


¢ Two similar cones made from the same material have surface areas 192 cm? and 75 cm?. The 
volume of the larger cone is 200 cm?. The mass of the smaller cone is 320 g. 


i Find the volume of the smaller cone. ii Find the mass of the larger cone. 
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7 Q R In parallelogram PQRS, M is the midpoint of [PQ]. 
Show that the red area is 4 times larger than the blue area. 


I S 


8 Determine whether each of the pairs of figures below are similar. 


Scm 10cm 
12cm 


9 A scale model is made of a 300 year old sailing ship. The 
model is a 1 : 200 reduction of the original. Find: 

a the height of the mast in the model if the original 
mast was 20 m high 

Ὁ the area of a sail in the model if the original sail was 
120 m? 

¢ the height and radius of a keg in the model if the 
original was 1.2 m high and 0.9 m in diameter 

d the capacity of the water tank in the model if the 
capacity of the original was 10000 litres. 


10 A glassware company manufactures cylindrical drinking glasses in six different sizes. Their heights 
and capacities are given below. Which two of the glasses are similar? 


Α Β 


125mL |8.9cm 


-»--.-.. 
τοῦς πον, , - 
΄ . 
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REVIEW SET 7A 


1. In each set of three triangles, two are congruent. State which pair is congruent giving a reason 
for your answer. The triangles are not drawn to scale, but contain correct information. 


a A B 5 ς 
. | | oN 
2 Consider the quadrilateral ABCD. A B 
a Show that triangles ABC and CDA are congruent. 
Ὁ Hence deduce that ABCD is a parallelogram. 
ἂν 
ς Α 
A) 
ῷ D E 


3 Show that the following figures possess similar triangles. 


D 
a b M 
--- 
» IF N « 
xX W K 


4 In each of the following figures, establish that a pair of triangles is similar, and hence find x: 


a b ς 


zcm 
60° 
ὃ ΟΠ] xem 10cm 
6cm > 
ton 
4cm 7cm 2em ~~ cm——>] 
5 /\ABC has an area of 15 cm?. D 
᾿ Ρ 
a F ae the area of ACDE. A δ ae 
b Find the area of PQED. ee ὃ Ἑ 
Β 
ό Α Triangle ABC is isosceles, with AB = AC. 


[PQ] is parallel to [BC]. 
Show that CP = BQ. 
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7 A,B, and C are pegs on the bank of a canal which has E 
parallel straight sides. C and D are directly opposite 
each other. AB = 30m and BC = 140 m. B τ. 
When I walk from A directly away from the bank, A 


I reach a point E, 25 m from A, such that E, B, and 
D line up. How wide is the canal? 


8 The three angle bisectors of a triangle meet at a point 
called the incentre of the triangle. 
Show that the incentre is equidistant from each edge 
of the triangle. 
Hint: Draw a perpendicular line from each edge to 
the incentre. 


The vertical walls of two buildings are 50 m and 
30 m tall. A vertical flagpole [XY] stands between 
the buildings such that B, Y, and C are collinear, and 
A, Y, and D are collinear. 


a Show that EP Sila oe 
50 30 


Ὁ Hence, find the height of the flagpole. 


10 When the diagonals of the regular pentagon ABCDE A 
are drawn, a smaller pentagon PQRST is formed. 


a Explain why all of the angles marked «+ are of 
equal size. 


E B 
Ὁ Hence show that the interior angles of PQRST are KK / \ 7 
of equal size. 
¢ Hence show that PQRST is a regular pentagon. DX 
D 


ὦ 
11. A sphere of lead with radius 10 cm is melted into 125 identical smaller spheres. 
Find the radius of each new sphere. 
12 B The slant heights of two similar cones are 4 m and 5 m 


respectively. 
a Find the ratio R:r. 


Ὁ Find the ratio of the surface areas for the curved part 
of each figure. 


ς Find the ratio of the volumes of the cones. 


<—R 
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REVIEW SET 7B 


1 Are these triangles congruent? If so, state the congruence relationship and give a brief reason. 
a b ς 
Α Cc " R x ᾿ Μ 
Κ 
DTA | 
B 
D E Q Y B 
ΟἿ] 

2 [AB] is a diameter of the circle. 


ἃ Show that the figure contains congruent triangles. 
Ὁ What other facts can then be deduced about the figure? 


Q 


3 The figures alongside are similar. Find z. 
& “ \ 
7cm xem 


4 In the following figures, establish that a pair of triangles is similar, then find 2: 


a m b U τ 
Β τ᾿ 
10cm 4 
Ὁ ΟΠ] ὃ ΟΠ] 
D E Ὁ ΟΠ xcm 
ὃ ΟΠ] V 
B ὁ 
5 Triangle BCD has area 8 m?, and quadrilateral ABDE A B C 
has area 12 m?. 
Find the length of [AE]. 
D 


6 PQRS isa kite, with PQ = PS and QR= SR. M and 
N are the midpoints of [PQ] and [PS] respectively. 
Prove that triangle MNR is isosceles. 
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7 For the following similar figures, 8 The cylinders below are made from the 
find x. same material, so their densities are the 
same. Determine whether the cylinders are 

similar. 


8cm © CM 


9 In APQR, M is the midpoint of [QR]. [MX] is 
drawn perpendicular to [PQ], and [MY] is drawn 
perpendicular to [PR]. 

Suppose these perpendiculars are equal in length. 
a Prove that AMQX is congruent to AMRY. 


Ὁ Hence, prove that APQR is isosceles. 


10 Ina measuring cup set, the 7 cup measure is 6 cm wide. 


\) 
The set also contains a 1 cup measure and a 3 cup measure, Se" 


both of which are similar in shape to the - cup measure. 
Find the width of: 


a the 1 cup measure Ὁ the : cup measure. 
11 
: ; ‘ i 1 1 
In optics, the thin lens equation states that 7 me ΤΙ 7 where: 
0 1 


f is the distance between the lens and the focal point F 
dg is the distance between the object and the lens 
d, 1s the distance between the image and the lens. 


ΝΜ . . . μ' d ans μ' d a 
ἃ Use similar triangles to show that: Ι - ---ἰ i —_=-— J 
h do h f 


1 i 1 
Ὁ Hence, show that -- = —+—. 
f dg αἱ 


Transformation 
geometry 


Δ Translations 
B Reflections 


CC Rotations 
D Dilations 


Contents 
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OPENING PROBLEM 


Consider the green triangle on the illustrated 
plane. 


a What transformation would map _ the 
triangle onto: 
i triangle A li triangle B 
lili triangle C iv triangle D? 
Ὁ What single transformation would map 
triangle A onto triangle C? 


TRANSFORMATIONS 


A change in the size, shape, orientation, or position of a figure is called a transformation. 


Reflections, rotations, translations, and dilations are all examples of transformations. We can describe 
these transformations mathematically using transformation geometry. 


Many trees, plants, flowers, animals, 
and insects are symmetrical in some 
way. Such symmetry results from a 
reflection, so we can describe symmetry 
using transformations. 


The original figure is called the object and the new figure is called the image. 
We will consider the following transformations: 
e Translations, where every point moves a fixed distance in a given direction 
e Reflections or mirror images 
e Rotations about a point through a given angle 
e Dilations (enlargements and reductions) of three kinds: 
> with centre the origin 


> vertical, with x-axis fixed 
> horizontal, with y-axis fixed. 


Here are some examples: 


e a translation e reflection 


. 
«et 
, a , .Ψ 
object ΄ ἃ image 
a 4 
«ἅ 4 
mene , 
weue 4] 


mirror line 


object image 
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e rotation about O e an enlargement 
through angle 0 


DEMO 


A translation moves a figure from one place to another. Every point on the figure moves the same 
distance in the same direction. 


If P(x, y) is translated ἢ units in the x-direction and κα units “ 
in the y-direction, then the image point P’ has coordinates ytk 


P’(a+h,yt+k) 
(c+h, y+k). 7 


We write P(x, y) (4) P(a+h,yt+k) 
—> 


where P’ is called the image of the object P, and 


( > is called the translation vector. 


Example 1 ™)) Self Tutor 
Triangle OAB with vertices O(0, 0), A(2, 3), and B(—1, 2) is 


translated ( ; ) Ε 


Find the image vertices and illustrate the object and image. 


When we translate 
point A, we label 
its image A’. 


O(0, 0) (5) O’(3, 2) 


— 


A(2, 3) (5) A’(5, 5) 


B(-1, 2) (5) B’(2, 4) 


EXERCISE 8A.1 


1. Find the image point when: 


a (2, —1) is translated ἢ Ὁ (5,2) is translated & ) 
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2 Find the translation vector which translates the point: 


a (3, —2) to (3, 1) Ὁ (-1,7) to (4, 2). 
3 What point has image (—3, 2) under the translation ( 7 ) 7 
4 Find the translation vector which maps: ΓΙ ΓΤ ΠΠΓΠΓ 11{|᾿ 
a AontoE Ὁ EontoA | i | d | hd| ld] ld| 
ς AontoC d ContoA | 5" 
e BontoE f DontoE -ᾷ 
g EontoC h E onto D | i 
i DontoB j A onto D. | 


| tT Tt 1} 
| te} | | Py ttt 
ERE SEE 
| | | |} D] | ETT 


5 TTT Tid PQRS is a rectangle. 
Lia ta a State the coordinates of P, Q, R, and 5. 
Ce ; 
PT tt Ὁ Copy the rectangle, and translate it [ 1 . 
ΠῚ 

4 Poke [-|}:} ς State the coordinates of the image vertices P’, Q’, 

BER RE Β΄, and δ΄. 
ΝΠ ΝΙΝ PRINTABLE 
| Fy fh DIAGRAM 
Ft | tf 
ae 


ne 


6 Triangle ABC has vertices A(—1, 3), B(4,1), and C(0, —2). 


a Draw triangle ABC on a set of axes. 
Ὁ Translate the figure ( 4 ) 


ς State the coordinates of the image vertices A’, B’, and C’. 
α΄ Find the distance each point has moved. 


7 What single transformation is equivalent to a translation of ( ἢ 


᾿ ) followed by a translation of ( ᾿ ) ? 


TRANSLATION OF LINES AND CURVES 


We have seen that when a point P(x, y) is translated ( to the image point P’(z’, y’), the image 


k 
αἰ =at+h 


j . We call these the transformation equations 
y=ytk 


coordinates are given by the equations 


for the translation. 


Rearranging the transformation equations, we find that x= α΄ —h and y=y/ —k. 
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. ἢ . ᾿ 
If we are given the equation of a line or curve to be translated ( I , we can substitute these expressions 


to find the equation of the resulting image. When we make the substitution, we leave off the dashes, 


since we do not need them in the final answer. 


Example 2 


™>) Self Tutor 


Find the image equation when 2z — 3y = 6 15 translated ( σι ) : 


Check your result by graphing. 


The transformation equations are 

φ' =x—1 and y/=y+2 
- g=2+1 and y=y'—-2 
So, we replace x by (x+1) and 
y by (y— 2). 
The image equation is 
2(a +1) — 3(y — 2) =6 

22 +2—3y+6=6 
22 — ὃν = —2 


EXERCISE 8A.2 


1. Find the equation of the image line when: 


a y=2x+3 is translated ( τ᾿ ) 


ς y=-—x+2 is translated ( 3) 
—] 
e 3xr+ 2y = 8 is translated ( 3 ) 


g 2x —y=6 [5 translated ( a) 


2 Find the image equations of the following, and if possible give your answers 
in the form y = f(a). Use the transformation geometry package to check 


your answers. 


a y=2x* under (3) 
3 

¢ xy=5 under (τ) 

@ y=2” under ε 


Ὁ y=-—227 under 9 


d xy=-—8 under ( ) 


—2 
f y=3°* under () 


The image line 
is parallel to the 
object line. 


_w object 
a” 2x —3y=6 


Ὁ y=42+42 is translated ( . 
d υ--- 1“ istranslated ( ~~ 
y = -- 15 translate 5 
. 2 
f x =4 is translated ( ἢ ) 


ἢ y=5 is translated ( = ) 


TRANSFORMATION 
GEOMETRY 
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eP When P(x, y) is reflected in the mirror line to become 
P’(x’, y’), the mirror line perpendicularly bisects [PP’]. 
This means that PM = P’M. 


We will concentrate on the following reflections: 


Μ, the reflection in the x-axis 
M,, the reflection in the y-axis 
M,=—z the reflection in the line ψ Ξε αὶ 
M,——, the reflection in the line y= —z. 


Example 3 ™)) Self Tutor 


a (3, M, (3, —1) 


1) 

Ὁ (3,1) M, (-3, 1) 
Cock) Μ, 

d (3, 1) 


My—2 (1, 3) 


------. 


ie 11 


-------““-,ὖ» 


The diagram in Example 3 is useful for deducing the transformation equations for the four basic 
reflections. 


For example, for (3,1) Μ,-. (1,3) wecan see that in general (2, y) My=2 (y, 2). 


xc =y and y’=2 
to check any of ther, choos 


TRANSFORMATION GEOMETRY (Chapter8) [59 


Example 4 ™)) Self Tutor 
Find the image equation of 25 — 3y = 8 reflected in the y-axis. 

Check your result by graphing. 

The transformation equations are 


a =—g and γί =y 


εἰ g@=—a2 and y=y’ 


So, we replace x by (—a) and leave y as is. 
The image equation is 2(—x) —3(y) =8 
--25. —3y=8 

. 203 — -ὦ 


EXERCISE 8B 


1 Copy and reflect in the given line: TTT]... mr TT.) id], 
PTT tT tT tT TT TEV Δ AA 


BERRA 
ptt tT tt ye Pt} et 


2 Find, by graphical means, the image of the point (4, —1) under: 
a M, Ὁ M, ¢ Μ,-. d Ὁ... 


3 Find, by graphical means, the image of the point (—1, —3) under: 
a M, b M, ς M,-z d Μ,...ὕ. 


4 Copy the graph given. Reflect T in: 
ἃ the x-axis and label it U 
Ὁ the y-axis and label it V 
ς the line y= -—z2 and label it ΝΥ. 


5 Find the image equation of: 


a y=2zr+3 under M, Ὁ y=27* under M, 
δ 7a 2 under Μ, d y=2* under Μ,- 
Μη 
e 2η᾽ι ὅν -Ξ- 4 under Μ,-.»; f 27+y*=4 under M, 
4 υ----αὐ under M, ἢ 22 —3y=4 under M, 


᾿ «=3 under ΝΞ. j y=2a? under M,-2 
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6 Find the image of: 


DEMO 


a (2,3) under M, followed by translation G 


Ὁ (4,—1) under M,—-, followed by translation (3) 


ς (—1,5) under M,, followed by M, followed by translation με 


d (9, --2) under Μ,-- followed by translation (ἢ 


(4. 8) under translation ( Ἢ followed by M, 


f (—2,5) under M,—-, followed by translation (~). 


7 Consider the line y = 27 +3. 
a Find the equation of the image when the line is translated ( : ) 


Ὁ If the resulting image is reflected using M,,, find the equation of the reflected image. 
ς Draw the three lines on the same set of axes, clearly labelling each line. 


8 Consider the curve y = 3”. 
a Find the equation of the image when the curve is reflected using M,,. 


= ) find the equation of the translated image. 


Ὁ If the resulting image is translated ( 1 


¢ Draw the three curves on the same set of axes, clearly labelling each curve. 


If P(x, y) is moved under a rotation about O through an 
angle of θ to a new position P’(z’, y’), then OP = OP’ and 


POP’ = 0. 


O is the only point which does not move under such a rotation. 


Positive 0 
is measured 
anticlockwise. 


We use Rg to indicate a rotation about O through an angle of 0°. 


We will concentrate on the following rotations: 


| Transformation equations 


(7, y) Rog (τΨ, 2) 


(x, y) R90 (y, —2) x’=y and γ'---- 


oy) Bae Conv 


Example 5 ™)) Self Tutor 
Find the image of the point (3, 1) under: 


(3, 1) Roo (—1, 3) anticlockwise 


(3, 1) R99 (1, —3) clockwise 


(3,1) Riso (-3, -1) 


Example 6 ™)) Self Tutor 


Find the image equation of the line 2x” — 3y = —6 under a clockwise rotation about O through 
90°. Check your result by graphing. 


The transformation equations are α΄ = y and γμ' = -- 


g=—y and y=2’ 
So, we replace x by (—y) and y by (2). 


The image equation is 2(—y) — 3(x) = —6 
2 2 — 
ox + 2y =6 


The object and image 
are perpendicular. 
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EXERCISE 8¢ 
1 Find the image of the point (—2, 3) under: 
a Roo Ὁ R-90 ¢ Riso 
2 Find the image of the point (4, —1) under: 
a Roo Ὁ ΗΕ 90 ς Riso 


3 Triangle ABC has vertices A(2, 4), B(4, 1), and ((2, 1). It is rotated anticlockwise through 90° 
about O. 


a Draw triangle ABC and its image A’B’C’. 
Ὁ Write down the coordinates of A’, B’, and C’. 


4 Triangle PQR with P(3, —2), Q(1, 4), and R(—1, 1) is rotated about O through 180°. 
a Draw triangle PQR and its image P’Q’R’. 
Ὁ Write down the coordinates of P’, Q’, and Β΄. 

5 Find the image equation when: 
a 3x —4y=7 is rotated under R_g9 Ὁ y=-3 is rotated under Roo 
ς x=7 is rotated under Rig d y=2” is rotated under Rigo 
e 2x+ 3y = 12 is rotated under R_go. 

6 Find the image of: 
a (2,3) under Roo followed by M, 
Ὁ (—2,5) under M,--. followed by ΕΗ. 90 
ς (—3,—1) under M,-, followed by Rigo 


d (4, —2) under Rog followed by translation (=) 


7 Find the image of: 
a x—y=8 under M,—_, followed by translation ( be ) 


Ὁ x«+2y=-—4 under ΒΕ ο0 followed by translation ( ἢ 


¢ x+y=1 under Rg followed by M,—, followed by translation (1). 


ΕἼ fo} Ye] Transforming art 
context 


mnownt ry fs wa) 74" 9° ΒΡ ΟΊ, ee oe ΡΞ ἘΞ τ be .10 é no 
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+ 
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A dilation is an enlargement or reduction. 


DILATIONS WITH CENTRE THE ORIGIN 


Suppose P(x, y) moves to P’(2’, y’) such that P’ lies on the line (OP), and OP’ = kOP. 


We call this a dilation with centre O and scale factor k. 


k= oe is a ratio 
From the similar triangles OP 


of distances, so 
“.-Ζ --Ξ -κᾷκ k is positive. 


- g'=ka and y’ =ky 


The transformation equations for a dilation with centre O(0, 0) and 
/ 
o = he 


scale factor k are: ; 
er 


Example 7 ™)) Self Tutor 


Consider the triangle ABC with vertices A(1, 1), B(4, 1), and C(1, 4) under a dilation with 
centre O and scale factor a. k=2 So k= 4. 


Draw the image of AABC under each dilation. 


ort | te | tt, 
ἮἜζΖζιοι,. | |S 
er 


We can see from the examples above that: 


If k>1, the image is an enlargement of the object. 


If O0O<k<1,_ the image is a reduction of the object. 
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DISCUSSION 


e Do we need to consider negative scale factors? 


e What combination of transformations would be equivalent to a dilation with centre O and scale 
factor k = —2? 


e If we allowed negative scale factors, what would this say about the uniqueness of describing a 
series of transformations? 


Example 8 ™)) Self Tutor 


Find the equation of the image when y = x? is dilated with centre O and scale factor 3. 
Illustrate your answer. 


Since k = 3, the transformation equations are 
φ' = 3a and y' = 3y 


gr! y! 
x=— and y= — 
3 9 3 


So, we replace x by (=) and y by (+). 


The image equation is 


ce wie wle 
| 

wile & 

ν᾿ ol 


VERTICAL DILATIONS WITH FIXED z-AXIS 


For a vertical dilation with fixed x-axis, we stretch the figure 
in the vertical direction only. 


Suppose P(x, y) moves to P’(x’, y’) such that P’ lies on 
the line through N(a, 0) and P, and NP’ = kNP. 


We call this a vertical dilation with scale factor k. 


For a vertical dilation with scale factor k, the 


2 =o 
transformation equations are: ; 
y ΞΞ κυ. 
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Example 9 >) Self Tutor 


Consider the triangle ABC with A(1, 1), B(5, 1), and C(1, 4) under a vertical dilation with 
scale factor a k=2 Ὁ k=3. 


Draw the image of AABC under each dilation. 


| Sanaa 
- APE 


HORIZONTAL DILATIONS WITH FIXED y-AXIS 


For a horizontal dilation with fixed y-axis, we stretch the 
figure in the horizontal direction only. 


Suppose P(x, y) moves to P’(z’, y’) such that P’ lies on 
the line through N(0, y) and P, and NP’ = kNP. 


We call this a horizontal dilation with scale factor k. 


For a horizontal dilation with scale factor k, the 
α' -- κα 
y τε ν. 


transformation equations are: 


Example 10 ™)) Self Tutor 


Consider the triangle ABC with A(1, 1), B(5, 1), and C(1, 4) under a horizontal dilation with 
scale factor ἃ k=2 ὃ k=3. 


Draw the image of AABC under each dilation. 


BURR 


Plog | | | | | | tt 
| Rte | | tt | 
| i oe | | 
[{6δῖι»π | | 
Wit | | Bl TT | ΒΒ 
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Example 11 ™)) Self Tutor 


Find the image of a circle with centre O and radius 3 units, under a horizontal dilation with scale 
factor 2. 


appar ae z'=2x and y'=y 


“- - 
OAS -- .. the horizontal distances from the y-axis are 
{||  ᾿ιἼἝ. --: doubled whilst the y-values remain the same. 


The image is an ellipse. 


ΓΒΕ. 
ΘΠ ΡΠ 


EXERCISE 8D 
1. Find the image of: 


a (2,3) under a dilation with centre O and scale factor 3 
, 4) under a dilation with centre O and scale factor 4 


3, ἢ under a vertical dilation with scale factor 4 


2, 1) under a horizontal dilation with scale factor 


—_ 8 Qa σ 


(-ἰ 
( 
(4,5) under a vertical dilation with scale factor 2 
ἕῳ 
( 


Ne) SS Ne) 


3, —4) under a horizontal dilation with scale factor 


2 Find the image equation of: 
a y=2x+3 under a dilation with centre O and scale factor 2 


y = —a? under a dilation with centre O and scale factor 5 


y = 2x7 under a horizontal dilation with scale factor 4 
xy =2 under a horizontal dilation with scale factor 2 
y = —x+2 under a vertical dilation with scale factor 3 


= Ὁ a& a 


y = 2” under a vertical dilation with scale factor 2. 


3 Sketch the image of a circle with centre O and radius 2 units under: 
a a dilation with centre O and scale factor ᾿ 
Ὁ a vertical dilation with scale factor 3 
¢ a horizontal dilation with scale factor 5. 

& ἃ Describe the single transformation which maps 


the object rectangle OABC onto the image 
rectangle OA’B/C’. 
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Describe the single transformation which maps the 
object triangle OAB onto the image triangle OAB’. 


¢ ABCD is mapped onto A’B’C’D’. Describe 
the single transformation which has occurred. 


=| Ν 
Cave a 
pete ie] Te 
ABCD is mapped onto A’B’C’D’. Describe the single 
transformation which has occurred. 


DISCUSSION 


Invariant points are points which do not move under a transformation. 
What points would be invariant under a: 


e translation e reflection e rotation e dilation? 


INVESTIGATION 


A linear transformation transforms a point P(x, y) to P’(2’, y’) using transformation equations 
φ' = ax - by 


; where a, ὃ, c, and d are real numbers. 
y =cx+dy 


of the form 


For example, consider the unit square with vertices 
O(0, 0), A(1, 0), B(1, 1), and C(O, 1). 
If we perform the linear transformation 
ge =3r+y 
y πα τ νυν 
then O(0, 0) --- 0’(0, 0) 
A(1, 0) + A’(3, 1) 
B(1, 1) > B’(4, 3) 
C(0, 1) ~ C’(1, 2). 
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Notice that: 


ὁ OABC is labelled anticlockwise and O’A’B/C’ is also labelled anticlockwise. In this case we 
say that the sense of the object has been preserved. Otherwise, we would say the sense was 
reversed. 


e ΟΓΑ’ Β΄ (Γ΄ has area 5 units’. 
So, the area of the image = 5 x the area of the object. 


What to do: 


1. Determine the effect that each linear transformation has on the unit square’s sense and area: 


w= ety a =at+y or 
/ b ! ς F 
y =a@+2y =©@-y f= 27 
d ae ‘ Name! f ces eena 
“τῦ =z+y y! = 35 + 2y 
/ 
= b 
2 Consider the general linear transformation ‘ εἱ ΠΤ ΤΩ 
y =cxr+dy. 


a Show that sense is preserved if ad — bc > 0, and is reversed if ad — bc < 0. 


Ὁ If καὶ -Ξ [αὐ -- δε] is the modulus or absolute value of ad — bc, show that 
the area of the image = k x the area of the object. 


¢ Explain what happens in the case ad — bc = 0. 


REVIEW SET 8A 


1 Find the image point when: 


a (—4, 3) is translated ( es Ὁ (—1, —6) is translated ( Fi ) 
2 Find the image equation of: 

a 3x2—2y=6 under ey b y=2 under ᾿ὰ 

2 : 2 

¢ 2x+y=5 under 3 qd y=2z2* under _s |: 
3 Find the image of: 

a (2, —5) under M, b (—3,6) under Μ,-- 

ς (—1,5) under R_99 d (3, —5) under Rgo. 
4 Find the equation of the image of: 

a y=3r+2 under M, Ὁ y=327 under M, 

¢ y=3* under M,-_- d xy=6 under M,—--;. 


5 Find the image of: 
a (5,1) under Rjgo followed by the translation a 
Ὁ (—2,4) under M, followed by Μ,. 
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6 Consider the line 2x + y= 6. 
a Rotate the line under Roo. 


Ὁ Translate the resulting image ( = ) 


¢ Draw the three lines on the same set of axes, clearly labelling each line. 


7 Find the image of: 
a (2, —1) under a dilation with centre O and scale factor 2 
Ὁ (3,5) under a vertical dilation with scale factor 4 
¢ (—4, —7) under a horizontal dilation with scale factor 2. 


The triangle OAB is mapped onto OAB’. 
Describe the transformation which has occurred. 


9 Find the image equation of: 
a y=3x+2 under a dilation with centre O and scale factor 3 
2x — ὅν = 10 under a vertical dilation with scale factor 2 


b 
¢ y=-—2x+1 under a horizontal dilation with scale factor 5 
d 


y = x7 —3x+5 under a reflection in the x-axis 


x? + y? =4 under the translation ( ) 


10 Answer the Opening Problem on page 154. 


11 Sketch the image of a circle with centre O and radius 4 units under a dilation with centre O and 
scale factor 5. 


REVIEW SET 8B 


1 Find the image of (3, —2) under a reflection in: 


a the x-axis Ὁ the y-axis ¢ the line y = —z. 


2 Find the image of (3, —7) under: 
a a translation of ( ᾿ followed by a reflection in the y-axis 


Ὁ a reflection in the x-axis followed by a reflection in the line y = —2. 


3 Find the image of (2, —5) under: 

a Roo Ὁ ΕΗ ο0 ς Rigo. 
4 Find the image of: 

a (3, —2) under M, 6 (5,—4) under M,—--; 
¢ (—2, —5) under Rigo d (—2,7) under ΗΕ. 90 
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5 Find the image equation of: 


a 5x2 —2y=8 under the translation ( ἢ ) 
2 : —2 

Ὁ y= -—2~ under the translation - 

¢ xy = —A4 under the translation ( 


d χ᾽. -- 9 under the translation ( “ἢ 


6 Find the equation of the image of: 
a 3x—4y=8 under Μ,-- Ὁ «cy =-—12 under Rigo 
ς 2x+3y=9 under Roo d y=-2z7 under M, 
7 Find the image of: 


a (3,—7) under M,, followed by the translation e 
Ὁ (3, —2) under M,—-, followed by R_go. 


8 Find the image of: 
a (3,5) under a dilation with centre O and scale factor 3 
Ὁ (—2, 3) under a horizontal dilation with scale factor 2 


¢ (—5, —3) under a vertical dilation with scale factor 5. 


9 HA ᾧ pel led] es ΠΡ ἢ ABCD is mapped onto the image 
ἽἼΒΙ ΓΙ 
we ttt 


na Describe the single transformation which has 
occurred. 


Cin 
a Ρ' 


10 Find the image equation of: 
a y=-—2x+1 under a vertical dilation with scale factor 3 
Ὁ y=2-—52 under a horizontal dilation with scale factor 4 
¢ 2x —6y=7 under a dilation with centre O and scale factor 2 
d y= 227 —3x—1 under Rg 


Σὲ x?+y? =8 under the translation ( > ) 


Statistics 


Contents: 


za" mon DW Pp 


Discrete data 
Continuous data 
Measuring the centre 
Cumulative data 
Measuring the spread 
Box-and-whisker plots 
Standard deviation 

The normal distribution 
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OPENING PROBLEM 


Roland owns 2 hotels, one in New York and one in Miami. 


He wants to find out whether there is a difference in the 
NEW YORK 


number of nights guests stay at the hotels. 


He therefore inspects the last 40 reservations placed for 
each hotel, and records the number of nights the guests 
stayed. 


New York Miami 
De Shey ΣΥΝ ἀν ain, coe © Ais Schnee: hoe Dh ey ee Oe Re es st Ie τ 
λον dy cay. Ae es 9 Ay De ie Fas Shee ἂν θὲ ΠΣ τἀν οἷ 
δι το a, τ SN. Γ oe a ὭΡΑΣ Sei at  ν τῇ 
re ae ας το Ὁ ΡΝ ἤν... ᾿ΕΝ kes ee: ee. ee es oe 


Things to think about: 
ἃ What is the best way to organise this data? 
Ὁ How can the data be displayed? 
¢ What is the most common length of stay at each hotel? 
d 


How can Roland best measure: 
i the average length of stay for each hotel li the spread of each data set? 


@ Can a reliable conclusion be drawn from the data? What factors could affect the reliability of 
the conclusion? 


f How could Roland improve the accuracy of his investigation? 


HISTORICAL NOTE ᾿ 


Florence Nightingale (1820-1910) was a British nurse in Turkey Le err Tae 
during the Crimean War. She worked in very difficult conditions, i. ᾷ , 
with overcrowding, poor sanitation, little food, and few basic supplies. 
Nightingale provided a statistical argument for the British government 
to provide improved facilities. By the time the war ended in 1856, 
the hospitals were well-run and efficient, with mortality rates no 
greater than civilian hospitals in England. Nightingale had earned 
an extraordinary reputation, along with the label “the lady with the 
lamp”. 


After returning from the war, Nightingale compiled vast tables of 
statistics about how many soldiers died, where and why. Many of her 
findings shocked her. She discovered that in peacetime, soldiers in 
England died at twice the rate of civilians, even though they were strong young men. She recognised 
that the problems with the military health service extended far beyond the hospitals during war-time. 
The statistics also made Nightingale realise that poor sanitation had been the principal cause of most 
of the deaths in Turkey. Work conducted in March 1855 by the Turkish Sanitary Commission led 
to a dramatic decrease in deaths due to disease. However, Nightingale worried that Queen Victoria 
would not properly consider the data presented in the tables, so she found ways to present the data 
in charts, to persuade the Queen of the need for action. 


Florence Nightingale 
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ar : 
Nightingale’s best-known chart was ᾿ DIAGRAM or rux CAUSES or MORTALITY 
a variation of a pie graph called APRIL 4855 ro MARCH 1856 IN THE ARMY ιν THE EAST. APRIL 1854 ro MARCH 1855. 
the polar area diagram. It showed be 
the number of deaths each month 
and their causes. Each month is 
represented as a twelfth of a circle. 
Months with more deaths were 
shown with longer wedges, and the 
area of each wedge represented the | 

ἢ a ee measured trom 
ETRE yas mre meonrag tre ho endo «the atviorgriont ave 


for area. the deaths trom Preventible or Mitigable Lymotic diseases, the 


from wounds ᾿ di sease, or other red wedges measured trom the cenire the deaths trem wounds, the 


back wedges measured from the centre the deaths trom all other causes 
The black line across the red triangle in Nov! 854 marks the boundary 


causes. Nightingale used blue othe death trom οἷς ther cause during the merith 
Inv Cclober 1854, be April 855,the black area cotrwides unthy the red, 
BR areata aichmenle para tear ae ΡΟ, 
ack lines σερίδεισεφ then 
wedges for wounds, and black 
wedges for other causes. Using this diagram, Nightingale illustrated the dramatic effect of the Sanitary 


Commission’s work in 1855, as the wedges were far smaller in the following months. 


Nightingale’s work had a lasting effect. By the end of the century, Army mortality was lower than 
civilian mortality. She wrote, “To understand God’s thoughts we must study statistics, for these are 
the measure of his purpose.” 


In statistics we collect and analyse data to give us an understanding of the world around us. 


Most nations conduct a census at regular intervals to gain information about their populations. The United 
Nations gives assistance to developing countries to help them with census procedures, so that accurate 
and comparable worldwide statistics can be collected. 


For example, in the Opening Problem, the number of nights stayed is a discrete variable. It can only 
take an exact value such as 1, 2, 3, 4, 5, .... 


ORGANISATION AND DISPLAY OF DISCRETE DATA 


A tally and frequency table can be used to organise numerical data. 


A discrete variable takes exact number values, and is often a result of counting. 


The data can then be displayed using a column graph or dot plot. 
For the New York hotel data, we have: 


Tally and frequency table Column graph Dot plot 


Nights | Tally | Frequency frequency frequency 
ο 
ὃ ° 
ο oe 
6 © oe 
fe) oO °o 
ο ο [9] ο 
4 ο ο [9] ο 
ο ο [9] Θ 
2 ο [9] eo ° 
0 ο ο eo fe) 
1234567 8 12345 67 ὃ 


number of nights number of nights 
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DESCRIBING THE DISTRIBUTION OF THE DATA SET 


Many data sets show symmetry or partial symmetry about 
the mode, which is the most frequently occurring value. 


If we place a curve over the column graph alongside, we 
see that this curve shows symmetry. We say that we have 
a symmetrical distribution. 


mode 


The distribution for the New York hotel data is shown 
alongside. It is said to be positively skewed because, by 
comparison with the symmetrical distribution, it has been 
‘stretched’ on the right or positive side of the mode. 


mode 


So, we have: 


positive side negative side 


is stretched is stretched 
«--------᾿- - ---ἠ- ----------». «««---------»ὄ.Ἔ 


symmetrical distribution positively skewed distribution negatively skewed distribution 


OUTLIERS 


Outliers are data values that are either much larger or much smaller than the general body of data. 
Outliers appear separated from the body of data on a frequency graph. 


For example, in the data set 3, 1, 7, 6, 8, 18, 2, 6, 7, 7, the data value 18 is an outlier. If outliers are 
genuine pieces of data, then they should be included in an analysis of the whole data set. However, if 
outliers occur due to human recording error, they should not be included when the data is analysed. 


GROUPED DISCRETE DATA 


In situations where there are lots of different numerical values recorded, it may not be practical to use 
an ordinary tally and frequency table, or to display the data using a dot plot or column graph. Instead, 
we group the data into class intervals. 


For example, a local hardware store is studying the number of 
people visiting the store at lunch time. Over 30 consecutive 
weekdays they recorded the data: 


37, 30, 17, 13, 46, 23, 40, 28, 38, 24, 23, 22, 18, 29, 16, 
30, 24, 18, 24, 44, 32, 54, 31, 39, 32, 38, 41, 38, 24, 32. 


In this case, we group the data into class intervals of 
length 10. The tally and frequency table is shown 
alongside. 


We can now use this table to draw a column graph 
for the data. However, we must remember that the 
individual data values are no longer seen. 


EXERCISE 9A 


1 A randomly selected sample of shoppers was asked, 
“How many times did you shop at a supermarket in 
the past week?” A column graph was constructed 
for the results. 

a How many shoppers gave data in the survey? 


Ὁ How many of the shoppers shopped once or 
twice? 

¢ What percentage of the shoppers shopped more 
than four times? 


α΄ Describe the distribution of the data. 


μαὶ 
on fk OS CO Φ bw 
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10 to 19 
20 to 29 


30 to 39 
40 to 49 
50 to 59 


Supermarket shoppers 


frequency 
---- 

| "᾽᾽ 

| a i 
“Ἔν " 
ἜΝ; 

| a i 
“ἜΝ i 

| a i i 
“ΠΝ " i 
 “ Ν“' ΝΒ Ss 
i 


123 4 5 6 7 8 9 10 
number of times at the supermarket 


2 Employees of a company were asked how many times they left the office on business appointments 
during one week. The following dot plot was constructed from the data: 


Business appointments out of the office 


----- τ τ τὺ’ ΄’ἷἷ8ᾷ8στ τ΄“ ΠΡ π΄-»ἤἍ 


© 
μ- 
bo 
ζ 
a 
σι 


6 


How many employees did not leave the office? 


8 9 1 11 


number of appointments 


a 
Ὁ What percentage of the employees left the office more than 5 times? 
ig 


Describe the distribution of the data. 
d How would you describe the data value ‘10’? 


3 20 students were asked “How many TV sets do you have in your household?” The following data 


was collected: 


21031213 40 02 ΖῸ 1101 ἢ 1 


Construct a dot plot to display the data. 


How many households had no TV sets? 


Ω. ὦ σ΄ a 


How would you describe the distribution of the data? Are there any outliers? 


What percentage of the households had three or more TV sets? 
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4 The number of toothpicks in a box is stated as 50, but the actual number 
of toothpicks has been found to vary. To investigate this, the number of 
toothpicks in a box was counted for a sample of 60 boxes. The results were: 


Ω. ὦ σ᾽ a 


90 52 51 50 50 51 52 49 50 48 51 50 47 50 52 48 50 49 51 50 
49 50 52 51 50 50 52 50 53 48 50 51 50 50 49 48 51 49 52 50 
49 49 50 52 50 51 49 52 52 50 49 50 49 51 50 50 51 50 53 48 

Use a tally and frequency table to organise this data. 

Display the data using a column graph. 

Describe the distribution of the data. 

What percentage of the boxes contained exactly 50 toothpicks? 


5 Consider the data for the Miami hotel in the Opening Problem on page 172. 


6 The data below are the test scores (out of 100) 
for a Science test for 50 students. 


92 29 78 67 68 58 80 89 92 
69 66 56 88 81 τὸ 73 63 δ 
67 64 62 74 56 75 90 56 47 
59 64 89 39 51 87 89 76 59 
72 80 95 68 80 64 53 43 61 
71 38 44 88 62 


d 


Organise the data in a tally and frequency table. 
Draw a column graph of the data. 

Are there any outliers? 

Describe the distribution of the data. 


Compare your column graph with that for the New York hotel on page 173. In which hotel do 
guests generally stay longer? 


Construct a tally and frequency table for this data using class intervals 20 - 29, 30 - 39, ...., 
90 - 100. 


What percentage of the students scored 80 or more for the test? 
What percentage of students scored less than 50 for the test? 


Copy and complete the following: 
More students had a test score in the interval ...... than in any other interval. 


Describe the distribution of the data. 


7 A test score out of 60 marks is recorded for a group of 45 students: 


34 37 44 51 53 39 33 58 40 42 43 438 47 37 = 35 
41 43 48 50 55 44 44 52 54 59 39 31 29 44 57 
45 34 29 27 18 49 41 42 37 42 43 43 #45 34 «51 


Organise the data in a tally and frequency table, using the test score ranges 15-19, 20 - 24, 
and so on. 


Draw a column graph for the data. 
Describe the distribution of the data. 


An A is awarded to students who scored 50 or more in the test. What percentage of students 
scored an A? 
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Bo NUOUS DATA 


A continuous variable takes values within a certain continuous range, and is usually a result of 
measuring. 


When data is recorded for a continuous variable, there will be many different values. The data is therefore 
organised using class intervals. A frequency histogram is used to display the data. 


A histogram is similar to a column graph, but because 
the data is continuous, the columns are joined together. 


frequency 


An example is given alongside. 


The modal class is the class of values that appears most 
often. On a histogram, the modal class has the highest 
column. 


data values 


Example 1 ™)) Self Tutor 
The weights of parcels sent on a given day from a post office were, in kilograms: 


407 1638 352 291 3.24 3.47 5.29 4.63 
3.11 2.85 3.76 492 3.44 139 2.58 2.22 


Organise the data into class intervals. 

Draw a frequency histogram to display the data. 
Find the modal class. 

Describe the distribution of the data. 


Over the next month, 564 parcels are sent from the post office. Estimate the number which 
weigh more than 4 kg. 


The lowest weight recorded was 1.39 kg and the highest 
was 5.29 kg, so we will use class intervals of 1 kg. 
We suppose w is the weight of a parcel. 


eee gle 
NA AA Ax 
aan ih © DOR 


l< 
- 
3< 
A< 
5< 


Distribution of parcel weights The modal class is 3<w <4 kg. 


3 frequency The distribution is approximately symmetrical. 
reer 
Of the 16 parcels sent on the one day, τ = 7 

of them weighed more than 4 kg. 

for the next month we expect 

+ x 564 = 141 parcels to weigh 


more than 4 kg. 


5 6 
weight (kg) 
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EXERCISE 9B 


1 A frequency table for the weights w of players in a volleyball 
squad is given alongside. 


᾿ Weight w (kg) | Frequency 
79 <w < 80 


a Explain why weight is a continuous variable. 80 < w < 85 
Ὁ Construct a frequency histogram to display the data. 85 < w < 90 
ς Find and interpret the modal class. 90 < w < 95 
α΄ Describe the distribution of the data. 95 < w < 100 
100 < w < 105 
2 A plant inspector takes a random sample of seedlings from a Height ny (mm) | 
nursery, and measures their height A in millimetres. 00 <h Z 10 
The results are shown in a table alongside. AO y h < 60 
a How many of the seedlings are 100 mm or more’? 60 <h< 80 
Ὁ What percentage of the seedlings are between 60 and 80 - h «100 
80 mm? » 
᾿ "ΕΠ , ᾿ 100 < h < 120 
ς Θ , 
present the data on a Irequency histogram 120 <h < 140 
α΄ Find the modal class. 
e Describe the distribution of the data. 
f There are 857 seedlings in the nursery. Estimate the number of seedlings which measure: 


i less than 100 mm ii between 40 and 100 mm. 


During a training session, Daniel performed 20 throws 
WN GZ EXSY of the shot put. The results of the throws are shown 
SERIO alongside. 
4 RR OS a Organise the data into class intervals. 
Ὁ Draw a histogram to display the data. 
ς Find the modal class. 
d 


Describe the distribution of the data. 


4 A group of athletics students obtained the following times, in seconds, for running 200 metres: 


ΟΩ. ὦ σ' ὦ 


26.57 25.22 27.09 26.44 24.13 27.83 25.72 26.40 
23.12 27.44 24.76 25.09 28.70 26.13 23.94 27.23 
26.35 28.91 26.30 27.02 2419 25.27 27.45 26.45 
27.40 27.22 25.88 23.50 26.49 27.19 28.37 25.17 
28.08 26.80 28.14 26.82 27.66 25.41 24.89 27.92 


Organise the data into class intervals. 
What percentage of the students obtained a time faster than 25 seconds? 
Draw a histogram to display the data. 


Find the modal class. 
Describe the distribution of the data. 
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We can get a better understanding of a data set if we can locate the middle or centre of the data, and 
get an indication of its spread. Knowing one of these without the other is often of little use. 


There are three statistics that are used to measure the centre of a data set. These are: 
the mean, the median, and the mode. 


THE MEAN 


Ὁ is read ‘x bar’. 


The mean @ of a data set is the statistical name for its arithmetic ; ᾿ , 
Σ᾽. is read ‘the sum of all’. 


average. 


the sum of the data values 
mean = ———————— --, -.-- 
the number of data values 


L : 
or 2 = — where > z is the sum of the data. 


The mean is not necessarily a member of the data set. 


THE MEDIAN 


The median is the middle value of an ordered data set. 


The median splits an ordered data set in halves. Half of the data are less 


᾿ ᾿ We order a data set by listin 
than or equal to the median, and half are greater than or equal to it. Z ᾿ 


it from smallest to largest. 


n+1 


If there are n data, the median is the ( )th data value. 


For example: 


lt 7 = 13. -- τ ἘΞ 7 so the median is the 7th ordered data value. 
If n= 14, — = 7.0 so the median is the average of 7th and 8th ordered data values. 


If there is an even number of data values, the median is not necessarily a member of the data set. 


THE MODE 


The mode is the most frequently occurring value in the data set. 


If there are two values which occur most frequently, we say the data set is bimodal. 


If a data set has more than two modes, we do not use the mode as a measure of the centre of the data 
set. 
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Example 2 ™)) Self Tutor 


The number of small aeroplanes flying into a remote airstrip over a 15-day period is given below: 
Be on τ ce A 4S ΝΠ} 6 od 6 Oe 2 


For this data set, find the: a mean Ὁ median ¢ mode. 


5 +74+0434+4464+4404+54+34+6494+4424+8 +—) 2 
᾿ 15 
66 


15 
= 4.4 aeroplanes 
Ὁ The ordered data set is: 
n+1 
2 
the median is the 8th data value 
the median = 4 aeroplanes. 


Since 7-13, -- 8 


ς 4 is the score which occurs the most often 
the mode = 4 aeroplanes. 


Equal or approximately equal values of the mean, mode, and median may indicate a symmetrical 
distribution of data. However, we should always check using a graph before calling a data set symmetric. 


EXERCISE 9€.1 


2 


3 


For each of the following data sets, find the: 

i mean ii median iii mode. 
12, 17, 20, 24, 30, 30, 42 
8, 8, 8, 10, 11, 11, 12, 12, 16, 20, 20, 24 
(9,00, 94, 9.2.9.9, 100; 11,1, 112,.11.2, 12,6, 12:9 
427, 423, 415, 405, 445, 433, 442, 415, 435, 448, 429, 
427, 403, 430, 446, 440, 425, 424, 419, 428, 441 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Ω. αἱ σ' ὦ 


Consider the following two data sets: 
Data set A: ᾿, Oy Os 1s fa ts. Os Oy Ὁ. 1 ZZ 
Data set B: d, 6, 6, 7, 7, 7, 8, 8, 9, 10, 20 
a Find the mean for both Data set A and Data set B. 
Ὁ Find the median for both Data set A and Data set B. 
¢ Explain why the mean of Data set A is less than the mean of Data set B. 


d Explain why the median of Data set A is the same as the median of Data set B. 


The selling price of nine houses are: 
$158 000, $290000, $290000, $1.1 million, $900 000, 
$395 000, $925000, $420000, $760000 


a Find the mean, median, and modal selling prices. 
Ὁ Explain why the mode is an unsatisfactory measure of the middle in this case. 
ς Is the median a satisfactory measure of the middle of this data set? 
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4 The following raw data is the daily rainfall (to the nearest millimetre) for the month of February 2014 
in a city in China: 


0, 4, 1, 0, 0, 0, 2, 9, 3, 0, 0, 0, 8, 27, 5, 0, 0, 0, O, 8, 1, 3, 0, O, 15, 1, 0, 0 


a Find the mean, median, and mode for the data. 
Explain why the {| median fi mode [5 nota suitable measure of centre for this data. 


ς Identify any outliers in the data set. Do you think the outliers are errors or genuine data? 
Should they be removed before finding the measures of centre? Explain your answer. 


5 A basketball team scored 38, 52, 43, 54, 41, and 36 points in their first six matches. 
a Find the mean number of points scored for the first six matches. 
Ὁ What score does the team need to shoot in their next match to maintain the same mean score? 
¢ The team scores only 20 points in their seventh match. Find the mean number of points scored 
for the seven matches. 
d The team scores 42 points in their eighth and final match. 
i Will their previous mean score increase or decrease? 
ii Find the mean score for all eight matches. 


Example 3 ™)) Self Tutor 


Each student in a class of 20 is assigned a number between 1 and 10 to indicate his or her fitness. 
Whe Tesuls ale: οὐ 5: 10 07 5 1a. Ὁ» Ὁ Os Os Oe Ula ly Os Ve 


Group the data in a table, and hence calculate the: 


a mean Ὁ median ς mode. 


The mean score 


total of scores 


number of scores 
_ 157 
0 
= 1.8 


lst student 
2nd and 3rd student 
4th, 5th, 6th, and 7th student Ἐπ γε Κ 
8th, 9th, 10th, 11th, 12th, INSTRUCTIONS 
13th, 14th student 

STATISTICS 


PACKAGE 
The 10th and 11th students both scored 8, so the median = 8. 


¢ Looking down the ‘number of students’ column, the highest frequency is 7. 
This corresponds to a score of 8, so the mode = 8. 
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6 3 coins were tossed simultaneously 
40 times, and the number of heads 
for each toss was recorded. 


Calculate the: 


a mode Ὁ median 
¢ mean. 
7 The frequency column graph gives the value of Aid donations 


donations for an overseas aid organisation, collected jgpiequenc 
in a particular street. 
a Construct a frequency table from the graph. 
Determine the total number of donations. 
¢ Find the: 
i mean ii median iii mode. 
d Which of the measures of centre can be found I Ὁ 5 10 50 
easily from the graph only? dollars 


8 Hui breeds ducks. The number of ducklings surviving for 
each pair after one month is recorded in the table. 
a Calculate the: 
i mean ii mode iii, median. 
Ὁ Is the data skewed? 


ς How does the skewness of the data affect the 
measures of the middle of the distribution? 


9 Consider the Opening Problem on page 172. 
a For each data set, find the: i mean ii mode iii median. 
Ὁ At which hotel do guests generally stay longer? 


Example 4 ™)) Self Tutor 


Linda has taken four Mathematics tests so far this year. Each test has been 
out of 20 marks, and her average mark has been 15. 


What mark does Linda need in the 5th test to raise her average to 16? 


Average mark = πο ΤΡ = 


Sin O1 marks — 15 <4. — 60) 


Let Linda’s mark for the 5th test be z. 


: 60 
*. we require -- = 


60 + « = 80 
r= 21} 


So, Linda needs a mark of 20 in the 5th test. 
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10 Jackie has played 8 games of netball this season, 
scoring an average of 17 goals per game. How many 
goals does she need to score in the next game to 
increase her average to 18? 


11 A sample of 12 measurements has a mean of 8.5, and 
a sample of 20 measurements has a mean of 7.5. Find 
the mean of all 32 measurements. 


" ἐκ 


On Saturday, Derek picked pears from 32 trees. He 
picked an average of 17 pears per tree. On Sunday 
he picked some more pears, averaging 12 pears per 
tree. Over the whole weekend he picked an average 
of 14 pears per tree. How many trees did Derek pick 
from on Sunday? 


13 Find z if: 
a 7, 15, 6, 10, 4, and x have a mean of 9 
Ὁ 10, z, 15, 20, x, x, 17, 7, and 15 have a mean of 12. 


14 The mean, median, and mode of seven numbers are 8, 7, and 6 respectively. Two of the numbers 
are 8 and 10. The smallest of the numbers is 4. Find the largest of the numbers. 


15 Consider four numbers a, b, c, and d. The mean of a and b is 7, the mean of b and c is 10, and the 
mean of c and d is 9. Find the mean of a and d. 


DISCUSSION 


Develop at least two examples to show how the measures of centre are affected by outliers. 


Which of the measures of centre is most affected by the presence of an outlier? 


Which of the measures of centre are unaffected by the presence of an outlier? 


ESTIMATING THE MEAN OF GROUPED DATA 


When data is presented in class intervals, the actual data values are not known. This makes it impossible 
to calculate the exact mean of the data set. 


To estimate the mean of the data, we use the midpoint of an interval to represent all of the scores within 
the interval. 


For example, if we have the interval 50 km < d < 100 km, we estimate that all of the data in that 
interval corresponds to the distance 75 km. 
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Example 5 ™)) Self Tutor 


The transport department collected data regarding the distance 
each of its trams travelled in one day. This is shown in the 
table. 


Estimate the mean distance travelled by the trams. 


50 <d< 100 sum of data values 
100 < d < 150 the number of data values 
150 < d < 200 ~ 1450 
200 = d= 250) 50 

ΠΩ | : ~ 149 km 


EXERCISE 9C.2 


1. The daily maximum temperatures for Manila over a one year period are given below. 


BM SO 0D BI 
IN IX IX IX IN INV & 


Estimate the mean maximum temperature. 
2 Nick served a tennis ball 200 times. The speeds of the serves 
are summarised in the table alongside. 
a Find the modal class of the data. 
Ὁ If possible, find the: 
i number of serves faster than 170 kmh7! 
ii number of serves slower than 162 kmh~! 


iii percentage of serves between 155 kmh~? and 
175 kmh7?, 


ς Estimate the mean speed of the serves. 


3 The table alongside shows the number of runs scored by Clive 
during his team’s cricket season. 


a How many times did Clive bat? 
Ὁ How many times did Clive score at least 20 runs? 
ς Estimate the mean number of runs scored by Clive. 
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4 The male and female Year 10 students of a school were asked how long they slept for last night. 
The responses are shown below. 


Male Female 


CON OD Ot an 
IN IN IN Δ INV 
ee ΟὙἘΙῚ 
NAA A AILS 
ODO CON D Ol => 


AV 
Στ 
δ υτ 
ἐξ δ 
8<t<9 


Draw a histogram to display each data set. 
Describe the distribution of each data set. 
Estimate the mean of each data set. 


Ω. αἱ σ' ὦ 


Which group do you suspect slept on average for longer? Comment on the reliability of your 
answer. 


5 The amounts of petrol bought in one hour by customers at a service station are shown below, in 
litres: 


41.59 33.09 37.21 58.85 47.20 26.01 31.12 41.11 56.21 43.59 
31.77 44.56 23.15 46.67 44.43 58.55 40.09 37.51 43.72 27.56 
28.90 36.82 47.19 59.23 39.08 47.81 29.95 55.91 34.11 44.75 
46.12 27.09 57.85 33.13 51.05 34.80 56.14 47.33 51.91 57.76 
37.10 52.39 48.52 41.08 22.09 49.91 38.10 58.77 25.87 39.21 


Suppose the amount of petrol is p litres. 
a Find the mean Τ᾽ of the data. 
6 i Organise the data into the class intervals 
20 < p< 30, 30< p< 40, 40<p< 50, 
and 50 < p< 60. 
ii Use these intervals to estimate the mean of 
the data. 
ς i Organise the data into the class intervals 
20s p< 20, 20 p< 30, 30 < p< 30, 
wey OO SD < 60. 
ii Use these intervals to estimate the mean of -PETR 
the data. es | 
Compare the estimates of the mean in Ὁ and ¢€ with the actual mean found in a. 


Ω. 


In general, would you expect the use of larger or smaller intervals to produce a more accurate 
estimate of the mean? Explain your answer. 


It is sometimes useful to know the number or proportion of scores that lie above or below a particular 
value. To determine this we construct a cumulative frequency table, and draw a cumulative frequency 
graph. 


The cumulative frequency gives a running total of the number of data less than a particular value. 
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Example 6 ™)) Self Tutor 
The table summarises the weights of 60 male rugby players. 
a Construct a cumulative frequency table for the data. 


~] 


Ὁ Represent the data on a cumulative frequency graph. 


SRSSES ASAI: 
IN INK IN IN IN IN IK INV 


ς Use your graph to estimate the: 
i median weight 
ii number of men weighing less than 83 kg 
iii number of men weighing more than 102 kg. 


~] 


this is 3+11 


there are 3+ 11] - 12 = 26 players 
who weigh less than 90 kg 


GO 


5 
0 
5 
0 
5 
0 
5 
0 


IN IX IX IX IN IN IX IN 
S&S € EE & EE SE 


-" | 
HCAS 
eee 


100 105 110 115 
weight (kg) 


STATISTICS 


The median is the average of the 30th and 31st weights. PACKAGE 


Reading from the graph, the median ~ 92 kg. 
There are 9 men who weigh less than 83 kg. 
There are 60 — 55 =5 men who weigh more than 102 kg. 
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EXERCISE 9D 


1. The cumulative frequency graph alongside 
shows the lengths of trout caught during a 
fishing competition. 


a How many trout were caught during the 
competition? 
Ὁ How many of the trout were: 
i shorter than 20 cm 
ii longer than 30 cm? 


ς Estimate the median length of trout 
caught. 


15 


2 In an examination, a group of students achieved the percentages 
shown in the table. 


a Construct a cumulative frequency table for the data. 
Ὁ Draw a cumulative frequency graph of the data. 
¢ Use your graph to estimate: 


i the median examination mark 
ii the number of students who scored less than 65% 
iii the mark required to be awarded a credit, given that 
this is awarded to the top 25% of students. 


cumulative frequency 


ia 
a 
πε 
ΗΝ 
“ΕΗ 
| | A 
a ΖΓ -- 
ΝΕ ἍΝ ΝΝΝ 
| | 


y| 
= 
- 
LZ 
"ἃ 
ΓΗ͂Ν 


τα < 20 
20 Ξ χ τ ὁ 
30 < x < 40 
40 < x < 50 
50 < x < 60 
60 Ξ ὦ - 70 
Ws χ - 60 
80 «« «90 


ΤΗΝ 
A 


90 < “ < 100 


In a running race, the times of 80 competitors were recorded. 
They are summarised in the table shown. 


Time t a | Frequency 


a Construct a cumulative frequency table for the data. 


Ὁ Draw a cumulative frequency graph of the data. 


apa An 
ς Use your graph to estimate: 

<t< 50 a 
τ ΕΣ i the median time 
ἣν ii the number of runners whose time was less than 
<t < 60 38 minutes 

iii the time in which the fastest 30 runners completed the 

course. 


4 The table alongside is a summary of the distance a baseball was 
thrown by a number of students. 


a Estimate the mean distance the ball was thrown. 
Ὁ Draw a cumulative frequency graph of the data. 
ς Use your graph to estimate: 

i the median distance thrown by the students 


ii the number of students who threw the ball less than 
30 mM 
iii the distance required to be in the top 20% of students. 
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δ 1 ς 


Knowing the middle of a data set can be quite useful, but for ἃ more complete picture of the data set we 
also need to know its spread or variation. 


Three commonly used statistics that indicate the spread of a set of data are: 
e the range e the interquartile range e the standard deviation. 


THE RANGE 


The range is the difference between the maximum data value and the minimum data value. 
range = maximum data value — minimum data value 


Example 7 ™)) Self Tutor 


Find the range of the data set: 5, 3, 8, 4, 9, 7, 5, 6, 2, 3, 6, 8, 4. 


range = maximum data value — minimum data value = 9 — 2 = 7 


THE INTERQUARTILE RANGE 


The median divides an ordered data set in halves. By finding the median of each half, we divide the 
original data into quartiles. 


The lower quartile is the median of the lower half, and is 25% of the way through the ordered data set. 
The upper quartile is the median of the upper half, and is 75% of the way through the ordered data set. 
The data set is therefore divided into quarters by the lower quartile Q,, the median Qe, and the upper 
quartile Qs. 

The interquartile range is the range of the middle half (50%) of the data. 


interquartile range = upper quartile — lower quartile 


or IQR = Qs — Qi 


Example 8 κ() Self Tutor 


Por the data set) OO. 1 sae (oD. Os Oy Oo ae Ol Ue GS, ΟΣ ρον Ctind the: 
a median Ὁ lower and upper quartiles ¢ interquartile range. 


The ordered data set is: SS ee ane + {19 data values} 


i δ ἐγ τὶ 


a Since π ΞΕ ]9, = 10 


2 2 
the median is the 10th data value, which is 6. 


Ὁ As the median is a data value, we ignore it and split the remaining data into two groups. 


γ- ἢ 55-6 -€ 


Q; = median of lower half = 5 Qs = median of upper half = 7 
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Example 9 ™)) Self Tutor 
For the data set 9, 8, 2, 3, 7, 6, 5, 4, 5, 4, 6, 8, 9, 5, 5, 5, 4, 6, 6, 8, find the: 


a median Ὁ lower and upper quartiles ¢ interquartile range. 


The ordered data set is: 


{20 data values} 


n+1 
2 
: 10th val 11th val 6 

the median = πη “FEE = 7 = 55 


Ὁ As the median is not a data value, we split the original data into two equal groups of 10. 


ἡ 
ὑϑιη 
ς IQR =Q3 - Qi =3 


a Since n= 20, 


Sele aus 
a 


You can use the statistics package or your calculator to find the STATISTICS 
PACKAGE 
measures of spread of a data set. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


EXERCISE 9E 
1 For each of the following data sets, make sure the data is ordered and then find: 
i the range ii the median 
iii the lower and upper quartiles iv the interquartile range. 


9,6, 0,0, fy fy (45, 9,350, 9, 9, 9, 9; 9, 10, 10. 11.,11..11. 12,12 
6 11, 13, 16, 13, 25, 19, 20, 19, 19, 16, 17, 21, 22, 18, 19, 17, 23, 15 
¢ 23.8, 24.4, 25.5, 25.5, 26.6, 26.9, 27, 27.3, 28.1, 28.4, 31.5 


2 While Jarrod was eating a bag of mandarins, he counted 
the number of seeds in each. The numbers he counted 
were: 


3 4 7 11 2 6 3 14 10 6 9 


Calculate the range and interquartile range of the data. 


3 The table alongside shows the number of tows performed by a 
tow truck driver each day over a 45 day period. 
Find the: 


a mean Ὁ median 
c range d_ interquartile range. 
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ᾷ Kylie and Chris were asked to listen to 20 songs, and give each a rating out of 20. The results are 
shown below. 


Kylie Chris 
14 11 16 8 10 15 11 9 12 16 
7 10 5 20 18 14 10 14 9 17 
12 3 19 6 11 18 138 12 12 16 
4 15 10 19 16 11 12 18 14 10 
ἃ Find the: 
i median ii range 


iii interquartile range of each data set. 
Ὁ In general, who gave the higher ratings? 


¢ Who had the greater variation in their ratings? 


5 The Year 6 and Year 10 students at a school were asked how many times they visited their 
grandparents in the last month. The results are shown in the graphs below. 


Year 6 Year 10 
frequency 1 frequency 


on Ὁ DS ὦ 
onNMm EF DD OC 


0123 4 5 67 ὃ OC i [Ὁ 4 δ 6 7 8 
number of visits number of visits 


a For each data set, find the: 

i median ii range iii interquartile range. 
Ὁ Which class: 

i generally visited their grandparents more often 

ii had greater variation in their number of visits? 


6 In one month, Milton made 40 phone calls. 
The cumulative frequency graph alongside 
shows the lengths of the calls. 

Using the graph, estimate the: 


cumulat 


a median 


fo 
— 
"ΝΝ 
x | | | 


Ὁ lower quartile 
¢ upper quartile 
d interquartile range of the data. 


“ὮΝ 


Ν 


minutes 
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A box-and-whisker plot is a visual display of some of the descriptive statistics of a data set. It shows: 


the minimum value = (min) 
the lower quartile (Q;) 
the median (Qo) 
the upper quartile (Q3) 
the maximum value (max) 


These five numbers form the 
five-number summary of a data set. 


For Example 9, the five-number summary and corresponding box-and-whisker plot are: 


minimum = 2 
QO, = 4.5 | | | ie 


el ee 11.,. ,  τ᾽3ιΧ τ ξν ΦφΠὋι τ χνῖς 
median = 5.5 0 1 2 3 4 5 6 Ἷ | 8 9 10 1 


Qs = 7.5 4 
maximum = 9 min Qi median Qs max 
Notice that: e the rectangular box represents the ‘middle’ half of the data set 


e the lower whisker represents the 25% of the data with the lowest values 


e the upper whisker represents the 25% of the data with the highest values. 


Example 10 ™)) Self Tutor 
Consider the data set:: τ 1 ΠῚ 5:.} δ OO aa ἢ 


a Construct the five-number summary for the data. 
Ὁ Draw a box-and-whisker plot for the data. 

c Find the i range ii interquartile range. 
α΄ Find the percentage of data values less than 4. 


The ordered data set is: 


{16 data values} 


Υ 
τ 


The five-number summary is: median = 5 
mag ΞῚΙΙ 


0 1 2 3 10 11 


i range = max -- min ii STATISTICS 


PACKAGE 
ΞΞ 11 --Ἰ 


— ἢ 
25% of the data values are less than 4. 
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STATISTICS 


You can use your calculator or the statistics package to draw 
PACKAGE 


box-and-whisker plots. GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


EXERCISE 9F.1 
1 


0 10 20 30 40 50 60 
goals scored by a netball team 


a This box-and-whisker plot summarises the goals scored by a netball team. Find the: 


i median ii maximum value iii minimum value 
iv upper quartile v_ lower quartile. 
Ὁ Calculate: 
i the range ii the interquartile range. 
2 
0 10 20 90 40 50 60 70 SO 90 100 
scores 


The box-and-whisker plot shown summarises the points 
scored by a basketball team in their matches during a 
season. 


a Copy and complete the following statements about 
their results: 


i The highest score was ...... points. 
ii The lowest score was ...... points. 
iii Half of the scores were greater than or equal to 
ee points. 
iv The top 25% of the scores were at least ...... 
points. 
v The middle half of the scores were between ...... and ...... points. 


Ὁ Find the range of the data set. 
ς Find the interquartile range of the data set. 


3 For each of the following data sets: 


i Construct a five-number summary for the data. 
ii Draw a box-and-whisker plot for the data. 
iii Find the range. 
iv Find the interquartile range. 
a 5, 5, 10, 9, 4, 2, 8, 6, 5, 8, 6, 7, 9, 6, 10, 3, 11 
Ὁ 7, 0, 4, 6, 8, 8, 9, 5, 6, 8, 8, 8, 9, 8, 1, 8, 3, 7, 2, 7, 4, 5, 9, 4 
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4 The weight, in kilograms, of a particular brand of bags of Stem | Leaf 
firewood is stated to be 20 kg. However, some bags weigh more ) 


than this and some weigh less. A sample of bags is carefully 18 ὃ 

weighed, and the measurements are given in the ordered 19} 577889 

stem-and-leaf plot shown. 20} 11122568 
a Locate the median, upper and lower quartiles, and 7 ᾿ 11246 


maximum and minimum weights for the sample. 
Ὁ Draw a box-and-whisker plot for the data. 20|5 represents 20.5 kg 
¢ Find: i the interquartile range ii the range. 
d Copy and complete the following statements about the distribution of weights for the bags of 
firewood in this sample: 
i Half of the bags of firewood weighed at least ...... kg. 
li... % of the bags weighed less than 20 kg. 
iii The weights of the middle 50% of the bags were spread over ...... kg. 
iv The lightest 25% of the bags weighed ...... kg or less. 


e Is the distribution of weights in this sample symmetrical, or positively or negatively skewed? 


ACTIVITY 1 


Click on the icon to practice matching box-and-whisker plots with their graphs. GAME 


PARALLEL BOX-AND-WHISKER PLOTS 


If we have two data sets that we want to compare, 


we can draw a box-and-whisker plot for each data 

set on the same scale. This is known as a parallel —_ i 
box-and-whisker plot. It can be drawn horizontally ——_ | 

or vertically. --. | | | ἜΝ 


Parallel box-and-whisker plots enable us to make a 
visual comparison of the statistics and distributions 
of two data sets. 


Example 11 ™)) Self Tutor 


An office worker has the choice of travelling to work by car or bus. He has collected data giving 
the travel times from recent journeys using both of these methods. He is interested to know which 
type of transport is the quickest to get him to work, and which is the most reliable. 


Car (minutes); 13°14 18516 1921-22 22°24 25. 27 28-30-33 -43 


Bus (minutes): 16 16 16 17 17 18 18 18 20 20 21 21 23 28 30 


ἃ Draw a parallel box-and-whisker plot for the data sets. 


Ὁ Hence, determine which method of transport is: 
i quicker ii more reliable. 
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ἃ We first construct the five-number summary for each data set. 
Cars imm— 130 “Op 15" . median 22°” «GO, — 257 (max Ξε ἢ} 
Bus’: ‘mm= 16). (On= 1 momedan = δ ΟΞ 2h max = 30 


45 
travel time (minutes) 


Looking at the parallel box-and-whisker plot, the bus travel times are generally lower 
than the car travel times. So, the bus is generally quicker. 

The car travel times have greater spread than the bus travel times. So, the bus is also 
more reliable. 


EXERCISE 9F.2 
1. This parallel box-and-whisker 
plot compares the times students 
in Year 10 and Year 12 spend Year 12 — [| } 


on homework over a one week pel ee Ne a 


eriod. 0 
P time (hours) 


8 Find the five-number summaries for each year group. 


Ὁ For each group, determine the: 
i range ii interquartile range. 


2 Barramundi is a species of fish caught in the tropical waters 
of northern Australia and Indonesia. Alongside is a parallel 


box-and-whisker plot of the lengths of barramundi caught in ay τ 
Indonesian and Australian waters. a. Ε 
a For each region, find the: 80 ς |S 
i greatest length ii shortest length Sl 
lii range iv interquartile range. = 70 
Ὁ The legal length for a barramundi to be kept is 58 cm. What = 
percentage of fish caught were of legal length in: = 60 
i Indonesia ii Australia? a. 
¢ Copy and complete: ΕἸ 90 
i The fish caught in ...... generally have greater length. 2 
ii The fish caught in ...... have greater length variability. a 


3 Consider the Opening Problem on page 172. 
a Construct the five-number summary for each data set. 
Ὁ Draw a parallel box-and-whisker plot to display the data sets. 
¢ Describe the distribution of each data set. 
d Determine the hotel in which the guests generally stay longer. 
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4 The heights, in centimetres, of boys and girls in a Year 10 class are: 


Boys: 165 171 169 169 172 171 171 180 168 #168 4166 #168 = «170 
165 171 173 187 #181 175 #174 100 167 #163 160 169 167 
172 174 177 188 177 185 167 160 

Girls: 162 171 156 166 168 163 170 171 177 109 168 165 156 
159 165 164 154 171 172 166 152 169 170 163 162 165 
109. 168 155 175 176 170 166 


a Find the five-number summary for each of the data sets. 

Ὁ Draw a parallel box-and-whisker plot to display the data sets. 

¢ Compare and comment on the distribution of the data. 
5 Samples of lobster were caught in two adjacent bays on the 


coast of California. The following data shows the average 
weights in pounds for the two bays over a 20 day catching 


period. 
Bay 1: 2.6 2.5 2.7 2.4 2.9 2.7 26 2.7 2.8 25 Trane 

2.7 2.6 2.8 2.6 2.5 28 2.5 24 2.7 23 Wars RS 
Bay 2: 2.7 3.0 2.6 2.9 2.7 2.8 2.9 26 2.7 2.7 222 ΣΝ 


2.9 3.1 2.6 2.7 2.7 2.8 3.2 2.7 2.8 2.8 wd aes 


a Find the five-number summary for each of the data sets. 
Ὁ Construct a parallel box-and-whisker plot to display the data sets. 
¢ Compare and comment on the distributions of the data. 


The problem with the range and the IQR as measures of spread is that both only use two data values in 
their calculation. A preferred measure of spread is the standard deviation, which indicates the degree 
to which the data values deviate from the mean. The advantage of the standard deviation is that it uses 
all of the data values. However, the IQR is more reliable if the distribution is considerably skewed. 


Consider the data set 2, 3, 5, 9, 11. The mean of the data set is 6. For each data 
value x, we can find the deviation ὦ —Z from the mean Zz. The deviations are 
shown in the table alongside. 


If we take the average of these deviations, the result will always be zero. However, 
we get a much more meaningful result if instead, we square the deviations to form 
a set of positive values, and then take their average: 


(—4)? + (—3)? + (-1)7+37+57 60 
5 a; 


=12 


Finally, since we squared the deviations, we take the square root of this value to convert back to the 
original units. This gives us the standard deviation = 12 = 3.46. 


= -- δ (a -- 2)? 
For a sample οἵ n data with mean 7%, the standard deviation 8 = |ΞΞ ---- --. 
n 
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If most of the data values are close to the mean 7, then the deviations ὦ —Z will be small. This will 
result in a lower standard deviation. 


Example 12 ™)) Self Tutor 


A greengrocer purchases oranges from two 


different wholesalers. He takes five random crates Sunblessed 4] 16,14] 88. 
from each wholesaler, and counts the number of ‘Valencia Star | 9 | 12 | 11 | 10 J 18. 
blemished oranges in each: _ Valencia Star 12] 11] 10] 13 


Find the mean and standard deviation for each data set, and hence compare the wholesale suppliers. 


= a z= a —11 


4 
(=z. [4.38 (=z. ye στα 


The Sunblessed oranges generally have less blemishes, but the Valencia Star oranges have less 
variability. 


We often use technology to find the standard deviation, especially when there are a large number of data 
values. 


Example 13 ™)) Self Tutor 


Find the standard deviation of the data set: 
ΤΠ Gl, Artes Che A Ol oe 1 ieee: Pa 


Casio fx-CG20 TI-84 Plus TI-nspire 


‘able ποτα, TeeezEE? 
=15. 1666666 S150 

< 2x*=2968 

Sx=4,. 2664595 
ox=4.67°96°9417 
+n=12 


Hou tt ue ll 
eS hoe 
. * Oo ¢ 


GRAPHICS 


we = CALCULATOR 
So, the standard deviation 5 ~ 4.08. τ τευσε δῆς 


Make sure you 
use the population 
standard deviation oy. 
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EXERCISE 9G.1 


1 Without using technology, find the standard deviation of the following data sets: 


5, 8, 9, 10 Ὁ 3,5, 11, 13, 18 


Find the standard deviation of the data set: 4, 7, 8, 10, 11, 32 
Identify and remove the outlier, then recalculate the standard deviation. 
What effect does the outlier have on the standard deviation? 


3 Consider the following two samples: 


d 


Sample A Sample B 


frequency 12 frequency 
10 10 


on ἢ DS CO 
on ἢ DS οὦ 


3 4 5 6 7 ὃ 9 101] 3 4 5 6 7 


By looking at the graphs, which distribution has the wider spread? 
Find the mean of each sample. 


For each sample, find: 
i the range ii the interquartile range iii. the standard deviation. 


Explain why s provides a better measure of spread than the other two measures. 


4 Brothers Kento and Dongming were each given 80 chocolate 
eggs. They both ate their eggs over a period of 10 days. 
The number of eggs eaten by the brothers each day were: 


Γ κα 19 1 51 8 0} 5]5π08 


Donning] [τὸ [15 [8115] 8 [9518 15 


Ω. αὶ σ᾽ ὦ 


Explain why the mean of each data set will be the same. 
Find the IQR of each data set. 
Use technology to find the standard deviation of each data set. 


Which brother had the most variation in the number of eggs eaten each day”? 


5 Two baseballers compare their batting performances for a ten game stretch. Their numbers of safe 
hits per game were: 


Ω. ὦ σ ὦ 


py) 4: 0|64|0|6]4}2 


_ Julio | 1) 2131313] 4] 6] 2/3) 3° 


Show that each baseballer has the same mean and range. 


Whose performance do you suspect is more variable? 
Check your answer to 6 by finding the standard deviation for each data set. 


Does the range or the standard deviation give a better indication of variability? 
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6 Finnley and Florence each perform a nightly comedy show during an arts festival. The attendance 
for their shows each night is: 


Florence [0 fro [55 Τ [as] 8. [51 [0] s [a [a0] 7 [85 97 
Find the mean of each data set. 


Find the standard deviation of each data set. 
Who had more people attending their shows? 


Ω. αι σ' ὦ) 


Who had the greater variation in attendance? 


Is it reasonable to compare the standard deviation of two data sets if the data sets are not of equal 
size? 


ACTIVITY 2 


In this Activity, we will find out who in your class is best at timing 1 second. STOP WATCH 


You will need: A stop watch or the software provided. 


What to do: 


1 Start the timer, then attempt to stop the timer on Sample results 
exactly 1 second. 1.09 0.96 0.96 1.15 1.02 1.01 


2 Repeat this process 30 times, and record your 0.92 0.97 0.96 0.95 1.05 0.91 
results. A sample set of results is shown alongside. 1.09 1.01 1.04 0.91 0.97 1.01 


3 Find th deta dend deen Ε 0.98 1.03 0.96 1.01 0.98 1.03 
ind the mean and standard deviation of your 1.02 1.01 0.98 0.97 109 10] 


results. 


4 As aclass, study the results of all the students. 

a Was it more common for students to average less than one second, or more than one second? 

b Discuss methods for determining whether Wanda τ δα 
one result is ‘better’ than another. For 
example, given the results shown alongside, 
would you say that Ian or Hayley performed 
better? 

¢ Hence determine which student performed best in the challenge. 
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STANDARD DEVIATION FOR GROUPED DATA 


_ =)2 
For grouped data, the standard deviation s = 2 : 


where 2 is any score, 7 is the mean, and f is the frequency of each score. 


Example 14 ™)) Self Tutor 


Find the standard deviation 
for the data set: 


Example 15 ™)) Self Tutor 


The weights of 25 calves were measured, and the results in οἷο ke) 
kilograms are summarised in the table shown. 50 < w < 60 
a Estimate the standard deviation by using interval 60 <w < 70 
midpoints. 70 < w < 80 
Ὁ Can the range of the data be found? Explain your answer. 80 < w < 90 

90 < w < 100 

100 < w < 110 


50 < w < 60 
60 < w < 70 
70 «ὦ < 80 
80 < w < 90 
90 < w < 100 
100 < w < 110 


- [1 -- ὁ 3800. 


b Since the data has been grouped in classes, we do not know the smallest and largest data 
values. Consequently, the range cannot be found. 
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EXERCISE 9G.2 


1 Find the standard deviation of the test results: 


Frequenaf{4[o[t[2]sf2 


2 The contents of 60 boxes of chocolates were counted, and the results tabulated below: 


π΄ Freqwueney τι ,)Ττ 155} els? 


Find the mean and standard deviation of the distribution. 


3 The lengths of 30 trout were measured to the nearest cm. The following data was obtained: 


Estimate the mean length and the standard deviation of the lengths. 


4 The weekly wages of 90 department store workers are 


given alongside: 


Estimate the mean wage and the standard deviation of 


the wages. 


The normal distribution is the most important distribution 
for a continuous random variable, and lies at the heart of 
statistics. Many observable quantities have distributions that 
are normal or approximately normal. The graphs of these 


distributions will be approximately bell-shaped. 


Some examples are: 
e the heights of 16 year old boys 
e the lengths of adult sharks 
e scores on tests taken by a large population 
e the life times of batteries 


A TYPICAL NORMAL DISTRIBUTION 


A large sample of cockle shells was collected and the 
maximum distance across each shell was measured. 
Click on the video clip icon to see how a histogram 
of the data is built up. 


Now click on the demo icon to observe the effect 
of changing the class interval lengths for normally 
distributed data. 


Wage (€) Number z workers 


380 - 389.99 
390 - 399.99 
400 - 409.99 
410 - 419.99 
420 - 429.99 
430 - 439.99 
440 - 449.99 


450 - 459.99 


the volumes of liquid in soft drink cans 
the lengths of cilia on a cell 


yields of corn or wheat 


VIDEO CLIP 


DEMO 
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Ἦν 


HOW THE NORMAL DISTRIBUTION ARISES 
Example 1: 


Consider the apples harvested from an apple tree. They do 
not all have the same weight. This variation may be due to 
genetic factors, different times when the flowers were fertilised, 
different amounts of sunlight reaching the leaves and fruit, 
different weather conditions, and so on. 


4, 
es 


The result is that much of the fruit will have weights centred AW 
about the mean weight, and there will be fewer apples that are 
much heavier or much lighter than this mean. 


Example 2: 


In the manufacturing of 50 mm nails, machines 
are set to produce nails of average length 50 mm. 
However, there is always minor variation due 
to random errors in the manufacturing process. 
A small standard deviation of 0.3 mm, say, 
may be observed, but once again a bell-shaped 
distribution models the situation. 49.7 50 50.3  naillength (mm) 


THE SIGNIFICANCE OF STANDARD DEVIATION 


If a large sample from a typical bell-shaped data distribution is taken, what percentage of the data values 
would lie between %—s and %+ 8? 


Click on the icon and try to answer this question. Repeat the sampling many times to DEMO 
improve the accuracy of your estimate. 


Now try to determine the percentage of data values which would lie between 
Ὁ -- 28 and %+2s and between X—3s and 7+ 3s. 


It can be shown that: 


For any measured variable from any population that is normally distributed, no matter the values of 
the mean % and standard deviation 5: 

e approximately 68% of the population will measure between T—s and T+ 5 

e approximately 95% of the population will measure between T—2s and 7+ 2s 

e approximately 99.7% of the population will measure between %— 3s and 7+ 3s. 


The proportion of data values that lie within different ranges relative to the mean are shown below: 


0.13% 2.15% : 34.13%! 34.13%: 2.15% 0.13% 


13.59% | 
z—3s 2x-—2s 2-8 xz “+s “4+2s 2438 
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Example 16 ™)) Self Tutor 


A sample of 200 cans of peaches was taken from a warehouse and the contents of each can 
measured for net weight. The sample mean was 486 g with standard deviation 6.2 g. State the 
proportion of cans that will lie in the given range, and what this range is, in g: 


a within 1 standard deviation of the mean Ὁ within 3 standard deviations of the mean. 


For a manufacturing process such as this, the distribution of net weights is approximately normal. 


a About 68% of the cans would be expected to have contents between 486 + 6.2 g, 
which is between 479.8 g and 492.2 g. 


Ὁ Nearly all of the cans would be expected to have contents between 486 + 3 x 6.2 g, 
which is between 467.4 g and 504.6 g. 


EXERCISE 9H 


1 A sample of overcoats was taken from the manufacturer and each overcoat weighed. The sample 
mean was 2.864 kg with standard deviation 0.023 kg. State the proportion of overcoats that will lie 
in the given range, and what this range is, in kg: 

a within 1 standard deviation of the mean 6 within 2 standard deviations of the mean 


¢ within 3 standard deviations of the mean. 


2 Five hundred Year 10 students sat for a Mathematics examination. Their marks were approximately 
normally distributed with mean 75 and standard deviation 8. 


a Copy and complete this bell-shaped 
curve, assigning scores to the 
markings on the horizontal axis: 


Ὁ How many students would you expect to have scored: 
i more than 83 ii less than 59 iii between 67 and 91? 


3 A sample of 300 bottles of soft drink was taken from a production line and the contents of each 
bottle measured for net volume. The sample mean was 377 mL with standard deviation 1.5 mL. 


a Represent this information on a bell-shaped curve. 


Ὁ How many bottles in the sample would you expect to have contents 


i between 374 and 380 mL ii more than 375.5 mL? 
¢ What proportion of bottles in the production line would you expect to have contents less than 
370.0 mL? 


4 The mean height of players in a basketball competition is 181 cm. If the standard deviation is 4 cm, 
what percentage of the players are likely to be: 
a taller than 189 cm Ὁ taller than 177 cm 
¢ between 169 cm and 189 cm ΟἹ shorter than 185 cm? 
5 The mean average rainfall of Charlesville in August is 68 mm with standard deviation ὃ mm. Over 


a 40 year period, how many times would you expect there to be less than 52 mm of rainfall during 
August in Charlesville? 
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Global Air passenger numbers 
context 


Statement of inquiry: Analysing data can help us to identify changes over 


time. 
Global context: Οτιθηΐδίοη 1 5Ρ806 8Δη4 {1ΠΊ6 
Key concept: [οριο 
click here Related concepts: Quantity, Change 
Objectives: Communicating, Applying mathematics in real-life 
contexts 
Approaches to learning: Communication, Self-management 


REVIEW SET 9A 


1. Describe the data distribution shown: frequency 


8 
6 
4 
2 
0 


Lp > A ong, Sires dy * 25 
2 A class of 20 students was asked “How many bedrooms are there in your house?” 
The following data was collected: 
τσ oa Nee Os PEA oa. ὍΝ ΜΕ er co os ta wee ao) 
ἃ Is the data discrete or continuous? Ὁ Are there any outliers in the data? 
¢ Construct a dot plot to display the data. 


3 Consider the set of data: 1 alae 9.2. 2 11 2 τε eb: ἢ τ 142 215 1 40 
ἃ Find the: 
i mode li mean iii median iv range 
ν upper and lower quartiles vi interquartile range. 


b Draw a box-and-whisker plot to display the data. 


4 The masses of eggs in a carton marked ‘50 g eggs’ are | 
recorded alongside. 18 < 


m < 49 


a Construct a frequency histogram for the data. 49 « πι « 50 
Ὁ What is the modal class? Explain what this means. 1} Ξ 5 τ οἱ 
¢ Describe the distribution of the data. ol<m< 952 


d Estimate the mean mass of an egg in the carton. 52 Κ m < 53 


5 The scores out of 100 for an exam are displayed in the box-and-whisker plot below. 


--οἙΘ8 δ ορὨἋὨ---- ---- 


0 10 20 90 40 50 60 70 80 90 100. scores 


ἃ State the: i median score ii maximum score iii minimum score 
iv upper quartile v lower quartile. 


b Calculate the: i range li interquartile range of scores. 
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Nine scores have an average of 8. Scores of x and ὦ - 1 are added, and these increase the 
average to 9. Find a. 


The given parallel box-and-whisker plot Bae ae ime 
represents the 100-metre swim times for 
the members of a swimming squad. Girls —_ |  -— 


910 52 54 56 58 60 602 64 


Copy and complete the following: time (seconds) 


a Comparing the median swim times for girls and boys shows that, in general, the ...... swim 
iat seconds faster than the ...... 

b The range of the girls’ swim times is ...... seconds compared to the range of ...... seconds 
for the boys. 


¢ The fastest 25% of the boys swim as fast as or faster than ...... % of the girls. 


Ges % of the boys swim faster than 60 seconds whereas ...... % of the girls swim faster than 
60 seconds. 


*"hcumulative frequency | ὃ, 
oa | | | | YT 
es 4 
ott | 7 ΝΙΝ 
re ee a aa ΤΠ 
ot | | /7_[ Tt _ 


180 190 200 210 220 230 240 
points scored 


The cumulative frequency graph illustrates the points scored by competitors in a ski aerials 
competition. 


a How many competitors took part in the competition? 
Ὁ What percentage of competitors scored less than 200 points? 


¢ Estimate the median score. 


9 The Davis and Douglas families kept a record of the amount they spent at the supermarket each 


week for 10 weeks: 


Davis: $102.50 $115.95 $107.60 $122.15 $131.05 
$111.15 $120.50 $127.55 $100.95 $113.40 
Douglas: $109.80 $86.75 $94.50 $129.75 $72.05 


$133.05 $121.05 $97.60 $73.80 $105.35 


ἃ Use technology to find the mean and standard deviation of each data set. 
b Which family generally spent more at the supermarket each week? 
¢ Which family had the greater variation in the amount they spent each week? 


STATISTICS (Chapter 9) 205 


10 The weights, in kilograms, of the three month old chickens in a hen house were: 
0:8 7 1 0;9> 10 0. 05.509. 1 τ 0S 
ἃ Find the mean and standard deviation of the weights. 


In the next three months, the weights of the chickens doubled. Find the new mean and 
standard deviation. 


¢ Comment, in general terms, on your findings from a and b. 


11 The lengths of newborn babies at a hospital were recorded Length | (cm) 
1 


over a one month period. The results are shown in the table. 


48 <1 < 49 

a Display the data using a frequency histogram. 49 <1<50 
Ὁ How many babies were 52 cm or more? 50<1<5l1 
¢ What percentage of babies had lengths in the interval 51 «ἰ «52 
ἢ ci 1 = 5a cil, 52<1<53 
Draw a cumulative frequency graph for the data. 58 «ἰ «84 

ς Use your graph to estimate the: 54<1<55 
i median length 55 <1 < 56 


ii number of babies with length less than 51.5 cm. 


12 The weights of apples in an orchard are normally distributed with mean 150 g and standard 
deviation 11 g. In a carton of 400 apples, how many would you expect to weigh more than 
139 g? 


REVIEW SET 9B 


1. As punishment for misbehaving, a class of students had to 
pick up litter during recess. The table shows the number of 
litter pieces picked up by the students. 


6 


1 


a How many students were in the class? 
Ὁ For this data, find the: 
i mean li mode iii median. 
¢ Draw a dot plot to display the data. 
d Describe the distribution of the data. 


2 For the data set alongside, find the: Tor 6s 15. 1, 14.185. 15: 15 -16᾽ :14 
ἃ mean Ὁ median ς mode. 105 τ (VS: π᾿} 77 θ9ϑ98Ἔ1 11 


3 A sample of 15 measurements has a mean of 14.2, and a sample of 10 measurements has a 
mean of 12.6. Find the mean of the combined sample of 25 measurements. 


& The numbers of people at a judo class each 
week were: 


1): .Οὅ EL! γα eee 1 40 
TOs 92 “ἘΣ τ ὙΠ δὶ A Ὁ 
ΠΕ ΡΣ ΠΡΟ ΠΟ SET. 0 τὸ 


ἃ Draw ἃ column graph to display the data. 
Ὁ Describe the distribution of the data. 
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The data below show how many people used the swimming pool at a gym each day over 40 days: 


22 37 δά 31 43 47 65 60 51 42 

34 30 26 38 45 55 49 32 49 53 

68 47 32 45 58 37 42 53 41 59 

64 51 37 23 25 41 30 28 34 58 
a Organise the data into a tally and frequency table, grouping the data appropriately. 
Ὁ Draw a column graph for the data. 
¢ On what percentage of the days did at least 50 people use the pool? 


Draw a box-and-whisker plot to display the following data set: 
> 7 8 9.12 15 15 17 19 20° 22 
A class consists of 30 students. The mean height of students in the class is 172 cm. The mean 
height of the males is 176 cm, and the mean height of the females is 166 cm. How many males 
are in the class? 
Find the interquartile range of the following data set: 
21.89" 27 4S lol «<6¥ 18°31. -44 


The table alongside shows the prices of houses listed for Pen pao een 
sale in a particular suburb. P ( ) 
250 < p < 300 


a How many houses are listed for sale in the suburb? 
300 < p < 350 


b Estimate the mean house price. 


350 < p < 400 
400 < p < 450 
450 < p < 500 


Find the standard deviation of: 


5 ah AD Abe On Δ 27 b 
Premera] Ὁ [5 [fo 


The students at a touch typing course were tested to see how many words they could correctly 
type in one minute. The test was given both before and after the practice modules in the course. 


Before: 47 52 32 41 37 39 42 27 36 41 #33 29 36 40 25 
After: 59 67 42 49 52 60 59 48 53 62 55 44 50 48 47 
a Construct a five-number summary for each data set. 
Ὁ Draw a parallel box-and-whisker plot to display the data. 
¢ Did the course improve the typing speeds of the students? Explain your answer. 


The life of a clock battery is found to be normally distributed with mean 35.4 weeks and standard 
deviation 6.8 weeks. 
In a batch of 500 batteries, find the number that you would expect to last: 

ἃ at least 42.2 weeks 

Ὁ less than 21.8 weeks 

¢ between 35.4 and 49 weeks. 


Algebraic fractions 


Evaluating algebraic fractions 
Simplifying algebraic fractions 
Multiplying and dividing 
algebraic fractions 
D Adding and subtracting 

algebraic fractions 
Equations with algebraic fractions 


Contents: 


AW D> 
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OPENING PROBLEM 


To participate in a tennis league, each team must pay 
$150 in court fees, and a $60 team registration fee. 
The court fees are shared equally between the players 
in the team, and the registration fee is shared equally 
between the players and the team coach. 


Suppose a team has « players. 


Things to think about: 
a Can you write the amount that each player must pay as a single fraction involving x? 
Ὁ How much must each player pay if the team has: 

i 4 players li 5 players? 


Algebraic fractions are fractions which contain at least one variable or unknown. 


The variable may be in the numerator, the denominator, or both the numerator and denominator. 


—2 2 
For example, = ——, and ies 
r -πυ 


To evaluate an algebraic fraction, we replace the variables with their known values. We then give our 
answer in simplest form. 


are all algebraic fractions. 


Example 1 ™)) Self Tutor 


If a=2, b=-—3, and c=-—5, evaluate: 
a—b 


a—c—b 


b—a 


en 2) a) 
(ESE. 


_ 245438 
=e 
10 
es 
=—2 


EXERCISE 10A 
1 If a=3, b=2, and c=6, evaluate: 


a < » < Ἔ- q — ε. 
2 α Cc b—a b 

2 2 2 2 

f ab g μὴξ h οὐδ Ϊ ab" j (ab)* 
b a Cc Cc 
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2 If a=2, b=-3, and c= —4, evaluate: 


-1 2 
a < b - c — d “. e c 
a Cc b a a+b 
a—c g b h a—c c—a a? 
2b c—a a+c b2 c—b 


For example, — = ——-=- _ where the common factor 5 is cancelled. 
35. 7xB, 7 


The same principle can be applied to algebraic fractions. 


If the numerator and denominator of an algebraic fraction are both written in factored form and common 
factors are found, we can simplify by cancelling the common factors. 


2 1 
b b 
For example, ae ee {3 and c are common factors} 
3c |\2 x Fy 
2b 
== {after cancellation} 
= 2b 


: 3 : . ; ᾿ 
Fractions such as — cannot be simplified since the numerator and denominator do not have any 
Ζ 
common factors. 
To simplify algebraic expressions: 


e factorise the numerator and the denominator 
e cancel any common factors 
e simplify the result. 


DISCUSSION ἢ 


e+A° χ- 2 
1 


Discuss what is wrong with the cancellation =2+2. 


Example 2 ™)) Self Tutor 
Simplify: 


6a7b 


a cannot be simplified 


ΕΟ as a+b is ἃ 50πη), not ἃ 
τ ΧΆ) product. 


_ 2xaxa 


1 
= 2a” 
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EXERCISE 10B.1 


ALGEBRAIC FRACTIONS (Chapter 10) 


Simplify: 


2a 
ἃ ai 


Simplify if possible: 


2t 
ἃ "- 


Example 3 


Simplify: 


Simplify: 
(2a)? 
γι 
(—2a)* 
4 


Simplify: 


A(a + 5) 


2 


15 
3(t — 1) 


(—4b)? 
2b 


_ (—4b) x (4b) 
" 2x6 
6 x b x 5" 


|\2 x By 
= 8b 


b (4n)? 
8n 


(—3n)? 
6n 


b 2(n + 5) 
12 
10 


25(k + 4) 


(—a)* 


a 


2b 
(282): 


Τ(Ὁ +2) 


14 
4 


12(α -- 8) 


We can cancel 
common factors 
but not terms. 


Example 4 


Simplify: 


(2x + 3)(a + 4) 
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™)) Self Tutor 


12(a + 4)? 


5(2x + 3) 3(x + 4) 


12(x + 4)? 


3(x + 4) 
_ ‘we +4) (etsy! 
Blea, 
= 4(5 + 4) 


5 Simplify: 
(x + 4)(x + 2) b 12(a — 3) (a + y)(x — y) 
O(a + 4) (a — 3)(a+ 1) 3(5 — y) 
(c+y)? 2(α + 2) (a - 5) 
5 r+y (x + 2)? 3(a - 5) 
g 2ry(x — y) h τ) — 3) a(x + 1)(x + 2) 
6x2(x — y) 15(y + 2) 3x(x + 2) 
, 3(b—4) κ δῶ: 4): 24(r -- 2) 
' 6(b — 4)2 12(p + q) 15(r — 2)? 
iis a? (a + 2) ᾿ (x + 2)2(α - 1) 2(ας + 2)*(2 — 1)2 
a(x + 2)(x — 1) A(x + 2) δαί(α + 2) 


ΜΑΙ 


FACTORISATION AND SIMPLIFICATION 


It is often necessary to factorise either the numerator or denominator before simplification can take place. 
To do this we use the rules for factorisation that we have seen previously. 


Example 5 =) Self Tutor 
Simplify: 


3a+9 4a+ 12 


3 8 


_'8(a +3) _ ‘Aa +3) 
9B 
a+3 
2 


EXERCISE 10B.2 
1 Simplify by factorising: 


2x +4 b 35 —6 ς 3x +6 d 4x — 20 
2 a 6 8 
4y +12 f θα — 30 g ax + bx h ax + bx 

12 4 r cx + dx 


Simplify, if possible: 


4r +6 4r +6 θα —3 θα —3 
6 5 2 3 
6a + 2 36+ 9 36+ 9 8b — 12 
4 2 6 6 


Example 6 ™)) Self Tutor 


Simplify by factorising: 
ab + ac 
b+c 


ab + ac 6a? — 6ry 


b+e 35 — sy 
a(b+c) +— HCF isa 6a(x — y) *— HCF is θα 
eee τ τ ἘΞ = — Heras 
"6x a x (go)! 
7 \4 x (2-9), 


Simplify by factorising: 


3x2 +6 5a — 15 ax + bax 165 -- ὃ 
45 -ἰ ὃ 95 -- 9 a+b 20x — 10 
a+b ax + bax Ax? + 8x 3x7 + 9x 
ay + by ay + by x+2 zr+3 
5a? — dary 9b? — 9ab 6x2 — 182 6a + 6b 
7x — Ty 12b — 12a 9x — 27 8a? + 4a2b 


Εχαπρίς 7 


ὃ -- α ΞΞ --Ἰ(α -- δ) 
is a useful rule. 


Simplify: 


Simplify: 
2x — 2y 35 — ὃν m—n r—2s 
y—x 2y — 2x n—m 48 —2r 
3r — (8 25 -- 2 ab? — ab Ax? — 45 


25 —r x — x? J — Dp 2—227 
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Example 8 ™)) Self Tutor 
Eps ae «2 —1 6x7 + 10x -- 4 
Pre “2- 37+ 2 1822 + 35 — 3 
6x2 +102 -- 4 
1822 + 32 — 3 
᾿ς 2(3a? + 5a — 2) 
3(6x22 + x — 1) 
_ 2(32—T)(x + 2) 
3(32—=T) (2x + 1) 
_ Ae+2) 
3(2x + 1) 
5 Simplify: 
ὰ α2--1 b e* —1 é α2--1 d z+2 
α--1 “«-Ὁ 1 1- αὶ x2 —4 
‘ a? — b? f a? — υ2 9 27% +2 h 9 — x? 
a+b b—a x2 —1 3a — x2 
3a — 3y? 2b? — 2a? k Ary — y? 4χᾷ(α — 4) 
2xry — 2y? a2 -- αὖ 16x? — y? 16 — x2 
6 Simplify: 
αΖ--α -- 2 b zr+3 Qn? + 2. 
x —2 x? — 2. —15 α2ὦ- 4. —5 
d αἢ--4 . α΄ —x—12 f αι 2. 1 
α2-..41.-Ὄ:4 x2 —5a2+4 1 — x? 

g x — x — 20 h Qn7 +527 - 2 322 + Te +2 
x? + 7x +12 2.2 +72 +3 622 —x—1 
8x7 +22 --1 12%? — 5x —3 15x22 +172 —4 
4.2 -- 5.1: +1 6x2 ΕΡα ΕἸ 5a? -θα -- 2 


Click on the icon to load a dynamic puzzle for algebraic fractions. PUZZLE 


Variables are used in algebraic fractions to represent unknown numbers. We can treat algebraic fractions 
in the same way that we treat numerical fractions, since they are in fact representing numerical fractions. 


The rules for multiplying and dividing algebraic fractions are identical to those used with numerical 
fractions. 


MULTIPLICATION 


To multiply two or more fractions, we multiply the 
numerators to form the new numerator, and we multiply the 
denominators to form the new denominator. 


a 
b 
We can then cancel any common factors, and write our answer in simplest form. 


Example 9 


Simplify: 


DIVISION 
To divide by a fraction, we multiply by its reciprocal. eo ee 
The reciprocal is obtained by swapping the numerator and B Ξε: 7 = iz x = = Pe 


denominator. 
Example 10 


Simplify: 


The reciprocal of 


2. | 
2=7 18 5. 


EXERCISE 10C 


Simplify: 
“CY a 3 a a ᾿ 
-ΧΞ —-X- -Χα -.χχ-- 
2 5 2 a 2 A 3a 
Ο 1 Cc Cc a c a δ 
-Χπ- -Χ- -Χ - -Χ - 
5 Cc 5 2 δ d b a 
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3 1 77), . on 4 α xr 4 
i —x— j—-x— k —-x=— Ι mx— 
m2 2 2 m x b m 
3 ( (2) 1 ab 
m —xm n (- ο (- p -x-x- 
m2 b x a b Cc 
2 Simplify: 
2 2 3 4 a 4 
ee Ὁ -+- ς--- α -+- 
2 3 α 3 4 x κῃ r 
2 1 2 
"....ὅ f £=5 g “-- h m+— 
n n 5 5 m 
5 3 | 9 
i m+— Pine k —-+4 Ι -- - 
2 n 9 9. 4 
4 «2 2 6 a, a? a? _ a 
m —-+— n —-+— ο —-+— p —-+- 
x 2 x x b b 5 3 
Example 11 
Simplify: 
a 
3 Simplify: 
“2 + 35 5 t—5 4 - 4 4a—28 α--Τ 
en: τς b x ς + 
a) 22 +6 Κι. 3t—15 a 5 
d 6k—2 | 2k* + 4k ὡ a*— Qe | ὃ -- 4. f m*—4m , m?—16 
k+2 9k -- 3 ce+5 ᾿2.- 10 10m—2 ᾿ 3m+12 
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The rules for addition and subtraction of algebraic fractions are identical to those used with numerical 


fractions. 
To add two or more fractions, we obtain the /owest common αι ὃ 
denominator and then add the resulting numerators. Py re 
To subtract two or more fractions, we obtain the /owest Pe 
common denominator and then subtract the resulting rast 


numerators. 
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To find the lowest common denominator of numerical fractions, we look for the lowest common multiple 
of the denominators. 


For example: e when finding the lowest common denominator is 6 


e when finding the lowest common denominator is 18. 


The same method is used when there are variables in the denominator. 


᾿ 2 3 ; ; 
For example: e when finding - + Τ᾽ the lowest common denominator is ab 
a 
; 2 4 ; ᾿ 
e when finding -- + the lowest common denominator is 5x 
ΜΗ «; 
᾿ 5 4 . ; 
e when finding τ᾿ + at the lowest common denominator is 18zxy. 
Ψ υ 


Example 12 


Simplify: 


EXERCISE 10D 


™)) Self Tutor 


1. Simplify by writing as a single fraction: 


a a b b Cc 3c 
ἃ —-+-— b —--— ε -+— 
213 5 10 τ; 
ὃ 22 e222 222 
2 5 8 1: fj 2 
a b t 5t m 2m 
ae es "ὁ Ὁ"  ΠΠΠιπ" 
9 3°4 3 9 Ἷ 21 
" 88 d 3 2 ot At 
Ε --.-.- S24 ee 
6 3 5 7 9 15 
Tk 11k m m m a a a 
m — —— nh —+—+— © —---+- 
8 18 2° 5 6 2 3° 4 
. τ τε Ζ Ζ Ζ 4 2q 
a ae a δὰ ge as r 2 ine δεῖς Ὁ 
Ρ 4 3° 6 4 2 5 4 4 3° 7 


Example 13 ™)) Self Tutor 


Simplify: 


Simplify: 
q, 3 a, 2 4 5 2a a 
ane κα -+- -+- —— ὑπο 
a ὃ a Cc a d m n 
a b 3 1 4 1 5 6 
oy ote ae pene eo οὐδ ae ae 
z 2x a 2a = 2x c oF 
11 3 a c 3 a τη 2 
Bz de bd a9 7's 
8 2 Hb 2x 1 3 5 9 
i —+-— a a ee te 
p 9 θυ θυ St ot 2x Ἐν 


Example 14 ™)) Self Tutor 


Simplify: 


ΝΠ 


a 
4 
a 
ae aes 
a 
4 


mle 
8 


Simplify by writing as a single fraction: 


z Yy a b 

ἢ Y_4 a 

et 3 5 Τα ; 3 

x a x 

ε.-- eee ann OF 
L a b x 


Example 15 ™) Self Tutor 


3B) 2 


_ 38(@+1) 2(x — 2) 

a a a 
_ 8(@+1) -- 2(5 -- 2) 
a 
_ 38@+3-—274+4 


Write as a single fraction, and hence simplify: 


r a+1 z-l κα 22 στ 

2 2 4 2 2 4 

xr+1 x—l 2 ΜΕΝ ὑμε.. 2. Ὁ 3 22 -- 3 
2 a 3 4 2 re 

r z+1 35 - 2 Φ L 35 —1 

3 4 4 2 6 5 

a+b b—a r+1 2x —1 zr+1 3-2 
3 2 5 4 7 εἶ 

 2--ὀἰ 2: --᾿ «ὦ ze 1-Ἁ« 

0 5 D 4 8 4 

zc 2-2 z-1l 2-7 1-ὅ 2+1 

5 10 5 3 4 a 


™)) Self Tutor 


— - -- ep = (easy 


(saa) τ - (sea) Ga) 


_ 2(.- 1) -- 3(5 -- 1) 
(α -- 1)(α + 1) 


“Ξε τς 
τι ΞΕ) 
= -α-τϑ = 5—2 
(c —1)(a +1) (x —1)(a@+ 1) 
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5 Simplify: 
3 4 5 4 3 
a-+ - - ς — 
x «+1 c+2 κα zx+1 zx—1l1 
1 1 4 2 
α ε - τ f = 
x+2 Φ :-- 4 στ 
1 5 6 ᾿ 2 4 
g x + x h 2 Ν 
xz—l1 x+1 Hy 4 -- 2 x+2 x+1 
z 4 k 5 x—2 ] Cc ἃ 
x-l 2¢%+1 z-1l 2#+3 t+-o ἅ. 
1 1 1 2 5 3 = 1 ἣ 
m — n Ξ- ο - - 
zx Φ-ΓΌ}1 x+2 zx τ 2-4 :-- 1  τ:-ἰ]} 
Answer the Opening Problem on page 208. 
Write as a single fraction: 
2 1 2 4 
Se ae b a ΠπΠῸ 
a(x+1) 241 ze—-3 (#£+2)(a -- 3) 
3 n Z d C+O 63 
(α -- 2.(. - 3. 24+3 ---2 (α -- 2)γ(4 -- Τ) 
8 Simplify: 
_t 2 3. ἢ "4 
xr—2 b α-ξά xr+2 
Φ-- ὃ Φ-- 2 Φ-ῈὉ 1 
: 1 1 z—-3 1 
wa +9 ς 1 ι. 2 16 
x—d xr—2 x—A4 


29 


9 Simplify each of the following expressions. Hence write down a value of x for which the expression 


is zero, and the values of x for which it is undefined. 
Se π΄ . .-το'΄' ee 2 
Φ-1 (« --1)(4ὄ - 1) (5 -- 2). Ὁ }}᾽σ 2 


To solve equations involving algebraic fractions, we: 


e write all fractions with the same lowest common denominator (LCD), and then 
e equate numerators. 


Example 17 ™)) Self Tutor 


Write the fractions with 
the same LCD then 
equate numerators. 


Solve for x: 


1LeD or, 


{to achieve a common denominator} 


{equating numerators} 
{dividing both sides by 2} 
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Example 18 


Solve for z: 


oO. ae 
5 x (a — 1) 2 x (x + 2) 


(χα - ἢ (e—1) x (@ +2) 
5(a — 1) = 2(5 + 2) 
ox —9 = 274+4 
95 --ὅ =4 
ao 
is 


EXERCISE 10E 


1 Solve for z: 


™)) Self Tutor 


{LCD = (x + 2)(x — 1)} 


{to achieve a common denominator} 


{equating numerators} 
{expanding brackets} 
{subtracting 27 from both sides} 
{adding 5 to both sides} 
{dividing both sides by 3} 


a 1 a 2 2 5 1 4 
ΠῚ πον ΞΕ b — on ς —— oe —— ἜΞΕΣ τα 

ΝῊ 5 x a 7 r 2x ro 

4 - -- :] 
35; ᾿ x τ᾿ 22 5 Agr 6 
2 Solve for z: 

2 8 3 1 7 

xr xr+6 x x—6 x+1 z—l 
d 10 171 8 9 τ _ 4 

z—3 xr+6 27 - 3 x—l 3x2 -- 2 αι -- 


REVIEW SET 10A 


1 1 »p=5, ¢=-—3, and r=6, evaluate: 


ae b 2-4 
4 "τῆ 
2 Simplify: 
(2): υ [6418 
6t θα + 3b 
3 Simplify: 
22 +6 b a? +47+4 
x2 —9 x2 + 2x 
& Simplify: 
2a — 2b b ox — 15 
b-—a 3x — x? 
5 Simplify: 


mea » 2.2 
b 3 b 2 


\/ p* — 16 q Bt 2q-2r 


r—q 


x(x — 4) 8 
3(5 — 4) 


3x7 — 6x 
3x22 — δα —2 


16 — x? 
2x —8 


ALGEBRAIC FRACTIONS. (Chapter 10) 221 


6 Simplify: 
= oo 
(x 14. 5 b t ot t+1 
x xr—2 6t + 6 At —12 
7 Simplify: 
a2 2G Bie oman 
n 395 —6 x2 — 2x 
8 Write as a single fraction: 
2x r r r r L r 
a ny b 2+7 ς a d ie Τ᾿ 
9 Simplify: 
- ie ΞῸι b σὴ 2-2 2zze+1 2-1 
3 4 3 6 5 10 
10 Simplify: 
1 2 τ 4 al 1 
mee a Ὁ Poon ease : a a 
11 Solve for z: Sins a we 
x ll—2z 
12 a Write as a single fraction: i ee ii l= 
a 
b Hence simplify («-- 5) +(1-$). 
α 3 
9 a 
¢ Evaluate (a-=)+(1-$) for: 
a 3 
ee Ξε 1 "Πα ΞΞῚ ns a5 


REVIEW SET 10B 


1 If m=—4, n=3, and p=6, evaluate: 


P νυ P=2n Pe er Le 
m+n m+n \/m2 + n2 
2 Simplify: 
(3x)? 3a + 6b (x + 2) 
cena Ἐπ bb —_— oe eee er 
6x3 3 x2 + 2. 
3 Simplify: 
a+b δ 25:2 — 8 P «2 —62+4+9 
3b + 3a x+2 45 — 12 
4 Simplify: 
1: Bi 55 ες m+— 
7) 7ὺ 7) Τὺ 77. 
5 Simplify: 


1 
eee b Seay ε --- --ς. 
Ὁ y ὃ 
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6 Simplify: 
32 x 4 3 
pews Bec Nee Meltoe 
Ἵ 14 ἼΣΟΙΣ 
7 Write as a single fraction: 
x υ x υ 
a 5+- 6 3- “ ς 1--- --Ἐχσκ 
T 5 r ToT 3 
8 Simplify: 
Ὁ ἘΞ =. 2 ΕΣ 
τ Lae 3 b $a oY at 3X 
yt2 2y — 10 4. + 16 x+4 
9 Simplify: 
2 -- 2 1 — 2 
Lo r b τος ΤΣ a+ - a : 25 
4 ὃ 2 5 6 9 
10 Simplify: 
2 " 3 b 1) ace Ἂς - ce 2 r 
x—l xr+2 x—l x2 xr+2 Φ στῇ 8 


11 ἃ Evaluate (“ - υἹ -- (: 1} for: 
ce sy 


NE ores oa Fe e519 
Ὁ In terms of x and y, what do you suspect (x + y) + (2 Ἵ +) simplifies to? 
cy 
¢ Prove your answer to 6 is correct by first writing 2 a5 as a single fraction. 
Ψ υ 
d Hence, state the value of 7 Ξ| a 
20 2-20 
12 Solve for z: poe eee 
x—1 £ 


Quadratic equations 


Equations of the form 27 =k 
Solution by factorisation 
Completing the square 

The quadratic formula 

Problem solving 

Quadratic equations with A < 0 
The sum and product of the roots 


Contents: 


Amon Wp 
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OPENING PROBLEM 


A square garden gazebo is surrounded by 4 semi-circles of 
lawn as shown. 


For a wedding, quarter circles of flowers are planted in 
each corner of the gazebo. The lawn covers 4 times as 
much area as the flower beds. 


Suppose the flower beds are x metres apart as shown. 
Things to think about: 
a Explain why the radius of each flower bed is (5 - =) metres. 


Ὁ Hence, show that «2 — 202 - 50 -Ξ- 0. 
ς By solving this equation, can you find the distance between the flower beds? 


In the past we have solved many equations of the form ax+b=0, a+0. These are called linear 
equations, and have only one solution. 


For example, 32 —2=0 isa linear equation which has the solution « = Ξ. 


A quadratic equation is an equation which can be written in the form ax? + br +c=0, where 
a, ὃ; and ὃ are constants, a + 0. 


A quadratic equation may have two, one, or zero real solutions. 


For example: 2x? + 3x2 —10=0 is a quadratic equation. 


ΓΠ ἃ Ξε, x? + 3x2 --10 If «= —5, αὐ +32 —10 
= 27+3x2-10 = (—5)? +3 x (—5) — 10 
=4+6-10 = 25-15-10 
—( = 0 


x =2 and x=-—5 both satisfy the equation «ὦ + 32 —10=0, so we say that they 
are both solutions or roots of the equation. 


In contrast, the quadratic equation «7 +2a2+1=0_ has only the one solution x = —1, 


and the quadratic equation z*-+1=0_ has no real solutions. 


+,/7 is read as 
‘plus or minus the 
square root of 7’. 


Consider the equation x? = 7. 


If c=V7, then «x? =(¥V7) 


bo 


So, the solutions of «2 =7 are x = +7. 


2=tvk if k>0 
If 22 =k then xz =—0 if k=0 
there are no real solutions if k < 0. 


Example 1 ™)) Self Tutor 


Solve for z: 
Qn7 +1=15 


227 +1=15 
ea {subtracting 1 from both sides} 


OO ew {dividing both sides by 2} 
(oye 

2 -- 8.2 =8 
—32* = 6 {subtracting 2 from both sides} 
2 {dividing both sides by —3} 


which has no real solutions as x” cannot be < 0. 


Example 2 ™)) Self Tutor 


Solve for z: 
(a — 3)* = 16 (x +2)? =11 


For equations of the 
form (x +a)?=k we 


do not expand the LHS. 


(r= 3)" = 16 (2 +2)? =11 


- g—-3=4vI6 en a al 

, £-3=44 τε --2: νΊ] 
ΞΡ ΞῚ 
1 (OL ΞΕῚ On) 


EXERCISE 11A 


Solve for x: 
x? — 10 = 90 2x7 = 50 oa” = 20 
627 = 54 5a? = —45 7x* =0 
3x7 — 2 = 25 4 — 2.32 = 12 4r? +2=10 
Solve for 2: 
(x —1)? =9 (x +4)? = 16 (x2 +2)? =—-1 
(x -- 4)2 =5 (x —6)* =—4 (x + 2)? =0 
(2 — 5)? =0 (32 +2)? =4 (32 +1)? =81 
(27 + 1)? = 48 (3 — 22)? =7 3(2r + 3)? =2 
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3 Solve for x by first eliminating the algebraic fractions: 


4 Solve for z: 
a (x+1)? = (3-2) Ὁ (27 -- 1)2 = (2 -- 32)? 


ΕἸ DRISATION 


For quadratic equations which are not of the form «ὦ =k, we need an alternative method of solution. 
One method is to factorise the quadratic and then apply the Null Factor law. 


The Null Factor law states that: 
When the product of two or more numbers is zero, then at /east one of them must be zero. 
νον Γ δ᾽, 0 tien-a — Gore — 0; 


To solve quadratic equations by factorisation, we follow these steps: 


Step 1: If necessary, rearrange the equation so one side is zero. 
Step 2: Fully factorise the other side (usually the LHS). 
Step 3: Apply the Null Factor law. 


Step 4: Solve the resulting linear equations. 


Example 3 κ() Self Tutor 


Ita x b=0 
then either 
ἢ ΞΕ (ἢ) οὐ b=1), 


Solve for z: 


ge? = 31 


2? — 32 =0 {making the RHS = 0} 
x(x —3)=0 {factorising the LHS} 
c= orec—o—0) {Null Factor law} 
x=0 or 3 


WARNING ON INCORRECT CANCELLING 


Let us reconsider the equation «ὦ = 32 from Example 3. 
We notice that there is a common factor of x on both sides. 


2 
If we cancel x from both sides, we will have ec and thus «x = 3. 
L ωὖ 


Consequently, we will ‘lose’ the solution x = 0. 


From this example we conclude that: 


We must never cancel a variable that is a common factor from both sides of an equation unless we 
know that the factor cannot be zero. 


Example 4 ™)) Self Tutor 
Solve forz:  27+32=28 
“ἢ + 3. = 28 
- g* +32 —28=0 {making the RHS = 0} 
(2+ 7)(a —4) =0 {the numbers +7 and —4 have sum 3 and product —28} 


τ £+7=0 or c—4=0 {Null Factor law} 
’. x=-T7 or 4 


Check: If x=—7, then 2x?+ 32 =(—7)*+3(—7) =49-21=28 Vv 
If 2=4, then 2?+3r=4*%+3(4)=16+12=28 V 


Example 5 4) Self Tutor 
Solve for x: 5.2 = , 3. -" 2 
5a? = 3. Ὁ 2 
5: -- 38. —2=0 {making the RHS = 0} 


We need two numbers with sum —3 and product —10. These are —5 and +2. 


ὅς: — 5a +22 —-2=0 { ‘splitting’ the middle term} 
δαί(α —1)+2(2 —1) =0 
(x — 1)(5x +2) =0 
᾿ς x—-1=0 or 54+2=0 {Null Factor law} 


. = _2 
al Wee Ξ 


EXERCISE 11B 


Solve for x: 
4:2 —7x Ξε «2 --δα =0 12 = 81 
gc? = 41 327 + 62 = 0 227 + 5a = 0 
4χ2 — 32 = 0 4χ2 = δα 352 = Or 
Solve for x: 
x? + 32+2=0 x? — 34+2=0 x? — 102 + 25 =0 
g*+52+6=0 z?2+6=52 42 - Τὰ = —6 
ῳ2-Ε14-- --θα x? + 11. = —30 a? = 15 -- 25 
αὐ +42 = 12 g* = 115 -- 24 gz? = 14. -- 49 
Solve for x: 
2.2 + 185 + 36 = 0 —x* — 11. —28=0 3x? + 6x = 24 
2x7 - 2. = 24 4.2 + 24 = 20x 5a? + 20 = 201 
327 = 32 + 18 —z* = Tz — 60 140 + 62 = 22? 
227 — 5a +2=0 327 + 82 —3 =0 327 +177 +20 = 0 


927 +52 = 3 227 +5=112 Qe? +774 +5=0 


Solve for x: 


3x7 +132 +4=0 55:2 —6 = 132 227 +172 =9 

227 = 3. +5 35:2 = 8 — 2x 2x27 = 18 — θα 

—62* +177+3=0 -2.2 — 52 +12=0 122? — 222 +6 =0 

9x? + 62 — 48 = 0 2827 -- ὃ = 2a 3652 + 30. = 12 
Solve for x: 

a(x +5) + 2(5 +6) =0 “(lt+a)+2=3 (2 —1)(a+ 9) = 8a 

3x(“2 + 2) — 5(a — 3) =17 Ar(a+1)=-1 2x(x2 -- 6) = x — 20 

2(8 — α) +20 = --18 (8a -ἰ- 1)(α -- 2) -- 18 --α 


Example 6 ™)) Self Tutor 


Solve for x: 


P= 2 ΒΟΥ 
. +9 
2x(@—2) «x (6+2) 


0 G1 Be 
{to achieve a common denominator} 
2X2 xx 2 
2(5 — 2) = 2(6+ 2) {equating numerators} 
2c —4= 62+ 2° 
2 
4¢+4= 
ek 0 LHe a 2-2 ππΠΠ 
τ {2} iN) τὸς Ἐν 
. £+2=0 6+(-2) 4 _ 


copy ah and RHS = : 


Check. If «= -—2 then 


Solve for σα: 
+11 e+4 6 ETE a 
4 22 2 Φ Cc 
-- 1 2 1 9 1 
x _ 4 GC 1 x + ey 
r+2 r 1+ 25 32 2 


™) Self Tutor 


Sere oa 
1 x (x + 6) 4xx —1x2a(x+6) 


ee {LCD = 2(x + 6)} 


{to achieve a common denominator} 


xz x (« +6) (x+6)xx 1χαᾷ( 6) 
r+6+42 = χ(α -Ἐ 6) {equating numerators} 
᾿ 5r+6=2° +62 
 O=2*+2-6 
(x + 3)(a —2) =0 
a ΞΞΞΞ ΠΣ ΟΡ 
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7 Solve for z: 


2 3 5 x A 3 
oo aD ἱ © z ς-ξ zr+1 r+3 
9 6 __9 e os 3 _ 3 f x _#+8__is 
zr+2 xz—l —2 xz—l x—2 £ 
a ν 4 2 © 
r+3 ᾳ -- zr+2 z+1 
8 Solve for z: 
a «*—527+4=0 Ὁ «* —777+12=0 ¢ wt? =4774+5 
Hint: Treat these as quadratics in the variable «?. 
9 Solve for z: 
a α΄ — 1022 = 39x Ὁ 324 — 247° + 482? = 0 ¢ 27° + 8822 = 3024 


10 Solve for z: 


a r+2=2 Ὁ Vz+13-V7-2xr2=2 


Some quadratic equations, such as «2 + 45 — 7 =0, cannot be solved using the factorisation methods 
already practised. This is because the solutions are irrational. 


Instead, we use a method called completing the square. 


We can solve x* - 4: —7=0 if we can rearrange it so there is a perfect square on the left hand side. 


χα +47 —7=0 


oo Ae = 7 We add 4 to both sides 
2 Ν to ‘complete’ a perfect 
a +4a+4=7+4 square on the LHS. 
(x +2)? = 11 


r+2=+v11 
xg£=—-2+vi1l 


The process of creating a perfect square on the left hand side 
is called completing the square. 


From our previous study of perfect squares, we observe that: 
(ας +3)* =2*°+2x3x2+3? 
(2 — 5)* = α΄ +2 x (--ὃ χα Ὁ (--5) 
and in general that (x +a)* = a? + 2ax - α΄. 


To complete a perfect square, the number we must add to both sides is found by halving the coefficient 
of x, then squaring this value. 
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Example 8 ™)) Self Tutor 
For each of the following equations: 
i Find what must be added to both sides of the equation to create a perfect square on the 
LHS. 
ii Write the equation in the form (x +p)? =k. 
a στ 8: - --ὅ 


In x*+8x2 -- --ὅ, half the coefficient of x is 8 = 4. 


Pe . 
So, we add 4“ to both sides. ἜΠΗ caeenen 


The equation becomes x? + 82 + 47 = —5 4+ 4 balanced by adding the 


v. (at 4)? ΞΞ- --ὃ - 16 same number to both 
“(a+ 4)? eh sides of the equation. 


In x? —6x = 13, half the coefficient of ὦ is =2 = —3. 
So, we add (—3)* = 3? to both sides. 
The equation becomes «ὦ — 64 + 37 = 13+ 3? 
᾿ς (a —3)* =134+9 
ics — 22 


Example 9 ™) Self Tutor 
Solve for x by completing the square, leaving answers in simplest radical form: 
a 27+22-—2=0 Ὁ r*-—5r2+3=0 


x + 2c —2=0 
x? + 2x =2 {moving the constant term to the RHS} 
a + Qe 17 S241" {adding (2)? = 1° to both sides} 
(x +1)* =3 
t+1=+V3 
Ὁ g=-l+v3 
x* —5r+3=0 

{moving the constant term to the RHS} 
5) {adding (+2)? = (3)? to both sides} 


If (x —a)? =k where k > 0, 
then ὦ =at Vk. 
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EXERCISE 11¢€ 
1 For each of the following equations: 


i Find what must be added to both sides of the equation to create a perfect square on the 
LHS. 
ii Write each equation in the form (x +p)? =k. 


a “ἦτ 25 -ῖῦ Ὁ 2 -- 2. -Ξ --Ἴ ς 2?+6r=2 
d 5“ -- θα - --8 e χ΄ 105 -Ξ 1 f χ΄ --8. --ῦ 
4 “2-125 -- 18 h χ71΄-585-Ξ --2 | «*-—T7r=4 

2 Solve for x by completing the square, leaving answers in simplest radical form: 
a c*—47+1=0 Ὁ r*—-27-2=0 ες z?—4r—3=0 
d 2*7+27-1=0 e 27+47r+1=0 f «c?+62+3=0 
g x+*+32+2=0 h 27+8r+14=0 | «*-3r—1=0 


Example 10 ™) Self Tutor 


Solve for x by completing the square: z*—4r+6=0 


If (x —a)?=k 
where k < 0, 
a? —4¢ +6=0 then there are no 


χ'-4ΦὋοὸ΄' ==-6 {moving the constant term to the RHS} real solutions. 


α΄ —4r+2°=-6+2° {adding (—3)? = 25 to both sides} 
(2 —2)* = --2 
which is impossible as (ὦ — 2)? cannot be < 0. 


no real solutions exist. 


3 If possible, solve for « by completing the square: 
ἃ 2?+27+4=0 Ὁ c*-—5r+6=0 ς c*—62+11=0 
ἃ «*+2-1=0 e 2°+5r—-2=0 f 2? —7r+13=0 


Example 11 ™)) Self Tutor 


Solve the equation 35:2 + 62 -- 2 -- Ο by completing the square. 


{dividing both sides by 3} 


{adding (4)* = 1° to both sides} 


{writing the RHS with integer denominator} 


| 
Η- 
al 
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4 Solve by completing the square: 
a 2r*+47r-1=0 Ὁ 327 — 127 +7=0 ¢ 527-107 +3=0 
d 27*+127-—5=0 e 27*-—27+3=0 f 32°+32-—1=0 


5 ἃ Solve by completing the square: 2?+br+c=0 


Under what conditions does the equation x? + br +c=0_ have: 
i two real solutions ii one real solution iii no real solutions? 


HISTORICAL NOTE 


The mathematics used by the Babylonians was 
recorded on clay tablets in cuneiform. One such 
tablet which has been preserved is called Plimpton 322, 
written around 1600 BC. 


The Ancient Babylonians were able to solve difficult 
equations using the rules we use today, such as 
transposing terms, multiplying both sides by like 
quantities to remove fractions, and factorisation. 


᾿ GS. ths 
LE oe i γ᾿ 
ὙΠ] ae eA: 


They could, for example, add 4ry to (x —y)? to 
obtain (x + y)?. Plimpton 322 


This was all achieved without the use of letters for unknown quantities. Instead, they often used 
words for the unknown. 


Consider the following example from about 4000 years ago: 


Problem: “J have subtracted the side of my square from the area and the result is 870. 
What is the side of the square?” 

Solution: — Take half of 1, which is 4, and multiply 4 by 4 which is 4 
Add this to 870 to get 8704. This is the square of 295. 
Now add $ to 295 and the result is 30, the side of the square. 


Using our modern symbols, the equation is 2” — x = 870, and one of the solutions is 


x = 4/(4)? +870+ 4 = 30. 


Many quadratic equations cannot be solved easily by factorisation, and completing the square is rather 
tedious. Consequently, the quadratic formula has been developed. 


—b + Vb? — 4ac 


If axv*+ba2+c=0 where a0, then x= - 
a 


Proof: If av*+br+c=0 


then «7+ δ. +5=0 {dividing each term by a, as a £0} 
a a 


fe se δ. -.- 5 
α α 
>  b by ς b\? 
ee +—-27+(—) =--+(— {completing the square on the LHS} 
2a a 2a 
(x + “ἢ - (=) δ 
2a a \4a 4a? 
(r+ 2b) _ b? — dace 
2a 4a? 
b b2 — dac 
ert+—=2 
Η 2a 4a? 
om ς ὃ 4 02. dac 
2a 2a 
—b+4/b2 — Δας 
“ἢ 
2a 


The quantity b? — 4ac under the square root sign is called the discriminant. 


The symbol delta A is used to represent the discriminant, so A = b? — 4ac. 


where A replaces b* — 4ac. 


The quadratic formula becomes x = Ξὸ ν΄ 
a 


A must be > 0 for a quadratic equation to have real solutions. 
If A> 0, the quadratic equation has two distinct real solutions. 
δ 


If A =O, the quadratic equation has one real solution, which is « = =F 
a 


Example 12 ™)) Self Tutor 


Solve for z: 


x? —27 —-2=0 


x* —224—2=0 has 
P= boo eS 2 


See ee ee 1) ae) 


2(1) 
24+ /4+8 
2 
2+/12 
2 
2+ 2/3 
2 


el ee Sev 


9x7 + 32 —-4=0 


2.2 +3”a—4=0 has 
€= 2p = 3) oc —4 


—3 + ,/32 — 4(2)(—4) 
2(2) 
_ —-84/9+ 32 
4 
“3: /41 
4 
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EXERCISE 11D 


1 Solve the following equations using: i factorisation ii the quadratic formula. 
a c*+6r+8=0 Ὁ c*-—107+25=0 ¢ 327-—7r-—6=0 
2 Use the quadratic formula to solve for x: 
ἃ στα -5Ξ0 Ὁ r*—5r2+5=0 ¢ x*—4r—-—1=0 
d 327+527-—1=0 Σὲ —2277+2+7=0 f 527 -—82r+1=0 
g r+1=32 h 277 =27+3 i 977 =6r+4+1 
Ι 72? =52+1 k 3.2- 25 =2 | 2527 +1 = 205 


3 Use the quadratic formula to solve for 2: 


a (1:-. 2)( -- 1) =5 Ὁ (x4+1)* =3—-2’ ς “== 
x 
z+2 x+1 x—1 :- 1 


When practical problems are converted into algebraic form, a quadratic equation may result. To solve 
these problems, follow these steps: 


Step 1: Carefully read the question until you understand the problem. 
A sketch may be useful. 


Step 2: Decide on the unknown quantity and label it «x, say. 

Step 3: Use the information given to write an equation. 

Step 4: Solve the equation. 

Step 5: Check that any solutions satisfy the equation and are reasonable. 
Step 6: Write your answer to the question in sentence form. 


Example 13 ™)) Self Tutor 


The sum of a number and its square is 42. Find the number. 


Let the number be x. Therefore its square is x. 


φο αὐ = 42 
a? +2 —42=0 {rearranging} 
(x + 7)(a -- 6) =0 {factorising} 
ἃ; ΞΞ --ὐ or r©=6 
So, the number is —7 or 6. 


Check: The sum of —7 and its square is —7+(—7)* =—7+49=42 V 
The sum of 6 and its square is 6+67=64+36=42 V 
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EXERCISE 11E 


1. The sum of a number and its square is 110. Find the number. 


2 When 24 is subtracted from the square of a number, the result is five times the original number. 
Find the number. 


The sum of two numbers is 6, and the sum of their squares is 28. Find these numbers exactly. 


4 Two numbers differ by 7, and the sum of their squares is 29. Find the numbers. 


Example 14 ™)) Self Tutor 
A rectangle has length 5 cm greater than its width, and its area is 84 cm?. Find the 


dimensions of the rectangle. 


Let the width of the rectangle be x cm. 
the length of the rectangle is (a +5) cm. 


Now area = 84 cm” 


φίῃ +5) = 84 

“2 - δα = 84 

a? + 5a --84--ὸ 

ἐς (ὦ -- 12)(α -- 7) =0 
et = On ip 


But x > 0 as lengths must be positive, so x = 7. 


the rectangle is 7 cm by 12 cm. 


5 A rectangle has length 4 cm greater than its width. Find its width given that its area is 96 cm?. 


6 The base of a triangle is 4 m longer than its altitude. The area of the triangle is 70 m?. Find the 
triangle’s altitude. 


7 A rectangular enclosure is made from 60 m of fencing. The area enclosed is 216 m?. Find the 
dimensions of the enclosure. 


8 A rectangular garden bed was built against an existing 
brick wall. 24 m of edging was used to enclose 60 m?. 
Find the dimensions of the garden bed to the nearest 
centimetre. 


9 A right angled triangle has sides 3 cm and 8 cm respectively less than its hypotenuse. Find the 
length of the hypotenuse to the nearest millimetre. 


10 ABCD is a rectangle in which AB = 21 cm. D 4 C 
The square AXYD is removed and the remaining rectangle has 
area 80 cm’. 


Find the length of [BC]. 


Example 15 ™) Self Tutor 


Given that [AB] is 3 m shorter than [BC], find the 
height of the flagpole. 


Let the height of the flagpole be x m. 
BC =am and AB= (z-—3)m 


The triangles are equiangular, so they are similar. 
ac 
2 
x(x — 3) = 2(2x — 3) 


ge? — 3a = 4a —6 


et Oa If two angles of tw 
= o angles of two 

(x — 1)(4— 6) =0 triangles are equal, 
' £=1 or 6 then the third angles 


But «—3>0 as lengths must be positive must also be equal. 


7 ΞΞῸ 
So, the flagpole is 6 m high. 


Find «x in: 
Χο 
5m 
Ὁ ΟΠ 
6m (e+2)m 
(c+3)cm 
xem 
ἵν 
rm 
5 
(2+5)m " 


2+— 6 m — 


(c+2)m xm (32 —1)m 


13 


14 


16 


17 


19 
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A In the figure alongside, [BC] is the same length as 
E [BE], and [CD] is 3 cm more than twice the length of 
10cm [BE]. 
Find the length of [BE]. 
& D 
A, B, C, and D are posts on the banks of a 20 m wide C D 
canal. A and B are 2 m apart, and OA = CD. 
Find the exact distance between C and D. 20m 
B A 
O 
4 n 4 A theatre contains a central block of seats with n seats per 
row. Blocks on either side contain 4 seats per row. The 
number of rows is 5 less than the total number of seats 
per row. In total there are 126 seats in the theatre. Find 
the value of n. 
The numerator of a fraction is 3 less than the denominator. If the numerator is increased by 6 and 


the denominator is increased by 5, the fraction is doubled in value. Find the original fraction. 


At a fruit market, John bought some oranges for a total of $20. When Jenny visited a different stall, 
she bought 10 more oranges than John for the same total amount. Given that the difference in price 
per orange was 10 cents, how many oranges did John purchase? 


The sum of a number and its reciprocal is 2. Find the number. 
Two numbers have a sum of 4, and the sum of their reciprocals is 8. Find the numbers. 


A sheet of cardboard is 15 cm long and 10 cm wide. 
It is to be made into an open box with base area 
66 cm”, by cutting out equal squares from the four 
corners and then bending the edges upwards. 

Find the size of the squares to be cut out. 


Answer the Opening Problem on page 224. 


A circular magnet has an inner radius of x cm, an outer 


radius 2 cm larger, and its depth is the same as the inner 


radius. The total volume of the magnet is 1207 cm’?. 


Find a. 
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22 A rectangular swimming pool is 12 m long by 6 m wide. It is surrounded by a pavement of uniform 
width. The area of the pavement is - of the area of the pool. 


a Ifthe pavement is x m wide, show that the area of the pavement is (4%? + 36x) m7. 


b Hence, show that 4x? + 36x — 63 = 0. 
¢ How wide is the pavement? 


23 A takeaway milkshake container is cylindrical, with a hemispherical 
lid on top. 


The height h of the container is 7 cm greater than its base radius r. 


The surface area of the container and lid is 967 cm7?. 


Find the base radius of the container. 


Previously in this chapter, we determined that: 


—b+tvVA 
If az*+br+c=0, a40 and a,b,cER, then the solutions are x = se where 


A = b? — 4ac_ is known as the discriminant. 
We also observed that if A > 0, the quadratic equation has real solutions. 
It is in fact possible to find solutions for the case where A < 0, but the solutions are not real numbers! 


In 1572, Rafael Bombelli defined the imaginary number 7 = \/—1. It is called ‘imaginary’ because we 
cannot place it on a number line. With z defined, we can write down solutions for quadratic equations 
with A <0. They are called complex solutions because they include a real and an imaginary part. 


Any number of the form a+ δὲ where a and ὃ are real and 7 = /-1, 
is called a complex number. 


Example 16 ™)) Self Tutor 


If the coefficient of 2 
Write in terms of ἡ: is a square root, we 
write the 2 first. 

a /-5 


6 /-16=vV16~x-—-1l 


— /16 x ν --1 
= 43 


Example 17 ™)) Self Tutor 


Solve for z: 


4" = — 


τ 


Ἔα ἢ ΞΞ ΞΕ" .-- 
¢ = +V/13/—1 
gp Ἐπ, 13 


EXERCISE 11F 


1. Write in terms of 1: 


a /-2 Ὁ /—25 ε ν΄-11 d /-81 
2 Solve for z: 

a z*=-3 Ὁ r*=-4 ε «*=-14 

d +*7+7=0 @ 3x27 = —48 f 277+15=3 


Example 18 ™)) Self Tutor 


Solve for z: 
xe? +27+2=0 


g?+2¢7+2=0 has 9. —-x+3=0 has 
C1) 6 7 ae t= 2.0 = — 1s c= 3 


—2 + 4/24 — 4(1)(2) —(—1) + 4/(—1) — 4(2)(3) 
2(1) 2(2) 
πα Ξ2Ξ Ct: pie eed 
7 2 ye πες 4 
π΄ ΄- 1+ /—23 
7 2 τ 4 
A <0, so the 
_ ~2tv—iv4 V-1V4 . ttv—lv23 V-1723 solutions are 
2 7 4 imaginary. 
sre --2 2% 1- ἐν 23 
ο ἘΝ = 


ἮΝ; 


2 @&@=—-1la2 


SA 


3 Without solving them, decide whether these equations have two real solutions, one real solution, or 
imaginary solutions. 


a 3774+5r-—1 Ὁ xr*-47+4=0 ¢ 2." —32+5=0 
4 Solve for a: 

a r*+24+2=0 Ὁ «c*-—374+6=0 ¢ 27+474+13=0 

d 277-x7+5=0 ες —27?+2r-17=0 f 307+5= 32 
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We have now seen that any real quadratic equation has 2 (not 


necessarily distinct) solutions, and that these solutions may be 
real or imaginary. 


A real quadratic equation 
takes the form 
ax? + br +c=0 
where a #0,a,b,cER 
The solutions of an equation are also called its roots. 


We can easily find the sum and product of the roots of a 
quadratic equation without finding the roots themselves. 


If the quadratic equation ax? + bx +c =0 has roots p and gq, then: 


e the sum of the roots p+q= a 
a 


e the product of the roots pg = ss 
a 


Proof: If p and q are the roots of az? + br +c =0, 
then ax*+br+c= a(x — p)(x — 4) 


= a(x’ — [p + 4] + pq) 
v+in+s = οἷ — [p+q]z+pq 
Equating coefficients, 


b 
ptq=-—- and pq=“. 
a a 


Example 19 ™) Self Tutor 


Find the sum and product of the roots of 227 + δα —3 = 0. 


2c7+52—3=0 has a=2, b=5, c=-—3. 


? b 5 : 3 
the sum of the roots is ---- = > and the product of the roots is —— = 
a, a 


EXERCISE 11G 


1 a Find the sum and product of the roots of 327 — 7z +2 =0. 
Ὁ Check your answer by solving the quadratic equation. 


2 a Find the sum and product of the roots of «7 + 25 —4=0. 
Ὁ Check your answer by solving the quadratic equation. 


3 Find the sum and product of the roots of: 
a 277 -—6r+1=0 b 527+47-—10=0 ς —477+2-6=0 
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4 7 is one of the roots of 62 - a—2=0. Find the other root without solving the equation directly. 


5 ἃ Find the sum and product of the roots of «ὦ + 45 +5 =0. 


Ὁ Check your answer by solving the quadratic equation. 
Hint: i= ν΄--ἴ andso i? =-—1. 


REVIEW SET 11A 


1 Solve for z: a —z*+11=0 Ὁ 7- 2.2 = —-25 
2 Solve for z: a (: -- 4)2 =25 Ὁ (x+1)?-1=0 


3 Solve for x: 
a «2 -- 45-- 21 -Ξ0 b 4277 -—25=0 ¢ 627 -—x-—2=0 
4 Solve for x: 
a 3x7 —62 —72=0 Ὁ 527+ 302+ 45=0 ¢ 427-182 +8=0 
Solve by completing the square: 27+6r+4=0 
6 Solve for x: 
a 2?+247=11 Ὁ (. -- 6)(5 -- 3) = 102 ε 1012 --6 -- 11Σ 
7 The sum of a number and its reciprocal is 22. Find the number. 


8 Use the quadratic formula to solve for 2: 
a 227-32 -2=0 Ὁ 372+47-5=0 ε 3 ee 


“5. 2-1 


The volume of the solid alongside is 174π cm’?. 


Find z. 


10 A straight length of wire is 20 cm long. It is bent at right angles to 
form the two shorter sides of a right angled triangle. 
a If the triangle’s area is 30 cm”, find: 
i the length of each side 
li the triangle’s perimeter. 


Ὁ Is it possible for a right angled triangle with shorter sides made from a 20 cm length of 
wire to have an area of 51 cm?? Explain your answer. 


11. Solve for z: ee : ΞΕ] 
z—3 z+1 
12 Solve for z: a 2*7+6=5 b 774+57+9=0 


13 Find the sum and product of the roots of 3:2 — 12. +1=0. 
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REVIEW SET 11B 


1 Solve for x: a 8—327=-10 b 277-5=-3 
2 Solve for z: a (x+3)*-19=0 6b (32-1)? =17 
3 Solve for z: a x? —82—33=0 b 877 +27-3=0 
4 Solve by completing the square: 2x7 — 2x = 100 
5 Solve for z: a x? -- 45 -- 45 Ὁ 652 + 26. = 20 
6 Solve for σα: ἣν" 15. b enn 

ιν Τὸ 3-- 2x 3-- ἢ 


7 The hypotenuse of a right angled triangle is one centimetre more than twice the length of the 
shortest side. The other side is 7 cm longer than the shortest side. Find the length of each side 
of the triangle. 


8 Use the quadratic formula to solve: 


a 2.2 21 --1-Ξ 6b -- 


9 A group of friends hires a bus for ἃ day for 
$480, agreeing to share the cost equally. At 
the last minute, two more people decide to go 
on the trip, and as a result each person pays 
$8 less. 

How many people go on the trip and how much 
does each person pay? 


10 In the flag alongside, the area of the red 
stripes is 700 cm?. Find the width of the 
red stripes. 


11 The sum of a number and its reciprocal is 5. 


a Show that a is a possible value for the number. 
ties 5+ /21 2 
Ὁ Check b lif ---- 
eck your answer by simplitying 5 ze 54 Jat 
12 Solve for z: a 4r*+20=0 Ὁ 7*+674+18=0 


13 3 is one of the roots of 827 + 62 —9=0. Find the other root without solving the quadratic 


equation directly. 


Trigonometry 


Contents: 


“Za "mon DW Pp 


Trigonometric ratios 

Problem solving using trigonometry 
True bearings 

3-dimensional problem solving 
Supplementary angles 

The area of a triangle 

The sine rule 

The cosine rule 

Problem solving using the sine and 
cosine rules 
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OPENING PROBLEM 


A surveyor is standing on horizontal ground, and 
wishes to find the height of a mountain on the 
other side of a lake. He uses a theodolite to 
accurately measure: 


e the angle of elevation from the horizontal 
ground at A up to the top of the mountain, 
(Ὁ 06 Γ΄ 


e the angle of elevation from the horizontal ground at Β up to the top of the mountain, to be 41.6° 
e the distance from A to B to be 400 m. 


Things to think about: 


a Can you draw a labelled diagram of the situation showing all information given? 


Ὁ Can you solve this problem using right angled triangle trigonometry? 
¢ Can you solve this problem faster using the sine or cosine rules? 


Trigonometry is a branch of mathematics that deals with the relationship between the side lengths and 
angles of triangles. 


We can apply trigonometry in engineering, astronomy, architecture, navigation, surveying, the building 
industry, and in many other branches of applied science. 


HISTORICAL NOTE RIGONOMETRY 
The Greek astronomer Hipparchus (140 BC) is credited with being the founder of trigonometry. To 


aid his astronomical calculations, he produced a table of numbers in which the lengths of chords of 
a circle were related to the length of the radius. 


Ptolemy, another great Greek astronomer of the time, extended this table in his major published work 
Almagest, which was used by astronomers for the next 1000 years. In fact, much of Hipparchus’ 
work is known through the writings of Ptolemy. These writings found their way to Hindu and Arab 
scholars. 


Aryabhata, a Hindu mathematician in the 5th and 6th Century AD, 
constructed a table of the lengths of half-chords of a circle with radius 
one unit. This was the first table of sine values. 


In the late 16th century, Georg Joachim de Porris, also known as 
Rheticus, produced comprehensive and remarkably accurate tables of 
all six trigonometric ratios, three of which you will learn about in this 
chapter. These involved a tremendous number of tedious calculations, 
all without the aid of calculators or computers. 


Rheticus was the only student of Nicolaus Copernicus, and helped 
his tutor publish his work De revolutionibus orbium coelestium (On 
the Revolutions of the Heavenly Spheres). 


Nicolaus Copernicus 
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RATIOS 


In previous years we have defined the following basic trigonometric ratios for right-angled triangles: 


ADJ 


We can use these ratios to find unknown side lengths and angles in right angled triangles. 


INVESTIGATION 1 


Two angles are complementary if their sum is 90°. We say that 6 and (90° — @) PRINTABLE 
WORKSHEET 
are complements of each other. 


Your task is to determine whether a relationship exists between the sines and cosines 
of an angle and its complement. 


1 Use your calculator to complete 
a table like the one shown. 
Include some angles of your 
choice. 


a [nd fod [0 — 0 snl — 0) ΕΠ ΟΠΕΟΣ 


2 Write down your observations from the tabled values. a 


3 Use the figure alongside to prove that your observations 
are true for all angles 9 where 0° < 6 < 90°. C b 


4 Find a relationship between tan@ and tan(90° — @). 


FINDING SIDE LENGTHS 


Suppose we are given the angles of a right angled triangle, and the length of a side. We can use the 
trigonometric ratios to find the other side lengths. 


Step 1: Redraw the figure and mark on it HYP, OPP, and ADJ relative to a given angle. 
Step 2: Choose an appropriate trigonometric ratio, and construct an equation. 


Step 3: Solve the equation to find the unknown side length. 


Example 1 ™)) Self Tutor 


Find x, rounded to 3 significant figures: 


~ 9.6cm 
5 


zcm 


The relevant sides are OPP and HYP, so we use the sine ratio. 
: : PP 
sin61°=— {sind= a=) 
9.6 lek dt 


sin61° x 9.6 = {multiplying both sides by 9.6} 


xz 8.40 {calculator} 


The relevant sides are OPP and ADJ, so we use the tangent ratio. 
fanaa { tan? = ae 

az ADJ 

ox tan4l- = 7.5 {multiplying both sides by x} 
7.8 

4 ΞΞ —— 
tan 41° 
x 8.97 {calculator} 


{dividing both sides by tan 41°} 


EXERCISE 12A.1 


Construct a trigonometric equation connecting the angle with the sides given: 
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re | xcm e So sin f 


5cem 


i 3.23 m 


J xem k 


9.15. {πὶ 


ς 
acm 
ΓΙ 4 
4.91 cm bem 
bcm 
15.2 cm 
acm 
B 
ΩΣ 
Scm 
A - ὃ 


FINDING ANGLES 


If we know two side lengths of a right angled triangle, we can use trigonometry to find the angles. 


In the right angled triangle shown, sin@ = 3. HYP 


; ; . Ὁ ΟΠ] 
We say that 0 is the inverse sine of 2, and write OPP 


θ = sin *(2). 


We can use a calculator to evaluate inverse 
sines. Click on the icon for instructions. 


(Wath) Des) Norm’) 


) 


GRAPHICS 36.86989765 
CALCULATOR 
INSTRUCTIONS 


For the right angled triangle above, we find 
0 = 36.9°. 


UT Dalai: MATH 


We define inverse cosine and inverse tangent in a similar way. 


Example 2 


Find the measure of the angle marked @: 


EXERCISE 12A.2 


Find the measure of the angle marked θ: 


2.36cm 


3.09 cm 


_ 4 
ἴδη θ = = 


θ =tan ‘(3) 


OPP 


{ tan @ = — 
ADJ 


} 


0 = 29.7° {calculator} 


2 07 
τ “-Ξ.- 
5.92 


θ-- ςοϑ ἢ (==) 
5.92 


@ = 63.2° {calculator} 


ADJ 
{ cos? = τ} 


| ΓΙ 
6cm ἢ ΟΠ] 
9cm 7cm 
© 
am 12.5m 
5.6m 


18.6m 


1.3m 92cm 
Ὁ 


™) Self Tutor 


Lander) 
29, °445813 


cos 2, δ ΖΘ, 92) 
63,.19127°146 


3cm 
11 
2cm 
5.7 ςΠῚ 5.7cm 
ῳ 
1.45 cm 
8.5mm 
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2 Find, using trigonometry, all the unknown sides and angles in the following triangles. Check your 
answers for x using Pythagoras’ theorem. 


a xem b ς 
0 Ξ ῳ 
xm 
3.5m 7.18 km x km 
7cm 
10cm 
φ Ξ 
4.8m 


11.24 km 


3 Consider the triangle alongside. 
a Copy and complete, stating exact values: 


he li cos@=...... 3m 


Ὁ Use each of these equations to find 6. Check 
that you get the same answer each time. 


The trigonometric ratios can be used to solve a wide variety of problems involving right angled triangles. 
When solving these problems it is important to follow the steps below: 


e Draw a diagram to illustrate the situation. 


e Mark on the diagram the unknown angle or side that needs to be calculated. We often use x for 
a length and @ for an angle. 


e Locate a right angled triangle in your diagram. 


e Write an equation connecting an angle and two sides of the triangle using an appropriate 
trigonometric ratio. 


e Solve the equation to find the unknown. 
e Write your answer in sentence form. 


When solving problems using trigonometry, we often use: 


e the properties of isosceles triangles apex 
az 
base 
e the properties of circles and tangents . 
τὴ 


e angles of elevation and depression. 
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ANGLES OF ELEVATION AND DEPRESSION 


When an object is higher than an observer, the angle 
of elevation is the angle from the horizontal up to 
the object. 


object 


angle of elevation _ horizontal 


observer 
angle of depression 
When an object is lower than an observer, the angle 
of depression is the angle from the horizontal down 


to the object. 


If the angle of elevation from A to B is @, then the B 
angle of depression from B to A is also @. 


Example 3 ™)) Self Tutor 


The roof alongside has a pitch of 16°. Find the 
length of the horizontal beam. 


Gs 
9.4 
- g = 9.4 x cos 16° 


ΑΞ 9036 {calculator} 


cos 16° = 


‘. the length of the beam = 2 x 9.036 m 
~18.1m 


EXERCISE 12B 


1 From a point 235 m from the base of a cliff, the angle 
of elevation to the cliff top is 25°. Find the height of 
the cliff. 


+ —_ 235 m ————_> 


2 A 5m ladder reaches 4.2 m up a wall. What angle does the ladder make with the wall? 


3 The angle of elevation from a row boat to the top of a lighthouse 25 m above sea-level is 6°. 
Calculate the horizontal distance from the boat to the lighthouse. 


From a vertical cliff 80 m above sea level, a whale 
is observed at an angle of depression of 6°. 

Find the distance between the observer at the top 
of the cliff, and the whale. 
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5 A train travelling up an incline of 4° travels a horizontal distance of 4 km. How much altitude has 


10 


the train gained? 


At the entrance to a building there is a ramp for —— 
wheelchair access. The length of the ramp is om ΠΝ 
5 metres, and it rises to a height of 0.6 metres. Find —— cE 

the angle 6 that the ramp makes with the ground. 
A goal post was hit by lightning and snapped in 
two. The top of the post is now resting 15 m from 


its base, at an angle of 25°. Find the height of the 
goal post before it snapped. 


Example 4 ™)) Self Tutor 
A point P is 9.5 cm from the centre C of a circle with radius 2 cm. 


Find the angle between [PC] and the tangent to the circle from P. 


——— 9.5 cm 
{calculator} 


The angle between [PC] and the tangent is approximately 12.2°. 


A tangent from point P to a circle of radius 4 cm is 10 cm 
10 cm long. Find the angle between the tangent and 
the line joining P to the centre of the circle. 


A rhombus has sides of length 10 cm, and the angle between two adjacent sides is 76°. Find the 
length of the longer diagonal of the rhombus. 


[AB] is a chord of a circle with centre O and radius 5 cm. A 
[AB] has length 8 cm. Find the size of AOB. 


B 
A In triangle ABC, the angle bisector at A meets [BC] at X. 
Is X the midpoint of [BC]? If not, what is the distance 
8cm ; . 
5cm between X and the midpoint? 
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12 In an isosceles triangle, the equal sides are Ξ of the length of the base. Determine the measure of 


13 


14 


15 


16 


17 


the base angles. 


An isosceles triangle is drawn with base angles 24° and base 28 cm. Find the base angles of the 
isosceles triangle with the same base length but with treble the area. 


The angle of elevation from a marker on level ground to the top of a building 100 m high is 22°. 
Find the distance: 
a from the marker to the base of the building 


Ὁ the marker must be moved towards the building so that the angle of elevation becomes 40°. 


An observer notices an aeroplane flying directly overhead. Two minutes later the aeroplane is at an 
angle of elevation of 27°. Assuming the aeroplane is travelling with constant speed and altitude, 
what will be its angle of elevation after another two minutes? 


A surveyor standing on a horizontal plain can see a volcano in the distance. The angle of elevation 
to the top of the volcano is 23°. If the surveyor moves 750 m closer, the angle of elevation is 
now 37°. Determine the height of the volcano above the plain. 


Find the shortest distance between the two parallel lines using: ; υ 
ἃ trigonometry Ὁ areas. 
2 
4 
0 3 6 


INVESTIGATION 2 


Hipparchus was a Greek astronomer and mathematician born in Nicaea in the 2nd century BC. He 
is considered among the greatest astronomers of all time. 


Part 1: How Hipparchus measured the distance to the moon 


Consider two points A and B on the Earth’s 
equator. The moon is directly overhead A. 
From B the moon is just visible, since [MB] 
is a tangent to the Earth and is therefore 
perpendicular to [BC]. Angle BCM is the 
difference in longitude between A and B, which 


Hipparchus calculated to be approximately 89°. 
What to do: 


2 
3 


Given r = 6378 km and BCM = 89°, estimate the distance from the centre of the Earth C 
to the moon. 


Now calculate the distance AM between the Earth and the moon. 


In calculating just one distance between the Earth and the moon, Hipparchus was assuming that 
the orbit of the moon was circular. In fact it is not. Research the shortest and longest distances 
to the moon. How were these distances determined? How do they compare with the distance 
obtained using Hipparchus’ method? 


TRIGONOMETRY (Chapter 12) 253 


Part 2: How Hipparchus measured the radius of the moon 


From point A on the Earth’s surface, the angle 
between an imaginary line to the centre of the 
moon and a tangent to the moon is about 0.25°. 


The average distance from the Earth to the moon 
is about 384 403 km. 


ΕΝ 
r+ 384 408 


1 Confirm from the diagram that 51η ().259 = 


2 Solve this equation to find r, the radius of the moon. 


3 Research the actual radius of the moon, and if possible find out how it was calculated. 
Compare your answer in 2 to the actual radius. 


= 
ah 
Ἢ 


We can describe a direction by comparing it with the true north direction. We call this a true bearing. 


Imagine you are standing at point A, facing north. You turn north 

clockwise through an angle until you face B. The bearing A 

of B from A is the angle through which you have turned. : 
north 

So, the bearing of B from A is the clockwise measure of A 


the angle between the ‘north’ line through A, and [AB]. 


In the diagram alongside, the bearing of B from A is 72° 
from true north. We write this as 72°T or 072°. 


To find the bearing of A from B, we place ourselves at 
point B, face north, then turn clockwise until we face A. 
The true bearing of A from B is 252°. 


A : 


Note: ee A true bearing is always written using three digits. For example, we write 072° rather 
than 72°. 


e The bearing of A from B, and the bearing of B from A, always differ by 180°. 
You should be able to explain this using angle pair properties for parallel lines. 


EXERCISE 12¢ 


1 Draw diagrams to represent bearings from O of: 
a 136° Ὁ 240° ς 051° d 327° 


2 Write the bearing of Q from P in each diagram: 


ΔΝ ,Q b AN ς ΔΝ 
Pe rP rP 
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d AN e AN f 
Pi sp 
i489 45°: 
: Q Q | 
3 A,B, and C are the checkpoints of a triangular orienteering N 
course. Find the bearing of: ; 
a B from A Ὁ C from ΒΨ ¢ B from C 
d CfromA e A from B f A from C. 
4 Find the bearing of: 
a B from A 6 A from B 
ς C from A d A from C 
e C from B f B from C. 


Example 5 ™) Self Tutor 


Starting from A, a motorbike travels 7 km east to B, then 3 km south to C. 
Find the bearing of C from A. 


OPP 


me) = 
tan? = = {tan 0 mai! 


— tan *(3) 
@ 23 23.2° 


So, the bearing of C from A ~ 90° + 23.2° 
= 113° 


5 A bush-walker walks 14 km east and then 9 km north. Find the bearing of his finishing point from 
his starting point. 


6 Starting from A, a truck travels 10 km north to B, then 
13 km west to C. Find the bearing of C from A. 


7 A kayaker paddles due west for 1.5 km. He then turns 
due south and paddles a further 800 m. 
a Draw a diagram of the situation. 
Ὁ How far is the kayaker from his starting point? 


c In what direction must he travel to return to his 
starting point? 


8 Runners A and B leave the same point at the same time. Runner A runs at 10 kmh! due north. 


Runner B runs at 12 kmh~! due east. Find the distance and bearing of runner B from runner A 
after 30 minutes. 
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Example 6 ™)) Self Tutor 


A rally driver travels on a bearing of 145° for 28.5 km. 
How far east of the starting position is the rally driver? 


Hy ADJ 


cos 55° = — { cos @ = ——} 


28.5 ΓΙ 
x = 28.5 x cos 55° 
x = 16.3 


The driver is about 16.3 km east of his starting 
position. 


9 A ship sails for 60 km on a bearing 040°. How far north of its starting point is the ship? 
10 An athlete ran for 25 hours in the direction 164° at a speed of 
14 Και ῃ 1. 
a Draw ἃ fully labelled diagram of the situation. 
Ὁ Find the distance travelled by the athlete. 


ς How far i east ii south of the starting point is the 
athlete? 


11. A hiker walks in the direction 215° and stops when she is 2 km south of her starting point. 
How far did she walk? 


12 An aeroplane travels on a bearing of 295° until it is 200 km west of its starting point. How far has 
it travelled on this bearing? 


Example 7 ™)) Self Tutor 


An aeroplane departs A and flies on a 143° course for 368 km to B. It then changes direction to 
a 233° course and flies a further 472 km to C. Find: 


ἃ the distance of C from A Ὁ the bearing of C from A. 


ABN = 180° — 143° = 3790 {co-interior angles} 
RABE — 360. = 87 = 243° 
= Si: {angles at a point} 
AC* = 368? + 472? {Pythagoras} 


* AC = 3687 +4722 {as AC > 0} 


~ 598.5 
So, C is about 598.5 km from A. 
Ὁ To find the bearing of C from A, we first need to find 0. 


OPP 
{ tan 0 = ae 


oe (42) 
368 In some bearings problems 
p52 1: we use the properties of 


The bearing of C from Ais 143° + 52.1° = 195°. parallel lines to find angles. 
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13. A cyclist departs point R and rides on a straight road for 2.3 km in the direction 197°. She then 
changes direction and rides for 1.8 km in the direction 107° to point S. 


a Draw a fully labelled sketch of this situation. 
Ὁ Find the distance between R and 5. 
ς Find the bearing of S from R. 


14 An orienteering competitor travels 3 km in the direction 024°, 
and then 2 km in the direction 114°. Find the distance and 
bearing of the finishing point from the starting point. 


15. A fishing trawler sails from port P in the direction 313° for 
10 km, and then in the direction 043° for 32 km. 
Calculate: 


ἃ the distance and bearing of the trawler from P 


Ὁ the direction in which the trawler must sail in order to 


return to P. 


Right angled triangles occur frequently in 3-dimensional figures. We can use Pythagoras’ theorem and 
trigonometry to find unknown angles and lengths. 


Example 8 =) Self Tutor 


A cube has sides of length 10 cm. Find the angle between 
the diagonal [AB] and the edge [BC]. 


ber ΑΓ — = em, Using Pythagoras, 1 = 107 + 107 
eccar = 200 
te — 7 200 
& 
The required angle is ABC. We let this angle be @. 
ν 200 OPP 
Li eee noes er em ττὶ 
§=tan! (35) 
0 = 54.7° 


ν 200 cm " 
The angle between the diagonal [AB] and the edge [BC] is about 54.7°. 
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EXERCISE 12D.1 
1 The figure alongside is a cube with sides of length 15 cm. A 


B 
Find: ,/ — 
a EG b AGE. 
F 
H G 


2 The figure alongside is a rectangular prism. X and Y 
are the midpoints of [EF] and [FG] respectively. Find: 

a HX b DXH 

c HY d DYH. 
3 In the triangular prism below, find: 4 [AB] and [BC] are wooden support struts on a 


crate. Find the total length of wood required to 
make the two struts. 


<= 


a DF b AFD. 


5 All edges of a square-based pyramid are 12 m in length. 
a Find the angle between a slant edge and a base diagonal. 
Ὁ Show that this angle is the same for any square-based pyramid with all edge lengths equal. 


6 Each side of a tent is fixed to the ground by ropes as «--΄“ 3 m ——> 


shown. The peg is 1.5 m from the side of the tent. Find ait aes 


the angle 6 between the ropes. 


2m 
PROJECTIONS 
Consider a wire frame in the shape of a cube, as shown. Imagine a 
light source shining down directly on this cube from above. 
The shadow cast by wire [AG] would be [EG]. This is called the 
projection of [AG] onto the base plane EFGH. 


Similarly, the projection of [BG] onto the base plane is [FG]. AY 
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Example 9 ™) Self Tutor 


Find the projection of the following onto the base 
plane TUVW: 


a [PU] Ὁ [PW] 
ε[ΟΥ] α [QX]. 


The projection of [PU] onto the base plane 
is [TU]. 
The projection of [PW] onto the base plane 
is [TW]. 


The projection of [QV] onto the base plane 
is [UV]. 
The projection of [QX] onto the base plane 
is [UX]. 


THE ANGLE BETWEEN A LINE AND A PLANE 


The angle between a line and a plane is the angle between the line and its projection on the plane. 


Example 10 ™)) Self Tutor 
Name the angle between the following line 
segments and the base plane EFGH: 
a [AH] Ὁ [AG]. 


a The projection of [AH] onto the base plane 
EFGH is [EH] 
the required angle is AHE. 


Ὁ The projection of [AG] onto the base plane 
EFGH is [EG] 


the required angle is AGE. 


Example 11 ™)) Self Tutor 


Find the angle between the following line 
segments and the base plane EFGH: 


[DG] [BH] 


The required angle is DGH. 


tan = 4 hang 1 


ADJ 
θ-- ἰδ ἢ ( 
θ = 33.695 
The angle is about 33.7°. 


The required angle is BHE. 


Let HF = z cm. 
Using Pythagoras, 
pe = 65255 


a & 27.12° 
The angle is about 27.1°. 


EXERCISE 12D.2 


Find the following projections onto the base planes of the given figures: 

[CF] [PA] 
[DG] : 
[DF] 
[CM] 


[BD] 
[AE] 
[AF] 
[AX] 
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2 For each of the following figures, name the angle between the given line segment and the base 


plane: 

a i [BG] b i [PZ] 
ii [BH] li [QY] 
lili [DF] iii [PW] 
iv [AX] iv [QW] 

ς i [AS] 
li [AY] 

ς Q 
= R 
3 For each of the following figures, find the angle between the given line segments and the base plane: 

a A 22cm B i [DG] b i [SV] 
ii [AG] li [SU] 
tii [CX] iii [PX] 
iv [BX] 

ς i ΠΝ] d i [XB] 
li [JO] li [XY] 
ili [KO] 


Two angles are supplementary if their sum is 180°. 


In this section we consider the sine and cosine of obtuse angles, and in particular the relationship between 
the sines and cosines of supplementary angles. 


Consider the circle of radius 1 unit with its centre at the origin O. 
This circle is called the unit circle. It has equation x? + y? = 1. 


Suppose P lies on the circle so that [OP] makes angle @ with 
the positive x-axis. 6@ is always measured in the anticlockwise 
direction. 


. b 
For any acute angle 0, notice that cos@ = τ =a and 51ηθ = Mai b. 
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In fact, for any angle θ: 


The x-coordinate of P is called the cosine of angle 0, written cos@. 


The y-coordinate of P is called the sine of angle 6, written sin @. 


For any point P(cos@, sin@) on the unit circle, 


OP = ν (οο8θ — 0)? + (sin@ — 0)? = 1 
V/ cos? § + sin? @ = 1 


Squaring both sides, we find: 


cos? 9+ sin?@=1 forall 0. 


Now consider an acute angle 6, and its supplement which 
is the obtuse angle (180° — @). 


The point P’ corresponding to angle (180° — 6) is the 
reflection of P(cos@, sin@) in the y-axis. 


the coordinates of P’ are (-- οοβθ, sin @). 
But P’ has coordinates (cos(180° — @), sin(180° — θ)). 


We therefore conclude that: 


cos(180° — 6) = —cos@ 
sin(180° — 6) = sin@ 


EXERCISE 12E 


1 Copy and complete the following table, giving answers correct to 
four decimal places: 


cos( 180° -- 6) 7 si(180° —6) 


Make sure your 
calculator is in 
degrees mode. 


For each value of @, check that: 
ὁ (0520- 51η20--1 
e cos(180° — θ) = —cosé 
ὁ sin(180° — θ) = sind 
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2 Use your calculator to find the coordinates of P and Q, 
rounded to 3 decimal places. 


3 Find the obtuse angle which has the same sine as: 


a 26° b 45° ς 69° d 86° 
4 Find the acute angle which has the same sine as: 

a 98° Ὁ 127° ¢ 156° d 168° 
5 Find the obtuse angle whose cosine is the negative of: 

a cos26° Ὁ cos45° ¢ cos69° d cos 86° 
6 Find the acute angle whose cosine is the negative of: 

a cos98° Ὁ cos127° ¢ cos 156° d cos 168° 


We can use trigonometry to find the area of a triangle if we are given the lengths of two sides, as well 
as the included angle between the sides. 


Consider triangle ABC in which the sides opposite angles A, B, 
and (ἱ are labelled a, ὃ, and c respectively. 


Suppose N lies on [BC] such that [AN] is perpendicular to [BC]. 
In AANC, sin’ => 
h = bsin? 


Since the area of AABC = sah, we find: Area = = ab sin C 


If the altitudes from B and C were drawn, we could also show that the area is ἐς sin A or ac sin B. 


The area of a triangle is 


a half of the product of two sides and the side 


sine of the included angle. Dee 


side 


Example 12 ™)) Self Tutor 


Find the area of Area = +acsin B 


2 
triangle ABC. =i, 15x11 x sin28° 


2 
~ 38.7 cm? 
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EXERCISE 12F 
1. Find the area of: 


2 
12cm b _ 
25km 1.65 ΠῚ 
13cm 
1.43 τὴ 


2 The proof of the area formula given above assumes that the 
included angle ( is acute. Use the diagram alongside to prove 
that the formula is also true in the case where ( is obtuse. 
Hint: sin(180° — ΟἿ = βίη Οἱ 


3 Find the area of: 


b ς 
13m 11 ΠῚ 
6cm 2.3M\ ggo 5.1m 
5cem 


4% Find the area of: 


b ς 
13cm 
7cm 
6.9m 
10.7m 
12cm 5cem 


5 Find the area of a parallelogram with sides 6.4 cm and 8.7 cm, and one interior angle 64°. 


6 Triangle ABC has area 150 cm?. 7 Triangle XYZ has area 80 cm?. 
Find the value of z. Find the length of the equal sides. 
Χ bg 
14cm 
B 
“ecm C 7 


8 [AB] is the diameter of a circle with centre O and radius r. 


C 
Show that the shaded triangles have equal area. 4 
Α 
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9 ἃ Find the area of triangle ABC using: B 
i angle A ii angle Οἱ 
Ὁ Hence, show that a = camel δ 
α ς a 
A 
C b 


The sine rule is a set of equations which connects the lengths of the sides of any triangle with the sines 
of the opposite angles. 


In any triangle ABC with sides a, b, and c units, A 
and opposite angles A, B, and (ἱ respectively, 
snA sinB_ sind a b c ὃ c 
— — r — — : 
α ὃ ς snA 5 ΒΒ 5ίηΟ 
C = B 
Proof: 
The area of any triangle ABC is given by $bcsin A = Sacsin B = SabsinC. ee 


Dividing each expression by 5abc gives ----- - -- 


FINDING SIDES 


If we are given two angles and one side of a triangle, we can use the sine rule to find another side length. 


Example 13 κ() Self Tutor 


Find x, rounded to 2 decimal places: 
A We use the form 
18m a b 
sinA 518 
so that the unknown 
is in the numerator. 


Using the sine rule. ———— = ——— 
sin 113° sin 41° 


_ 18 X sin 115: 
> sin 41° 


Es 2520 
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6.3km 
xz km 


EXERCISE 12G.1 


1. Find x, rounded to 2 decimal places: 
a b 


an 


2 Find z: 


a b 
539 xem 
7cm - 


9cm 
xem 
zm 
8m 
3 Find the area of this triangle. 
0 
110. 
6cm 
4 Find all unknown sides and angles of: 
b ς 
«; ΟΠ 
yom 
6.2 cm 

FINDING ANGLES 

Finding angles using the sine rule is more complicated than finding sides because there may be two 
possible answers. 


cm 


In Section E, we saw that sin(180° — θ) = sin@. This means 
that an equation of the form sin@ = k has two solutions, 
6=sin-'k and θ -- 1809 —sin 'k. 


180 —sin~!k 


We must examine both of the possible solutions to see whether 
each is feasible. Sometimes there is information in the question 
which enables us to reject one of the solutions. 
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Example 14 ™) Self Tutor 


In triangle ABC, AB = 12 cm, AC = ὃ cm, and angle B measures 28°. 
Find, rounded to 1 decimal place, the measure of angle C’. 


sinC _ sin28° 


12 {sine rule} This is called the 


ce be ”° 
; ambiguous case”. 
12 x sin 28° a 


8 
12 X sin =) 


STi Oy ΞΞ 


Nansen. ( ~ 44,8° 


A 12cm 
Since the angle at C could be acute or obtuse, Οὐ = 44.8° or (180 -- 44.8)° 


C = 44.8° or 135.2° g 


In this case there is insufficient information to determine the actual shape of the triangle. 


The validity of the two answers in the above Example can be demonstrated by a simple construction. 


Step 1: Draw [AB] of length 12 cm, and Step 2: From A, draw an arc of radius 
construct an angle of 28° at B. 8 cm. 


A 12cm B 


Example 15 ™)) Self Tutor 


In triangle KLM, LKM measures ΠΝ — oe τ and “Vv — 1 τη’ 
Find the measure of angle L. 


sinL — sin52° 

128 158 

128 x sin 52° 

158 

128 x sin 52° 
158 


{sine rule} 
ΕΠ 1 - 


Νονν sin! ( 


) ~ 39.7° 


- since L could be acute or obtuse, 
M 
125m L = 39.7° or (180—39.7)° = 140.3° 
However, we can reject L + 140.3° as 140.3° + 52° > 180° which is impossible. 


the angle L = 39.7°. 
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EXERCISE 12G.2 


1 In triangle ABC, AB = 10cm, BC = 7 cm, and CAB measures 42°. 
ἃ Find the two possible values for ACB. 


Ὁ Draw a diagram to illustrate the two possible triangles. 


2 In triangle PQR, PQ= 10cm, QR = 12cm, and RPQ measures 42°. 


a Show that there is only one possible value for PRQ, and state its measure. 


Ὁ Draw a diagram to demonstrate that only one triangle can be drawn from the information given. 


3 The following diagrams are not drawn to scale, but the information on them is correct. 
Find the value of 6: 


a b 


54” There may be two 
29cm possible solutions. 
35cm 
; 6 4 k 8.2 m 
2.4km ὉΕΚΗΣ 
6.9m 


4 In triangle ABC, find the measure of: 
a angle A if a=12.6cm, ὃ -- 15.1 cm, and ABC = 65° 
Ὁ angle B if b= 38.4 cm, c= 27.6 cm, and ACB = 43° 
ς angleC if a=5.5 km, c= 4.1 km, and BAC = 71°. 


The cosine rule relates the three sides of a triangle and one of its angles. 


Consider triangle ABC with side lengths a, b, and c as shown. 
Using Pythagoras’ theorem in ABCN, 
a* =h? + (e— 2)" 
a? = h? +c? —2cx + 2” 
In AACN, δ =h?+27 andso h? =b? - χ' 


Thus, a* = (b* — 2*) 4+ c* — 2cx4+ 2° 
αὐ = b? +c? — 2cxr 


In AACN, cosA= τ andso x=bcosA 


a = b* +c? — 2becos A 


In any triangle ABC with sides a, b, and c units, 


A 
: . GEOMETRY 
and opposite angles A, B, and C respectively, PACKAGE 

a? = b* + c* — 2becos A b C 

b? = a? + c? — 2accosB 

2 2 2 
e624 δ΄ — 2abcosC. 
a C 7 B 


ACTIVITY 


Prove the cosine rule a? = b? +c? — 2becos A 
in the case where A is obtuse. 


Hint: cos(180° — A) = —cosA 


If we are given two sides of a triangle and the included angle, we can use the cosine rule to find the 
third side. 


Example 16 ™)) Self Tutor 


Find, correct to 2 decimal places, 
the length of [BC]. 


Using the cosine rule: 
a? = b? +c? — 2bccos A 


a = 122+ 102 — 2 x 12 x 10 x cos38° 
am (Al 


[BC] is approximately 7.41 m long. 


If we know all three side lengths of a triangle, we can use the cosine rule to find any of the angles. To 
do this, we rearrange the original cosine rule formulae: 


b?2 + c? — aq? a a 
ne < cos. = ot , cosC = 
6 ας 


ἌΣ 1) nee, 
cos A = Oxia Nears 


2ab 
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Example 17 κ() Self Tutor 


EXERCISE 12H 
1 Find the length of the remaining side in the triangle: 


a b 9m ¢c 
— ich 8.5m 
7.2m 
5cem 
d e f 
A 15cm Q 
989 Β 4.8km 
21cm R 
6.7km 
᾿δν Ρ 


2 Find θ, rounded to 1 decimal place: 


a b ς 
9m 
8.3.cm 
6m 4.1cm 
10m 


6.7cm 


3 Find the measure of all angles of the triangle: 


a ς b Q 
9m 11m 4.2cm lem 
P 
A 14m B R 


5.5cem 
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4 a Use the cosine rule in AABCM to find cos @ in terms 


of a, c, and m. 

Ὁ Use the cosine rule in AACM to find cos(180° — @) 
in terms of 6, c, and m. 

c Use the fact that cos(180° — 6) = —cos@ to prove 
Apollonius’ median theorem: 
a? + b* = 2m? + 2c?. 


d Find z in the following: 
i li 


12cm 


5 In triangle ABC, AB = 10cm, AC = 9 cm, and ABC = 60°. Let BC = x cm. 


a Use the cosine rule to show that x is a solution of x? — 102 + 19 = 0. 
Ὁ Solve this equation for «x. 
ς Use a scale diagram and a compass to explain why there are two possible values of «. 


Apa ey-N ate). i: 
If we know the side lengths of a triangle, can we tell which angles are the largest and smallest? 
What to do: 


1 In the triangle alongside, calculate the size of the 
angle opposite: 


4cm 
a the 4 cm side Ὁ the 5 cm side 6cm 
¢ the 6 cm side. 
Ὁ ΟΠ] 
Record your results in a table like the one shown. Side length | Opposite angle 


4 cm 


Ὁ cm 
6 cm 


2 Fill in a similar table for the following triangles: 


a 5cem b 


7cm 


llcm 
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3 In each of your tables, compare the lengths of the sides with the sizes of their opposite angles. 
What do you notice? 


4 To prove your result, consider the sides a and b of a 
triangle, with opposite angles A and B respectively. 

sin A 

sin B 

Ὁ Hence, show that if a> ὃ. then sin A> sin B. 


¢ Use the unit circle to show that if sin A > sin B, 
then A> B. 
Hint: The sum of A and B must not exceed 180°. 


d Use Ὁ and ¢ to show that if a>b, then A> B. 


ἃ Use the sine rule to show that τ = 


When using trigonometry to solve problems, you should draw a diagram of the situation. The diagram 
should be reasonably accurate, and all important information should be clearly marked on it. 


Example 18 ™)) Self Tutor 


A triangular property is bounded by 
two roads and a long, straight drain. 
Find: 
a the area of the property in 
hectares 
Ὁ the length of the drain 
boundary. 


Area = } x 277 x 324 x sin 120° 


~ 38 862 τη 
~3.89ha {1 ha= 10000 m?} 


Let the drain boundary be x m long. 
a? = 277° + 324° — 2 x 277 x 324 x cos120° {cosine rule} 
στε 2772 + 3242 — 2 x 277 x 324 x cos 120° 
ae Pa | 
The drain boundary is approximately 521 m long. 


EXERCISE 12] 


1 Two farm houses A and B are 10.3 km apart. A third farm house C is located such that 
BAC = 83° and ABC = 59°. How far is C from A? 
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2 A roadway is horizontal from A to B, then rises up a C 
12° incline from B to C. 
How far is it directly from A to C? 


3 Sharon drives a golf ball 253 m from the tee T to 
point X on the fairway. X is 93 m from the flag, 
and XFT is 39°. 

Find the angle @ that Sharon’s drive was off line. 


4 Hazel’s property is triangular with the dimensions B 
shown. 


a Find the measure of the angle at A, rounded 238m 
to 2 decimal places. 314m 


Ὁ Find the area of Hazel’s property, to the nearest C 


hectare. 
cas 407m 


Example 19 ™) Self Tutor 


A ship sails 58 km on the bearing 072°. Once it has passed a reef, it turns and sails 41 km on the 
bearing 158°. How far is the ship from its starting point? 


We suppose the ship starts at S, sails to A, then changes 
direction and sails to F. 


SAN = 180° — 72° = 108° 
{co-interior angles} 


SAF = 360° — 158° — 108° 
= 94° {angles at a point} 
Let: SES 2a kin: 


Using the cosine rule, «2 = 58* + 41* — 2 x 58 x 41 x cos 94° 


x = 1/582 + 412 — 2 x 58 x 41 x cos94° 


Se Shed 
The ship is about 73.3 km from its starting point. 


5 Fred walks 83 m in the direction 111°, and then 78 m in the direction 214°. How far is Fred from 
his starting point? 

6 A boat travels 13 km in the direction 138°, and then a further 11 km in the direction 067°. 
Find the distance and bearing of the boat from its starting point. 


7 Mount X is 9 km from Mount Y, on a bearing 146°. Mount Z is 14 km from Mount X, and on a 
bearing 072° from Mount Y. Find the bearing of X from Z. 
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8 X is 20 km north of Y. A mobile telephone mast M is to be placed 15 km from Y so the bearing of 
M from X is 140°. 


8 Draw a sketch to show the two possible positions where the mast could be placed. 
Ὁ Calculate the distance of each of these positions from X. 


9 A 16m ἢ The quadrilateral ABCD represents David’s garden plot. 
yy AD = 16m, BC = 25 m, and [DC] is 5 m longer than 
[AB]. A fence runs around the entire boundary of the plot. 
How long is the fence? 


10 In the given triangle, X is 5 m from each of the vertices. 
Find the length of each side of the triangle. 


11 The angles of a triangle measure 104°, 51°, and 25°. The perimeter of the triangle is 10 m. 
Find, rounded to 2 decimal places, the length of each side of the triangle. 


REVIEW SET 12A 


1 Find the value of z: 
a b 132m 


“τη 229m 


2 Find the measure of all unknown sides De lhc E 
and angles in triangle CDE. ϑ 
xem 
yom 
54° 
C 


The shadow of a cathedral is 85 m in length. The 

= angle of elevation from the end of the shadow to 

ae ᾿ the top of the steeple is 33°. Find the height of 
= . the cathedral. 


>. 
> 
. 
. 
» 
» 
» 
ὃς 
» 


a 
τς 
» 


ΟΝ 
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4 Find the bearing of Q from P in the following diagrams: 
a N 5 


---- ῥα 


Q 79° | 


Q 


5 A taxi travels 8 km south, then 3 km west. Find the bearing of the taxi’s finishing point from 
its starting point. 


6 Find the measure of: 7 Use your calculator to find the coordinates 
a BGF b AGE of P and Q, rounded to 3 decimal places. 


8 Laura is at the top of a scenic lookout. Her Ι: 


friends Ariel and Briannah are at ground level, 
and are 50 m apart. 
The angle of depression from L to A is 36°, and 
the angle of depression from L to B is 29°. 
ἃ Find the angle of elevation from B to L. seo ae 


| ee ἢ 
Ὁ Find the height of the lookout. 


¢ The girls’ car is at C, at an angle of depression of 20° from L. How far is the car from 
Ariel? 


9 ἃ Find the area of triangle ABC, to the nearest m?. 


A 
Ὁ Find the length of side [BC] rounded to 1 decimal place. 
13m 12m 
B 
e 


10 Find the value of z: 


a b Q 
A 20m 
105° B ᾿ 
126cm ΡΒ 
ο cm 
42 15m 
C 
R 


11 Stuart swam 200 m in the direction 124°, then 150 m in the direction 156°. Find the distance 
and bearing of Stuart from his starting point. 
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12 Α In the given plan view, AC = 12 m, BAC = 60°, 
and ABC = 40°. 
D is a post 6 m from corner B, E is a tap, and 
triangle BDE is a lawn with area 13.5 m?. 

a Calculate the length DC. 

Ὁ Calculate the length BE. 

¢ Find the area of quadrilateral ACDE. 


Plan of garden 


6m D C 
13 X is a point inside triangle PQR. It is 3 cm from P, E 
and 4 cm from Q. How far is X from R? 
6cm 7cm 
Q 9cm R 


REVIEW SET 12B 


1. Find the measure of the angle marked 0: 


a b Φ 
ὃ ΠΊ Ὁ ΠῚ 
5m 
- 


9.4cm 


2 Find the value of x, rounding your answer to 2 decimal places: 


a b 
pe vee 59cm 
“LC 
» ᾷ 


ΠῚ 
3 Find the measure of all unknown sides and angles in M 
triangle KLM. “ 
32cm 
19cm 
a 
K zcem L 
4 Point P is 13 cm from the centre of a circle. The 
tangent from P to the circle is 11 cm long. Find the 
angle between the tangent and the line from P to the 
centre of the circle. 
13cm 
11cm 


5 An aeroplane takes off at an angle of 22° to the horizontal runway. At the time when it has 
flown 500 m, what is the altitude of the plane? Give your answer correct to the nearest metre. 
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6 Find the bearing of: 7 The edges of a square-based pyramid are 

a P from Q b R from Q all 20 cm long. Find: 
¢ R from P. a ADM b ACD. 

N 

4 

1305 40 
ἘΠ- 
P& 
R 


8 A ship leaves port P and travels for 50 km in the direction 181°. It then sails 60 km in the 
direction 271° to an island port Q. 


a How far is Q from P? 


Ὁ To sail directly back from Q to P, in what direction must the ship sail? 


9 Find the obtuse angle: 


ἃ which has the same sine as 38° b whose cosine is the negative of cos 52°. 
10 Find the area of this triangle. 11 Find the distance between A and C. 
19m 
13m llm 


12 Triangle ABC has ΑΒ -- 12m, BC=10m, and BAC = 405. Find the two possible values 
for ACB. 
13 A surveyor at point A measures 200 m in the direction 138° to point B. From B the surveyor 
then measures 150 m in the direction 256° to point C. 
a How far is C from A? 
Ὁ What is the bearing of C from A? 


14 Ports P, Q, and R are equally spaced 


along the coast. A boat B is 4 km from P, B 
and 2 km from Q. 4km .. oie 
a Show that cos BQP -- 3. we ; - : 
P Q 5km R 


Ὁ Hence, find cos BOR. 


¢ Show that the boat is ν 42 km 
from port R. 


Probability 


Experimental probability 
Probabilities from tabled data 
Sample space 

Theoretical probability 
Compound events 
Conditional probability 
Mutually exclusive and 
independent events 


Contents: 


a "moO AW Pb 
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OPENING PROBLEM 


When Karla dropped some metal nuts she noticed that 
they finished either on their ends or on their sides. She 
was interested to know how likely it was that a nut 
would finish on its end. So, she tossed a nut 200 times, 
and found that it finished on its end 137 times. 


Her friend Sam repeated the experiment, and the nut 
finished on its end 145 times. 


Things to think about: 


a What would Karla’s best estimate be of the chance 
or probability that the nut will finish on its end? 

Ὁ What would Sam’s estimate be? 

¢ How can we obtain a better estimate of the chance of an end 
occurring? 


α΄ Hilda said that the best estimate would be obtained when the nut 
is tossed thousands of times. Do you agree with Hilda? 


side end 


Consider these statements: 


“The Wildcats will probably beat the Tigers on Saturday.” 
“Tt is unlikely that it will rain today.” 
“T will probably make the team.” 


Each of these statements indicates a likelihood or chance of a particular event happening. 
We can indicate the likelihood of an event happening in the future by using a percentage. 


0% indicates the event will not occur. 
100% _ indicates the event is certain to occur. 


All events can therefore be assigned a percentage between 0% and 100% inclusive. 


A number close to 0% indicates the event is unlikely to occur, whereas a number close to 100% means 
that it is highly likely to occur. 


In mathematics, we usually write probabilities as either decimals or fractions rather than percentages. 
An impossible event has 0% chance of happening, and is assigned 
the probability 0. 


A certain event has 100% chance of happening, and is assigned 
the probability 1. 


All other events can be assigned a probability between 0 and 1. 


Probabilities are usually determined by either: 


e observing the results of an experiment (experimental probability), or 
e using arguments of symmetry (theoretical probability). 
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HISTORICAL NOTE J 


e Girolamo Cardano (1501 to 1576) admitted in his | ὁ {2 


| 


i 


ἢ} |) 


autobiography that he gambled “not only every year, but .... — = 
every day, and with the loss at once of thought, of substance, —— == 


and of time”. He wrote a handbook on gambling, with tips on Ξ 
cheating and how to detect it. His book included discussionon = 
equally likely events, frequency tables for dice probabilities, ~~ _ 
and expectations. Ξ 

e Pierre-Simon Laplace (1749 - 1827) once described the theory 
of probability as “nothing but common sense reduced to 
calculation”. 


e Blaise Pascal (1623 - 1662) invented the first mechanical 
digital calculator. Pascal and his friend Pierre de Fermat ΓΒ - a 
(1601 - 1665) were the first to develop probability theory as Girolamo Cardano 
we know it today. Pascal also developed the syringe and the 
hydraulic press, and he wrote a large number of articles on 
Christian beliefs and ethics. 


i 


Me iia 
if i 
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In experiments involving chance, we use the following terms to describe what we are doing and the 
results we are obtaining: 

e The number of trials is the total number of times the experiment is repeated. 

e The outcomes are the different results possible for one trial of the experiment. 

e The frequency of a particular outcome is the number of times that this outcome is observed. 

e The relative frequency of an outcome is the frequency of that outcome divided by the total number 

of trials. It can be expressed as a fraction, a decimal, or a percentage. 

For example, suppose a tin can is tossed in the air 250 times, 
and it comes to rest on an end 29 times. We say: 

e the number of trials is 250 

e the outcomes are ends and sides 

e the frequency of ends is 29, and of sides is 221 


e the relative frequency of ends = = = 0.116 


ὁ the relative frequency of sides = 55: = 0.884. 


EXPERIMENTAL PROBABILITY 


Sometimes the only way of estimating the probability of a particular event occurring is by experimentation. 


Tossing a tin can is one such example. The relative frequencies from an experiment can be used to 
estimate the probabilities of the corresponding events. 


The larger the number of trials, the more accurate the estimate will be. 
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Example 1 ™)) Self Tutor 


Experimental probabilities are 
usually written as decimals. 


Larissa took 43 shots at a netball goal, and scored 29 times. 
Estimate the probability that Larissa will miss with her next shot. 


From 43 shots, Larissa scored 29 times and missed 14 times. 


P(misses next shot) + 4 
~ 0.326 


EXERCISE 13A 


1 Clem fired 200 arrows at a target and hit the target 
168 times. Estimate the probability that Clem will hit the 
target with his next shot. 


2 Ivy has free-range hens. Out of the first 123 eggs that 
they laid, she found that 11 had double-yolks. Estimate the 
probability that the next egg laid will have a double-yolk. 


3 Jackson leaves for work at the same time each day. Over 
a period of 227 working days, he had to wait for a train at 
the railway crossing on 58 days. Estimate the probability 
that Jackson will not have to wait for a train tomorrow. 


4 Ravi has a circular spinner marked P, Q, and R. When the spinner was twirled 417 times, it finished 
on P 138 times, and on Q 107 times. Estimate the probability that the next spin will finish on R. 


5 Answer the Opening Problem on page 278. 


If we are given a table of frequencies then we use relative frequencies to estimate the probabilities of 
the events. 


: frequency 
relative frequency = ——————_—_——_ 
number of trials 


Example 2 =) Self Tutor 


A marketing company surveys 80 people to discover what brand of Brand | Fre 
quency 
shoe cleaner they use. The results are shown in the table alongside. ee eee 
ine 


Estimate the probability that a randomly selected community member Brae 


uses: 
Cleano 


a Brite Ὁ Cleano or No scuff. No scuff 


a P(Brite) ~ = ον 0.275 


20 - 11 
80 


Ὁ P(Cleano or No scuff) = ~ 0.388 
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PROBABILITIES FROM TWO-WAY TABLES 


Two-way tables are tables comparing two variables. They usually result from a survey. 


For example, the Year 10 students in a small school were asked whether they were good at mathematics. 
The results are summarised in the following two-way table: 


8 | 9) <— 9 girls were not good at mathematics. 


In this case the variables are ability in mathematics and gender. 


We can use two-way tables to estimate probabilities. 


Example 3 ™)) Self Tutor 


To investigate the breakfast habits of 
teenagers, a survey was conducted 
amongst some students from a high 
school. The results are shown alongside. 


Use this table to estimate the probability that a randomly selected student from the school: 
a is male Ὁ is male and regularly eats breakfast 


ς is female or regularly eats breakfast. 


We extend the table to 
include totals: 


There are 155 males amongst the 300 students surveyed. 
P(male) + ἜΣΤΕ; 
300 


87 of the 300 students are male and regularly eat breakfast. 
P(male and regularly eats breakfast) ~ = ~ 0.29 


53 + 92+ 87 = 232 out of the 300 are female or regularly 


eat breakfast. 


P(female or regularly eats breakfast) ~ — ~ 0.773 


EXERCISE 13B 


1 A marketing company surveyed people to discover which brand of 


soap they use. The results of the survey are given alongside. : 

Silktouch 
a How many people were surveyed? Super 
Ὁ Estimate the probability that a randomly selected person uses: ] τς 
i Just Soap ii Indulgence or Silktouch. = 


Indulgence 


282 


PROBABILITY (Chapter 13) 


This table shows the flavour of ice creams sold in a café one 


afternoon. 


; Chocolate 
a How many ice creams were sold? 


Strawberry 


Ὁ Estimate the probability that the next ice cream sold will be: 


‘ ᾿ Lemon 
i strawberry ii chocolate or vanilla. 


Vanilla 


Te que Results from a poll for a local Council election are shown 
Mr Tony Trimboli in the table. It is known that 600 people were surveyed in 


iravlniven S the poll. 
5 oe a Copy and complete the table. 


Mrs Sara Chong 
Mr John Henry 


Ὁ Estimate the probability that a randomly selected 
person from this electorate will vote for: 


i John Henry ii a female councillor. 


310 students at a high school in South Africa were surveyed 
on the question “Do you like watching rugby on TV?” 
The results are shown in the two-way table. 


a Copy and complete the table to include ‘totals’. 
Ὁ Estimate the probability that a randomly selected 
student: 
i likes watching rugby on TV and is a junior 
student 
ii likes watching rugby on TV and is a senior 
student 
iii dislikes watching rugby on TV. 


c Find the total of the probabilities found in Ὁ. 
Explain your answer. 


A random selection of students in a youth club 
were asked whether they wore glasses, contact 
lenses, or neither. The results were further 
categorised by gender. 


a How many students were surveyed? 
Ὁ Estimate the probability that a randomly chosen student in the club: 
i wears glasses ii is female and wears contact lenses 
iii is male and wears neither iv is female or wears glasses. 


The table alongside describes the types of cars advertised 
for sale in a newspaper. 

Estimate the probability that a randomly selected car for 
sale: 


a is asedan Ὁ is a manual hatchback 
ς is automatic, but not a sedan. 
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7 A random selection of hotels in Paris are given Green star 
a gold star rating for quality, and a green star for 
environmental friendliness. 

Estimate the probability that a randomly selected 
Paris hotel is given: Gold 
a 2 gold stars and 4 green stars star 


Ὁ 3 gold stars or higher 


¢ the same number of gold stars as green stars 
d more green stars than gold stars. 


8 The table alongside gives the age distribution of inmates 

in a prison on December 31, 2011. 
A new prisoner entered the prison on January 1, 2012. 
Estimate the probability that: 

ἃ the prisoner was male 

Ὁ the prisoner was aged from 17 to 19 

¢ the prisoner was 19 or under and was female 

d_ the prisoner was aged from 30 to 49 and was male. 


Global How much time do we have? 
context 


εν 
ΩΝ 


- 


“ὦ \ 
“δὲ P 
Relationships 
click here 


Change, Representation 


NOWInY and bbarelsy Standall 


A sample space is the set of all possible outcomes of an experiment. 


Possible ways of representing sample spaces are: e listing them 

e using a 2-dimensional grid 
e using a tree diagram 

Φ 


using a Venn diagram. 


284 PROBABILITY (Chapter 13) 


Example 4 ™) Self Tutor 


When two coins are tossed, the possible outcomes are: 


STi PAN | 
iy i” 
Wp ip 


two heads head and tail 


tail and head two tails 
Represent the sample space for tossing two coins using: 


a alist Ὁ a2-D grid ς a tree diagram. 


We let H represent a ‘head’ and T represent a ‘tail’. 


a {HH, HT, TH, TT} b coin 2 coinl coin2 


Example 5 κ() Self Tutor 


Illustrate, using a tree diagram, the possible outcomes when drawing two marbles from a bag 
containing red, green, and yellow marbles. 


Let R be the event of getting a red, marble 1 marble 2 
G be the event of getting a green, and 
Y be the event of getting a yellow. 


Each branch of the tree 
diagram represents a 
possible outcome. 


σιν 


κ: 


Ω 
MAA KAA KOA 


EXERCISE 13¢€ 


1. List the sample space for the following: 

ἃ twirling a square spinner labelled A, B, C, Ὁ 

Ὁ the genders of a 2-child family 

ς the order in which 4 blocks A, B, C, and D can be lined up 
d_ the 8 different 3-child families. 
ε 


tossing a coin i twice ii three times iii four times. 


2 Use a 2-dimensional grid to illustrate the sample space for: 
ἃ rolling a die and tossing a coin simultaneously 


Ὁ rolling two dice 
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¢ rolling a die and spinning a spinner with sides A, B, C, D 


α΄ twirling two square spinners, one labelled A, B, C, D, and the other 1, 2, 3, 4. 


3 Illustrate on a tree diagram the sample space for: 
a tossing a 5-cent and 10-cent coin simultaneously 
Ὁ tossing a coin and twirling an equilateral triangular spinner labelled A, B, and C 
¢ twirling two equilateral triangular spinners labelled 1, 2, 3, and X, Y, Z respectively 
d drawing two tickets from a hat containing pink, blue, and white tickets 
e selecting bag A or bag B, then drawing a ball from that bag. 


4& Draw a Venn diagram to show a class of 20 students in which 7 study History and Geography, 
10 study History, and 15 study Geography. 


Once we have represented the sample space of an experiment, we can use it to calculate probabilities. 


If a sample space has n outcomes which are equally likely to occur when the experiment is performed 


on 1 : 
once, then each outcome has probability — of occurring. 
7ὺ 


An event occurs when we obtain an outcome with a particular property or feature. 


When the outcomes of an experiment are equally likely, the probability of an event F occurring is 
given by: 

P(E) = number of outcomes corresponding to E 

~ number of outcomes in the sample space 


Example 6 ™)) Self Tutor 


Suppose three coins are tossed simultaneously. Find the probability of getting: 
ἃ three heads Ὁ αἱ least one head. 


The possible outcomes are: 
Hee tit Le Hi Pe Pe el 
There are 8 possible outcomes. 


__ 1 +— three heads only occurs in the outcome HHH 
ΞΘ τος ΠΕ} 8 «---- 8 possible outcomes 
~+— all outcomes except TTT contain at least one head 


«- 8 possible outcomes 


Ὁ Pat least one head) = : 
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EXERCISE 13D 
1. The three letters O, D, and G are placed at random in a row. Find the probability of: 


ἃ spelling DOG Ὁ O appearing first 
¢ O not appearing first α΄ spelling DOG or GOD. 
2 Determine the probability that a randomly selected 3-child family consists of: 
ἃ all boys Ὁ all girls ¢ boy, then girl, then girl 
d_ two girls and a boy e a girl for the eldest f at least one boy. 


3 Four friends Alex, Bodi, Claire, and Daniel sit randomly 
in a row. Determine the probability that: 

Alex is on one of the ends 

Claire and Daniel are on the ends 

Bodi is on an end, and Claire is seated next to him 


Ω. αἱ σ᾽ a 


Alex and Claire sit next to each other. 


Example 7 ™)) Self Tutor 


A die has the numbers 0, 0, 1, 1, 4, and 5. It is rolled twice. 
a Illustrate the possible outcomes using a 2-dimensional grid. 


Ὁ Hence find the probability of getting: 
i a total of 5 ii two numbers which are the same. 


Ὁ There are 6 x 6 = 36 possible outcomes. 


Caan i P(total of 5) 
So -ὃ {those witha x 
CHE - | 
~ 9 
tty T I. ii P(same numbers) 
Wet TT ΔΝ =z {those circled} 
PTT | | | Η͂ 


8 


4 a Draw a grid to illustrate the sample space when a 10-cent and a 50-cent coin are tossed 


simultaneously. 
Ὁ Hence, determine the probability of getting: 
i two heads ii two tails 
iii exactly one head iv at least one head. 


5 Acoin and a pentagonal spinner with sectors 1, 2, 3, 4, and 5 are tossed and 
spun respectively. 


ἃ Draw a grid to illustrate the sample space of possible outcomes. 


Ὁ Use your grid to determine the chance of getting: 
i ahead anda4 ii a tail and an odd number 
iii an even number iv a tail or a 3. 
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6 ἃ Use a grid to display the possible outcomes 
when a pair of dice is rolled. 


Ὁ Hence, determine the probability of: 


i one die showing a 4 and the other a 5 
ii both dice showing the same number 
iii at least one of the dice showing a 3 iv either a 4 or 6 being displayed 
ν both dice showing even numbers vi the sum of the numbers being 7. 


7 A die has the numbers 1, 2, 2, 2, 5, and 6. It is rolled twice. 
a Draw a grid to illustrate the possible outcomes. 
Ὁ Hence, find the probability of getting: 


| a2andad ii a total of 7 
iii numbers which are the same iv at least one 6 
v_ at least one prime number vi numbers whose product is at least 5. 


8 The spinners shown are spun once, and the numbers spun 
are multiplied together. 
ἃ Find the probability that the result is: 
i 9 li 6 
iii greater than 5 iv prime. 


Ὁ Is the result more likely to be even or odd? 


Example 8 >) Self Tutor 


In a library group of 50 readers, 31 like science fiction, 20 like detective stories, and 12 dislike 
both. 

a Draw a Venn diagram to represent this information. 

Ὁ Ifa reader is randomly selected, find the probability that he or she: 


i likes science fiction and detective stories 
ii likes exactly one of science fiction and detective stories. 


a Let S represent readers who like science fiction, 
and D represent readers who like detective stories. 
We are given that a+b=31 

b6+c= 20 
a+b+c=50-—12=38 
C=—so— 81 Ξε Υ 
Δ ΞΞΙ ΠΟ @=—15 
b i P(likes both) = ἐξ 


he See 
50 


ii P(likes exactly one) = 
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9 The Venn diagram shows the sports played by the 
students in a Year 10 class. 


F = football 
R = rugby 
a How many students are in the class? 
Ὁ A student is chosen at random. 
Find the probability that the student: 
i plays football ii plays both sports 
iii plays football or rugby iv plays exactly one of these sports. 


10 Ina class of 24 students, 10 study Biology, 12 study 
Chemistry, and 5 study neither Biology nor Chemistry. 
a Copy and complete the Venn diagram. 
Ὁ Find the probability that a student picked at random 
from the class studies: 
i Chemistry, but not Biology 
ii both Chemistry and Biology. 


11. 50 tourists went on a ‘thrill seekers’ holiday. 40 went white-water rafting, 21 went paragliding, and 
each tourist did at least one of these activities. 
Find the probability that a randomly selected tourist: 


a participated in both activities Ὁ went white-water rafting but not paragliding. 


Suppose we roll a pair of standard dice, 
and find the sum of the numbers rolled. 


or 


We can use a 2-dimensional grid to find 
the probability of obtaining each sum: 


.,2183.4. δ] 6|Τ 8 9 {10} m1] 12 


ek 
36 


Can you find another way to label 2 dice with positive whole numbers, so that the sum probabilities 
are the same as those given above? 


Hint: The same number can appear more than once on a die, and numbers greater than 6 can be 
used. 
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COMPOUND EveNTs 


We will now look at calculating probabilities for combined events, which are also called compound 
events. We will consider both independent events and dependent events. 


INDEPENDENT EVENTS 


Two events are independent if the occurrence of each event does not affect the occurrence of the other. 


For example, suppose the spinners alongside are spun 
simultaneously. 


Let A be the event the first spinner lands on red, and 
B be the event the second spinner lands on an even 
number. 


Whether A occurs or not does not affect the 
probability of B occurring. Likewise, whether B 
occurs or not does not affect the probability of A 
occurring. Therefore, A and B are independent 
events. 


Now, we know that P(A) -- 5, and P(B) = 2. 
By listing each of the possible outcomes, we can see that P(A and B) = -- 
{R1, R2, R3, R4, R5, G1, G2, G3, G4, 65, B1, B2, B3, B4, B5} 


We notice that 4 =4%x ξ, so P(A and B) = P(A) x P(B). 


If two events A and B are independent, then P(A and B) = P(A) x P(B). 


Example 9 ™)) Self Tutor 


A coin is tossed and a die rolled simultaneously. Find the 
probability that a tail and a ‘2’ result. 


‘Getting a tail’ and ‘rolling a 2’ are independent events. 


‘*. P(a tail and a ‘2’) = P(a tail) x P(a ‘2”) 


This rule can be extended to any number of independent events. 


For example: If A, B, and C are all independent events, then 


P(A and B and C) = P(A) x P(B) x P(C). 
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EXERCISE 13E.1 


A disc is selected from each of the containers alongside. 
Find the probability of selecting: 


A die is rolled, and the spinner alongside is spun. 
Find the probability of obtaining: 
a a ‘5’ and a green 
Ὁ an even number and a non-red. 
a ared disc from A and a green disc from B 
Ὁ a blue disc from both containers. 
A 
A school has two photocopiers. On any one day, machine A has 
an 8% chance of having a paper jam, and machine B has a 12% 
chance of having a paper jam. 


Determine the probability that, on any one day, both machines 
will: 


a have paper jams Ὁ work uninterrupted. 


A boy and a girl were each asked what day of the week they were born. Find the probability that: 
ἃ the boy was born on a Monday and the girl was born on a Wednesday 
Ὁ the boy was born on a weekend, but the girl was not 
¢ both children were born on a weekday. 


Each day, Steve attempts the easy, medium, and hard 
crosswords in the newspaper. He has probability 0.84 
of completing the easy crossword, probability 0.59 of 
completing the medium crossword, and probability 0.11 
of completing the hard crossword. 

Find the probability that, on any given day, Steve will: 


a complete all 3 crosswords 


Ὁ leave all 3 crosswords incomplete 
¢ complete the easy and medium crosswords, but not the hard crossword 


d complete the medium crossword, but not the other two crosswords. 


A drawing pin was tossed into the air 600 times. It landed on its back LL 243 times and on its 


side D for the remainder. 
a Estimate the probability that, when tossed once, this drawing pin will land on its: 
i back ii side. 
Ὁ Suppose the drawing pin is tossed twice. Estimate the probability that: 
i it lands on its back both times ii it lands on its side both times. 


A biased coin is flipped 200 times. It lands on heads 143 times, and on tails for the remainder. 
If the coin is flipped 3 times, estimate the probability of getting: 


a all heads Ὁ all tails. 
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Example 10 ™)) Self Tutor 


A marble is selected at random from each of the bags 
alongside. 


a Draw a tree diagram to display the possible 
outcomes. 


Ὁ Find the probability of obtaining a green marble 
and a yellow marble. 


Let G represent a green marble, 
Y represent a yellow marble, and 
R represent a red marble. 


If 2 or more branches 
satisfy the event, the 
probabilities are added. 


b P(a green and a yellow) 
= (P(GY or YG) {branches marked V } 


8 Each of the spinners alongside is spun once. 


a Copy and complete this tree diagram for the 
possible outcomes: 


Spinner1 Spinner 2 


Στὰ 
R ς-- Β 
2. G Spinner 1 Spinner 2 
R 
B =< B 
ΣΟ 
Ὁ Find the probability that: 
i the spinners land on the same colour ii the spinners land on different colours 


iii exactly one of the spinners lands on blue. 


9 A ticket is selected at random from each of the boxes 
alongside. 
a Draw a tree diagram to display the possible = aaa 
outcomes. 
Ὁ Find the probability of obtaining: Box A nox 
i a blue ticket and a green ticket ii two tickets of the same colour 


iii exactly one pink ticket. 


ς Find the sum of the probabilities in Ὁ. Explain your result. 
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10 Sharon, Christine, and Keith have agreed to meet at a 
restaurant for lunch. Sharon has probability 0.8 of being 
on time, Christine has probability 0.7 of being on time, 
and Keith has probability 0.4 of being on time. 


a Draw atree diagram to display the possible outcomes. 


Ὁ Determine the probability that at least 2 people will 
arrive on time. 


DEPENDENT EVENTS 


Dependent events are events for which the occurrence of one event does affect the occurrence of the 
other event. 


Suppose a bag contains 5 blue discs and 3 yellow discs. One disc is selected at 
random, and put to one side. A second disc is then selected from the bag. 


Let A be the event that the first disc is blue, and B be the event that the second 
disc is blue. 


; _ 4~=— 4 blue discs remaining 
Now, if A occurs, then P(B) — 7 <— 7 discs left to choose from 


_ 5 «=— 5 blue discs remaining 


However, if A does not occur, then P(B) = 7 «— 7 discs left to choose from 


The occurrence of A does affect the probability of B occurring. Therefore A and B are dependent 
events. 
The rule for finding compound event probabilities for dependent events is different from the rule for 


independent events. 


If A and B are dependent events, then P(A and B) = P(A) x P(B given that A has occurred). 


Example 11 =) Self Tutor 


A fruit bowl contains 3 apples and 5 oranges. Callan selects 
a piece of fruit at random, and eats it. His sister Michelle 
then selects a piece of fruit for herself. 


Find the probability that: 
ἃ both pieces of fruit selected are apples 


Ὁ Callan selects an orange and Michelle selects an apple. 


a P(both are apples) 
= P(Callan selects an apple and Michelle selects an apple) 
= P(Callan selects an apple) 
x P(Michelle selects an apple given that Callan selects an apple) 


Cc 2 apples remaining 
7 «— 7 pieces of fruit to choose from 
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b P(Callan selects an orange and Michelle selects an apple) 
= P(Callan selects an orange) 
x P(Michelle selects an apple given that Callan selects an orange) 


3 +— 3 apples remaining 


x ; 
7 +— 7 pieces of fruit to choose from 


τ 
ὃ 
15 
56 


EXERCISE 13E.2 


1 A bucket contains 2 orange, 5 white, and 3 yellow ping pong balls. Two balls are selected at random 
from the bucket, the second being selected without replacing the first. Find the probability that: 


ἃ both balls are orange Ὁ the first ball is yellow, and the second ball is white. 
2 Two cards are selected, without replacement, A [2 [3 [445 4944] 434} 4,4. Δα.) | 
from a standard deck of 52 cards. Find the 
probability that ΠΝ 
ἃ both of the cards are red 


Ὁ the first card is a club, and the second card 
is a diamond 


c both of the cards are aces. 


Example 12 ™)) Self Tutor 


A container holds 3 banana iceblocks, 4 chocolate iceblocks, and 2 raspberry iceblocks. George 
randomly selects an iceblock from the container and eats it. His brother Oliver then randomly 
selects an iceblock from the container. 


a Draw a tree diagram to display the possible outcomes. 
Ὁ Find the probability that the brothers selected the same type of iceblock. 
a [οἱ B represent a banana iceblock, Oliver 


C represent a chocolate iceblock, and BV 
R represent a raspberry iceblock. 


George has 9 iceblocks to 
choose from. Oliver has only 
8 iceblocks to choose from. 


b P(brothers selected the same type of iceblock) 
ΞΡΙΒΗ οὐ ce. or RR) {those marked v } 


τ} 
ir 3 3 
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A drawer contains 5 blue pens, 3 red pens, and 2 green pens. A pen is selected at random from the 
drawer and put to one side. A second pen is then selected at random from the drawer. 
a Draw a tree diagram to display the possible outcomes. 
Ὁ Find the probability that: 
i the selected pens are the same colour ii exactly one of the pens is green. 


Matt is the best player in his lacrosse team. He has an 
injured knee, and has only a 60% chance of playing the 
next game. The team has a 70% chance of winning the 
next game if Matt plays, but only a 45% chance of winning 
if he does not play. 


a Represent this information on a tree diagram. 


Ὁ Find the probability that the team will win the next 
game. 


In a netball team, the Goal Shooter takes 65% of the team’s shots, and scores 70% of the time. The 
Goal Attack takes the remainder of the shots, and scores 60% of the time. 
Find the probability that the team will score with their next shot. 


A fair coin is tossed. If the result is heads, one marble is selected from 
the bag alongside. If the result is tails, two marbles are selected, without 
replacement. Find the probability that at least one red marble will be 
selected. 


The spinner below is used to select box A, B, or C. Two discs are then randomly selected without 
replacement from that box. 


Box A Box B Box C 


Find the probability that exactly one green disc is selected. 


A coin is selected at random from pot A and placed in pot B. 
Then, a coin is selected at random from pot B and placed in 
pot A. Finally, a coin is selected at random from pot A. Find 
the probability that this coin is gold. 


PotA Pot B 


Jill and Mandy are considering whether to go to a party. If their friend Donna does not go, the 
probability that Jill will attend is 0.4, and the probability that Mandy will attend is 0.6. If Donna 
does go to the party, Jill and Mandy’s probabilities will increase to 0.5 and 0.7 respectively. 

The probability that Donna will go to the party is 0.8. Find the probability that exactly two of the 
three friends will attend. 
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10 A frog is in the middle of a 3 x ὃ. arrangement of squares. 
Each time the frog jumps, it lands with equal probability on one of 
the adjacent squares (either horizontally, vertically, or diagonally). 
Find the probability that, after 3 jumps, the frog is on: 


a the middle square Ὁ acorner square 


¢ an edge square that is not a corner square. 


We are often interested in the probability of an event occurring given that another event occurs. 


For example: 

“Given that it is raining, what is the probability of Newcastle 
winning?” 

“Given that George likes sausages, what is the probability 


that he also likes steak?” 


“Given that Mae has to pick up her son on the way, what is 
the probability that she will be late?” 


If A and B are events, then P(A |B) means “the 
probability of A occurring given that B has occurred”. 


A | Bis read as 
‘A given B’. 


Venn diagrams, two-way tables, and 2-dimensional grids 
are useful for answering questions involving conditional 
probability. 


Example 13 ™)) Self Tutor 


In a group of 25 students, 15 like milk (4). and 17 like iced coffee (C’). Two students like neither, 
and 9 students like both. 
One student is randomly selected from the class. Find the probability that the student: 

ἃ likes milk Ὁ likes milk given that he or she likes iced coffee. 


a 15 of the 25 students like milk. 
P(M)= 3 =3 

Ὁ Of the 17 who like iced coffee, 9 also like milk. 
P(M|C)=3 
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EXERCISE 13F 


1 


h 


In a class of 25 students, 19 have fair hair, 15 have blue eyes, and 22 have fair hair, blue eyes, or 
both. A child is selected at random. Find the probability that the child has: 


a fair hair and blue eyes Ὁ blue eyes, given that the child has fair hair. 
A French examination has an aural part and a written part. When 30 students sit for the examination, 


25 pass aural, 26 pass written, and 3 fail both parts. Determine the probability that a randomly 
selected student: 


a passed written, given that they passed aural 
Ὁ failed written, given that they passed aural. 


28 members of a youth group went bushwalking. 23 got 
sunburn, 8 got blisters, and 5 got both sunburn and blisters. 
Determine the probability that a randomly selected person: 


ἃ got blisters or sunburn 
Ὁ got blisters, given that the person was sunburnt 
¢ was sunburnt, given that the person did not get blisters. 


In a small town there are 3 supermarkets: P, Q, and R. 60% of the population shop at P, 36% shop 
at Q, and 34% shop at R. 18% shop at P and Q, 15% shop at P and R, 4% shop at Q and R, and 
2% shop at all 3 supermarkets. A person is selected at random. 
Determine the probability that the person shops at: 

a none of the supermarkets 

Ὁ Ρ given that the person shops at at least one supermarket 
ς R, given that the person shops at P or Q or both 
d 


Q, given that the person shops at exactly one supermarket. 


Example 14 ™) Self Tutor 


A restaurant owner collected the following data from his customers one night: 


Amount 
spent 


Find the probability that a randomly selected customer: 
spent at least $20 
spent less than $20, given that they had their meal delivered 
dined in, given that they spent less than $20. 


Amount 
spent 


a P(spent at least $20) = 59 
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6 Of the 22 customers who had their meal delivered, 9 spent less than $20. 
P(spent less than $20 | delivered) = = 


c Of the 38 customers who spent less than $20, 12 dined in. 


P(dined in | spent less than $20) = ἐξ = 4 


5 Lee’s soccer team played 37 games this season. Their results 
are shown in the two-way table alongside. 


Find the probability that a randomly selected game was: 


a won Ὁ won, given that it was at home 
¢ at home, given that it was won. 


6 The Year 10 students at a school were asked how many 
people and pets lived in their house. The results are shown 
alongside. 
Find the probability that a randomly selected student’s 
house has: Number 


‘pet. 
a 2 pets, given that it has 4 people of pets 


Ὁ 3 people, given that it has at least 2 pets 
ς at most 1 pet, given that it has at least 4 people. 


Example 15 ™)) Self Tutor 


A pair of dice is rolled. Given that at least one of the dice shows a 6, find the probability that the 
sum of the rolls is 10. 


Let A be the event “‘the sum of the rolls is 10”. 
Let B be the event “at least one of the dice shows a 6”. 


Of the 11 outcomes in B {those highlighted}, 2 of the 
outcomes are also in A {those with a x}. 


P(A| B) = ἃ 


7 A pair of dice is rolled. 
a Given that both of the dice show less than 5, find the probability that the sum of the rolls is 6. 
Ὁ Given that the sum of the rolls is 8, find the probability that at least one of the dice shows a 3. 
8 Suppose each spinner alongside is spun once. 


Given that exactly one of the spins is green, find 
the probability that the result of spinner 2 is green. 


Spinner 1 Spinner 2 
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9 Acard is selected at random from each of the bags 
shown. 
a Find the probability that the card drawn from 
bag A is a 4. 
Ὁ You are told that the sum of the selected cards 
is 5. 


i Do you think this increases or decreases the probability that the card drawn from bag A 
is a 4? Explain your answer. 

ii Find the probability that the card drawn from bag A is a 4, given that the sum of the 
selected cards is 5. 


EVENTS 


a 


- 
τ Ϊ - 


MUTUALLY EXCLUSIVE EVENTS 


Two events are mutually exclusive or disjoint if they have no common outcomes. 


If A and B are mutually exclusive events then P(A and B) = 0. 
For example, suppose we select a card at random from a normal pack of 52 playing cards. Consider 
these events: 
Event X: the card is a heart Event Y: the card is an ace Event Z: the card is a 7 


Notice that: 


e X and Y have a common outcome, the Ace of hearts 
e X and Z have a common outcome, the 7 of hearts 
e Y and Z do not have a common outcome, so they are mutually exclusive. 


The events Y and Z are shown on the 2-dimensional grid below: 


If two events A and B are mutually exclusive, then 


P(A or B) = P(A) + P(B) 
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Now consider the events X and Z, which are not mutually exclusive since they have a common outcome: 
the 7 of hearts. 


Notice that P(X or Z)= 28 and P(X) +P(Z)=B+5 =H. 


These values are not the same, since when we find P(X) + P(Z) the common outcome is counted 
twice. 


Actually, P(X or Z) = P(X) + P(Z) — P(X and Z). 


If two events A and B are not mutually exclusive then 


P(A or B) = P(A) + P(B) — P(A and B). 


Notice the similarity to 
n(A ὦ B) = n(A) + n(B) — n(AN B). 


Example 16 ™)) Self Tutor 
Suppose P(A) = 0.2, P(B) = 0.6, and P(A and B) = 0.1. 


a Are A and B mutually exclusive events? Explain your answer. 
Ὁ Find P(A or B). 


a A and B are not mutually exclusive, since P(A and B) 4 0. 
Ὁ P(A or B) = P(A) + P(B) — P(A and B) 

= 0.2+0.6—0.1 

= ().7 


INDEPENDENT EVENTS 


In Section E, we saw that two events are independent if the occurrence of each event does not affect 
the occurrence of the other. 


If A and B are independent events, then P(A and B) = P(A) x P(B). 


Example 17 ™)) Self Tutor 
Suppose P(X) =0.6 and P(Y)=0.2. Find P(X and Y) given that X and Y are: 


a mutually exclusive Ὁ independent. 


a If X and Y are mutually exclusive, then P(X and Y) = 0. 

b If X and Y are independent, then P(X and Y) = P(X) x P(Y) 
= 0.6 x 0.2 
— 1} 
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EXERCISE 13G 


1. An ordinary die with faces 1, 2, 3, 4, 5, and 6 is rolled once. Consider these events: 


A: rolling a 1 B: rolling a 3 
C: rolling an odd number 1): rolling an even number 
FE: rolling a prime number F: rolling a result greater than 3. 


List the pairs of events which are mutually exclusive. 
2 A coin and an ordinary die are tossed and rolled simultaneously. 
a Draw a grid showing the 12 possible outcomes. 
Ὁ Let A be the event ‘tossing a head’ and B be the event ‘rolling a 5’. 
i Are A and B mutually exclusive? Explain your answer. 


ii Find P(A or B) and P(A and B). 
iii Check that P(A or B) = P(A) + P(B) — P(A and B). 
3 Suppose P(A) = 0.7, P(B) = 0.2, and P(A and B) = 0.15. 
a Are A and B mutually exclusive events? Explain your answer. 
Ὁ Find P(A or B). 
4 Suppose P(X) = 0.3 and P(X or Y) = 0.7. Given that X and Y are mutually exclusive, 
find P(Y). 
5 Suppose P(C’)=0.6 and P(D) = 0.7. Explain why C and D are not mutually exclusive. 
6 Let P(A) =0.4 and P(B) =0.25. Find P(A and B) given that A and B are: 
a mutually exclusive Ὁ independent. 
7 X and Y are independent events such that P(X) =0.5 and P(Y)=0.3. Find P(X or Y). 


A and B are independent events such that P(A or B) = 0.9 and P(A and B) = 0.4. Find P(A) 
and P(B) given that P(A) > P(B). 


REVIEW SET 13A 


1 Donna kept records of the number of clients she | Number of clients | Free 
interviewed over consecutive days. | 


mo — ie 


a For how many days did Donna keep records? 


μ-- 
bo 


Ὁ Estimate the probability that tomorrow Donna will 
interview: 
i no clients 
ii four or more clients 
lii less than three clients. 


8 
6 
3 
0 
2 


2 A coin and a pentagonal spinner with sides labelled A, B, C, D, and E are tossed and spun 
simultaneously. Illustrate the possible outcomes using a 2-dimensional grid. 


3 When a box of drawing pins was dropped onto the floor, 49 pins 
landed on their backs, and 32 landed on their sides. Estimate, to » 
2 decimal places, the probability of a drawing pin landing: ἢ 


ἃ on its back Ὁ on its side. 


h 


PROBABILITY (Chapter 13) 301 


A wheel numbered 1 to 20 is spun. 
Find the probability that the result is: 
a 13 
Ὁ a multiple of 3 
¢ greater than 11. 


On a particular day, 500 people visited a carnival. 300 people rode the Ferris wheel, and 
350 people rode the roller coaster. Each person rode at least one of these attractions. 


a Display this information on a Venn diagram. 
Ὁ Find the probability that a randomly chosen person: 


i rode the Ferris wheel, but not the roller coaster 
li rode the roller coaster, given that they rode the Ferris wheel. 


A bag contains 4 green and 3 red marbles. Two marbles are randomly selected from the bag, 
the first being put to one side before the second is drawn. Determine the probability that: 


a both are green b they are different in colour. 


A chess piece is placed on a random square of an 8 x 8 
chess board. A second piece is then placed at random on one 
of the unoccupied squares. 

Find the probability that: 


ἃ the two pieces lie on the same row 


Ὁ the pieces lie on the same row or column. 


Brothers Paul, Cameron, and Bruce play in the same rugby 
team. Their probabilities of getting injured during the season 
are 0.4, 0.3, and 0.2 respectively. What is the most likely 
number of injured brothers during the season? 


A married couple own a large car and a small car. Glen uses 
the small car 30% of the time. When he goes to the shops, 
the probability that he can park in the car park is 80% if he 
has the small car, and 60% if he has the large car. 

Find the probability that, on a given day, Glen is able to park 


in the shop’s car park. EF 
| Softcover | 3 | 22 | 6 
a How many books are on Elizabeth’s 
bookshelf? 


Ὁ Find the probability that a randomly selected book is: 


The two-way table alongside describes the 
books on Elizabeth’s bookshelf. 


i a softcover book ii a hardcover reference book 
fii a novel, given that it has a hard cover. 
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11. A ball is selected from box A and 
placed in box B. A ball is then 
selected from box B, and placed in 
box C. A ball is then selected from 
box C. 


Find the probability that the ball is 
blue. Box A 


12 Tyson has one of each type of Australian coin in 
his pocket. He randomly selects two coins from his 
pocket, replacing the first coin before selecting the 
second. 

a Draw a 2-dimensional grid to display the possible 
outcomes. 
Ὁ Find the probability that: 
i both coins are silver Sa 
ii at least one of the coins is the 50 cent coin saci 
lili the value of the coins is at least 65 cents. 


¢ Given that the value of the coins is at least 65 cents, 
find the probability that at least one of the coins 
is gold. 


13 Let P(A) =0.2 and P(B) =0.7. Find P(A and B) 
given that A and B are: 


a mutually exclusive Ὁ independent. 


REVIEW SET 13B 


1. Pierre conducted a survey to determine the ages of people walking 
through a shopping mall. The results are shown in the table 
alongside. Estimate the probability that the next person Pierre meets 
in the shopping mall will be: 


ἃ between 20 and 39 years of age 


Ὁ less than 40 years of age  ¢ at least 20 years of age. 


2 Use a tree diagram to illustrate the sample spaces for the following: 


a Bags A, B, and C contain green and yellow tickets. A bag is selected and then a ticket 
taken from it. 


Ὁ Martina and Justine play tennis. The first to win three sets wins the match. 


3 The two-way table alongside shows the results from asking 
the question “Do you like the school uniform?”. 
If a student is randomly selected from these year groups, 
estimate the probability that the student: 


8 likes the school uniform 


Ὁ dislikes the school uniform 
¢ is in Year ὃ and dislikes the uniform. 
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The digits 1, 6, and 9 are placed in random order to create a 3 digit number. Find the probability 
that this number will be a perfect square. 


A farmer fences his rectangular property into 9 rectangular 
paddocks as shown. 

A paddock is selected at random. Find the probability that it 
has: 


a no fences on the boundary of the property 
Ὁ one fence on the boundary of the property 
¢ two fences on the boundary of the property. 


A paper plate is tossed in the air 50 times. It lands face up 37 times, and lands face down 
13 times. 


a Estimate the probability that the paper plate will land face up next time it is thrown. 


Ὁ If the plate is tossed in the air three times, estimate the probability that the plate will land 
face down on all three occasions. 


Bag X contains three white and two red marbles. Bag Y contains one white and three red 
marbles. A bag is randomly chosen, and two marbles are drawn from it. 


a Illustrate the given information on a tree diagram. 


Ὁ Determine the probability of drawing two marbles of the same colour. 


A knife block contains 6 knives of different sizes. Each knife fits 
exactly into its specific hole, and will also fit into the holes of larger 
knives. 

Suppose a knife is chosen at random, and a hole in the knife block 
is chosen at random. Find the probability that the knife will fit in 
the hole. 


Matthew is taking a mathematics test. There is a 2% chance that his calculator will not work. If 
his calculator works, Matthew has a 70% probability of passing the test. If his calculator does 
not work, Matthew has a 55% probability of passing the test. 

Find the probability that Matthew passes the test. 


Events A, B, and C are all mutually exclusive with each other. 
P(A or B) = 0.5, P(B or C) = 0.75, and P(A or C’) = 0.55. Find the probability of each 
event occurring. 


The spinners alongside are each spun once. 
Given that the spins are the same colour, 
find the probability that they are both red. 
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Shelley draws 3 cards without replacement from the 
container alongside. She will win a prize if all 3 cards 
are the same colour. 
ἃ Find the probability that Shelley will win a prize. 
Ὁ Suppose the rules change so that Shelley now draws 
her cards with replacement. 


i Do you think this increases or decreases her probability of winning? Explain your 
answer. 
ili Find the probability of Shelley winning. 


In a weightlifting competition, 3 competitors are 
given one chance to lift a weight of their choosing. 


The table alongside shows the weights chosen by Thor 0.5 
each competitor, and their probability of lifting it. Ruslan 
The winner is the competitor who successfully lifts Behdad 


the greatest weight. If nobody lifts their weight, the 
competition is a tie. 

ἃ Find the probability that: 

i Thor ii Ruslan iii Behdad 
will win the competition. 

Ὁ Ihor is considering increasing his weight to 
230 kg, so he is lifting more than Ruslan. 
However, the probability that he can lift this 
weight is only 0.34. 

Would this strategy increase or decrease [hor’s 
probability of winning the competition? 


Formulae 


Contents: 


™oAwWD 


Formula construction 
Substituting into formulae 
Rearranging formulae 
Rearrangement and substitution 
Predicting formulae 
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OPENING PROBLEM 


In Gaelic football games, each goal is worth 3 points. 


While watching a football game, Josh noticed something 
unusual about Mayo’s score. 


Mayo had scored 2 goals and 6 points, which is a total of 
12 points, but he also recognised that 2 x 6 = 12. 


Josh wondered whether there were other football scores 
with this property. 
Things to think about: 
a Fora score of g goals and p points to have this property, can you explain why 3g + p= gp? 
Ὁ Can you rearrange this formula to make p the subject? 
¢ By substituting different values for g, can you find other scores which have this property? 


A formula is an equation which connects two or more variables. 
For example, the formula s = - relates the three variables speed (s), distance travelled (d), and time 
taken (t). 


We usually write a formula with one variable on its own on the left hand side. The other variable(s) and 
constants are written on the right hand side. 


The variable on its own is called the subject of the formula. We say this variable is written in terms of 
the other variables. 


When we try to construct a formula to connect related variables, we often start with numerical examples. 
They are useful to help us understand the situation before we generalise the result. 


Example 1 ™)) Self Tutor 
Write a formula for the amount $A in a person’s bank account if 
initially the balance was: 
a $5000, and $200 was withdrawn each week for 10 weeks We do not simplify the 


$5000, and $200 was withdrawn each week for w weeks amount in a because we 
want to see how the 


b 
ς $5000, and $x was withdrawn each week for w weeks 
d formula is put together. 


$B, and $x was withdrawn each week for w weeks. 


A = 5000 — 200 x 10 A = 5000 — 200 x w 
᾿ς A= 5000 — 200w 


A=5000-—a2xw A=B-2zxw 
A = 5000 — zw > A=B-sw 
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EXERCISE 14A 


1. Write a formula for the amount $A in a bank account if the initial balance was: 
a $2000, and then $150 was deposited each week for ὃ weeks 
Ὁ $2000, and then $150 was deposited each week for w weeks 
¢ $2000, and then $d was deposited each week for w weeks 
d $P, and then $d was deposited each week for w weeks. 


2 Write a formula for the total cost £C of hiring a plumber 
given a fixed call-out fee of: 


a £40, plus £60 per hour for 5 hours of work 
Ὁ £40, plus £60 per hour for ¢ hours of work 
ς £40, plus δ per hour for t hours of work 
d £F, plus £z per hour for t hours of work. 


3 In a multiple choice mathematics competition, students are awarded 3 points for each question 
answered correctly, and penalised 1 point for each question answered incorrectly. Write a formula 
for the number of points P scored by a student who: 


a answers 15 questions and gets 10 of them correct 
Ὁ answers 20 questions and gets c of them correct 
¢ answers a questions and gets c of them correct. 


4 A musical recital consists of performances by a number of musicians, with a short break between 
each performance. Write a formula for the duration D minutes of a recital consisting of: 
a 4 performances of 6 minutes each, with a 
2 minute break between performances 
Ὁ 5 performances of m minutes each, with a 
3 minute break between performances 
¢ 8 performances of m minutes each, with a 
δ minute break between performances 


dp performances of m minutes each, with a 
δ minute break between performances. 


5 A rectangular paddock is fenced into a rectangular array 
of yards so that each yard is connected by a gate to each 
adjacent yard. A 2x 3 arrangement of yards is shown 


alongside. 
Find a formula for the number of gates G for: 
a a 2x3 arrangement 


Ὁ a 3x5 arrangement 
ς a 4x4 arrangement 


d an mx n arrangement. 
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Example 2 ™)) Self Tutor 


The illustrated door consists of a semi-circle and 
a rectangle. Find a formula for the area of the 
door in terms of the width w and height h of the 
rectangular part. 


We can use known 
geometric formulae 
to help construct 
formulae for more 
complicated shapes. 


The area of a rectangle = height x width 


= hw 
The radius of the semi-circle is 


the area of the semi-circle = 5 x (area of full circle) 


1 
2 
1 
2 
1 
2 


6 Find a formula for the area A of each of the shaded regions: 


a b a ς 


= 
=«c- 


d f 
7 Find a formula for the volume V of each of the following objects: 
a b ς 


a 


ΕΞ 
\ 
δ 


area, A 
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8 Find a formula for the surface area A of each of the following: 


9 Acylindrical pipe has outside radius R, inside radius r, 
and length /. Show that the volume of concrete used 
to make the pipe is given by 

V=nl(R+4+1r)(R-Y7). 


ΙΝΥΕΘ5ΤΙΟΑΤΙΟΝ 


When we construct a formula, it is good to check that: 


e We only ever add or subtract variables of the same kind. 
For example, it does not make sense to add a length variable to a time variable. 


e The dimensions on the LHS must match the dimensions on the RHS. 


If either of these things is not true then we know the formula must be incorrect. 


; d : : , ᾿ 
For example, consider the speed formula s = τ where s is the speed, d is the distance travelled in 


metres, and ¢ is the time taken in seconds. 


The dimensions on the RHS are — = m ~ 5, 80 the units of speed must be m/s or Π15. 
5 


What to do: 


1 The formula for the density of a solidis D= το where M is the mass of the solid in kg 


and V is the volume of the solid in m°. 


Determine the units of density. 


2 When a solid object is dropped, it falls with gravity according to the formula D = Jgt?, 
where D is the distance fallen in metres, g is the Earth’s gravitational constant, and ἐ is the time 
in seconds. 

Determine the units of the Earth’s gravitational constant. 


3 In Exercise 14A question 9 we showed that if a cylindrical pipe has outside radius R, 
inside radius r, and length J, then its volume is given by V =a7l(R+r)(R—-r). 
Explain why this formula is dimensionally correct. 
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Suppose a formula contains two or more variables, and we know the value of all but one of them. We can 
substitute the known values into the formula to find the corresponding value of the unknown variable. 


Step 1: Write down the formula. 
Step 2: State the values of the known variables. 
Step 3: Substitute the known values into the formula to form a one variable equation. 


Step 4: Solve the equation for the unknown variable. 


Example 3 =) Self Tutor 


When a stone is dropped from a cliff, the total distance fallen after t seconds is given by the 
formula D = gt? metres, where g =9.8 m/s?. Find: 


the distance fallen after 4 seconds 


- th second, taken for the stone to fall 200 metres. 


the time, to the nearest 75 


D=4gt? where g=9.8 and t=4 
D=% x98 x 4? = 78.4 
the stone has fallen 78.4 metres. 


D=gt? where D=200 and g=9.8 
+ x 9.8 x t* = 200 
4.9t7 = 200 


ΙΞ5.Ξ 90 
ΞΜ 
— τ {{ must be positive} 
t + 6.39 


the time taken is about 6.39 seconds. 


EXERCISE 14B 


1. The formula for finding the circumference C’ of a circle with radius r 
is C=2ar. Find: 
a the circumference of a circle of radius 4.2 cm 
Ὁ the radius of a circle with circumference 112 cm 
ς the diameter of a circle with circumference 400 metres. 


2 When a stone is dropped from the top of a cliff, the distance fallen after t seconds is given by the 
formula D = gt? metres, where g =9.8 m/s’. Find: 
ἃ the distance fallen in the first 2 seconds 
Ὁ the time taken for the stone to fall 100 metres. 
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3 The area A of a circle with radius ris A=ar?. Find: 


ἃ the area of a circle with radius 6.4 cm 
b the radius of a circular swimming pool which has an area of 160 m?. 


4 The volume of a cylinder with radius r and height h is given by 
V =a_r7h._ Find: 
a the volume of a cylindrical tin can with radius 8 cm and height 
21.2 cm 
Ὁ the height of a cylinder with radius 6 cm and volume 120 cm? 


ς the radius, in mm, of a copper pipe with volume 470 cm? and length 
6 m. 


The formula for the surface area A of a sphere with radius r is 
A=4nr?. Find: 
ἃ the surface area of a sphere with radius 7.5 cm 
Ὁ the radius, in cm, of a spherical balloon which has a surface 
area of 2 m?. 


6 The period or time taken for one complete swing of a simple point of support 
pendulum is given approximately by J’ = Ξ ἰ seconds, where : 
ἰ is the length of the pendulum in centimetres. Find: 


ἃ the time for one complete swing of a pendulum with length 
45 cm 


Ὁ the length of a pendulum which has a period of 1.8 seconds. 


pendulum 


ACTIVITY 


Luigi’s Pizza Parlour has a ‘Seafood Special’ pizza advertised this week. 


“Seafood Special” 

LUIGPS Small €8.00 

PIZZAS — Medium €10.60 

ἊΝ Free Delivery! Large €14.00 
Family  €18.20 


Small Medium Large Family 


Sasha, Enrico, and Bianca each attempted to find Luigi’s formula for the price €P of each pizza size. 
The formulae they worked out for a pizza of radius r cm were: 


17r —2 | - Ὁ ; - 
ΠΒΠΗ:  ὙΞ --- Enrico: P= oe Bianca: P=5+ = 


What to do: 
1. Investigate the suitability of each formula. 


2 Luigi is introducing a Party size pizza of diameter 54 cm. What do you think his price will be? 
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In the formula D=at+p, JD 1s expressed in terms of the other variables, x, t, and p. We say that 
D is the subject of the formula. 


We can rearrange a formula to make one of the other variables the subject. However, we must do this 
carefully to ensure that the formula is still true. 


We rearrange formulae using the same processes which we use to solve equations. 
Anything we do to one side we must also do to the other. 


Example 4 ™)) Self Tutor 


Make y the subject of: 
a 27+ ὃν = 12 


a 2x+3y=12 
ϑυ Ξ- 12 --δὲὸ {subtracting 2x from both sides} 


— 1*~*f {dividing both sides by 3} 


{adding cy to both sides} 
{subtracting x from both sides} 


{dividing both sides by c} 


EXERCISE 14¢€ 
1 Make y the subject of: 


a 22+ 5y = 10 Ὁ 32+ ἀν = 20 ς 2r7-y=8 

α 27+7y=14 @ 52+ 2y = 20 f 2. -3y = —-12 
2 Make z the subject of: 

apt+2=r Ὁ ry=2 ε 3r+a=d 

d 5S%+2y=d @ ax+by=p f y=mr+c 

g 2+txr=s ἢ pt+qr=m i 6=a+ ber 


3 Make y the subject of: 
a z=t—bdy Ὁ c—2y=p ς a—3y=t 
d n-—ky=5 ς a—by=n f p=a-ny 
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™)) Self Tutor 


Example 5 


Make z the subject of c= 


7m 
Ζ 


{multiplying both sides by z} 


{dividing both sides by c} 


4 
a az =? b “=d ς = 
Cc Zz d 
ae ὰ “.- Ὁ ἐ- 
2. κα zon z a—b 
5 Make: 
a a_ the subjectof F' = ma Ὁ r the subject of Οὗ =27r 
ς d_ the subject of V =Idh d Καὶ the subject of Α- 
bh PRT 


f JT the subject of J = — 
100 


ς ἢ the subjectof A= - 


6 The surface area of a cylinder with radius r and height h is given 
by A= 2πγ2- 2mrh. 
Rearrange this formula to make h the subject. 


exampie 6 "() Self Tutor If the variable we wish 


to be the subject is raised 

to a power, we apply the 

inverse power operation 
to isolate the variable. 


Make ἐ the subject of 5 = οί", given that t > 0. 


{rewriting with t? on the LHS} 
{multiplying both sides by 2} 


{dividing both sides by g} 


ast 0} 


7 Make: 
5 
a r_ the subjectof A=ar?, r>0 Ὁ « the subjectof N= = 
a 
ς k the subject of M =5k° d «x the subject of D=— 
ΜΗ 


e x thesubjectof ῳ-- 4.2 --Τ f Q the subject of P? = Q? + R? 


Example 7 ™)) Self Tutor 


5 
| 
ale 


‘ a 
Make z the subject of 7’ = TE 


2 
{squaring both sides} 


Ἢ 

| 
eo ae oe 
als 


Q 
nN 


Ἢ 
| 


~~ 
i) 
8 
|| 
Jas Be 5] 


elie 


{multiplying both sides by x} 


8 
| 


{dividing both sides by ΤῊ} 


a the subjectof d= a 1 the subject of T = ἑνῖ 
Th 
a the subject of c= Va? — b’? d the subject of Pe = 
a 
ἰ the subjectof T= "τῳ 5 b the subject of A= ΝΣ 
9 


Example 8 οὐδ. 8 10}8 (“te the variable we wish to 


be the subject appears more 
than once, we will need 
factorisation or expansion. 


Make z the subject of αἱ - ὃ ΞΞ δα - α. 


azr+3=br+d 
ax —bx =d—3 {writing terms containing x on the LHS} 


σία -- θ) =d-3 {x is ἃ common factor on the LHS} 


ἘΞ 5 : {dividing both sides by (a —b)} 


a 


Make «x the subject of: 
37 +a=brtc ax =c—bzx mzt+a=nx—2 
82 +a= —bx α--κ Ξε ῦ -- ΟΣ γη-αἀτεο-- 51 


Example 9 ™)) Self Tutor 


{multiplying both sides by (x — b)} 


“ Tx=a+Tb {adding Tb to both sides} 


pe i {dividing both sides by T} 
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10 Make: 
a a_ the subjectof P= ——- Ὁ r_ the subjectof T= . 
a+b g+r 
B ; 3 
¢ ᾳ the subject of A= -----Ὁ d «1 the subjectof A= —— 
P—4q 2r+y 


᾿ x. 4 
e y the subjectof M = 


Example 10 ™)) Self Tutor 


Make z the subject of y= τ 
mA pe _ 


{multiplying both sides by (x — 1)} 
{expanding the brackets} 


{writing the terms containing x on the LHS} 
{1 is a common factor} 


11. Make zx the subject of: 


ἃ _ 4 b . £=— 3 ὲ _ ῶὥἔυ05--Ο2͵ 
I~ oa I~ Tye I~ 73 
45 -- 1 32+ 7 
d = ]@ = 
J 2-2 J 3 — 2x 
5 6 
=) " ,,---3-- 
$Y Smarr J ῳ -- 2 


12 Inacarnival sideshow, William is given two attempts to 
hole a golf putt. If he succeeds with either attempt then 
he wins a prize. Given that William has probability p 
of missing each putt, the expected number of games he 


needs to play in order to win a prize is N = 


Rearrange this formula to make p the subject. 


In the section on formula substitution, the known variables were replaced by numbers, and we then solved 
an equation to find the unknown. 


In situations when we need to perform this process several times, it is quicker to rearrange the formula 
first, and then substitute. 
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Example 11 ™)) Self Tutor 


The volume of a cone is given by V = 3nrh, 
where r is the base radius and h is the height. 


a Rearrange this formula to make r the subject. 
Ὁ Hence, find the base radius of a cone with: 

i height 6 cm and volume 100 cm? 

ii height 10 cm and volume 200 cm? 


iii height 15 cm and volume 150 cm’. 


{multiplying both sides by 3} 
{dividing both sides by zh} 


{as r must be positive} 


h 
6 i When h=6 and V = 100, r=,/-~“ = ,/> ~ 3.99 
xzxX6 π 


So, the base radius is approximately 3.99 cm. 


ii When h=10 and V = 200, r= [52ΞΞΞ - [33 α 487 
πΧΊ0 π 


So, the base radius is approximately 4.37 cm. 


iii When h=15 and V = 150, a (5535 - 30 ~ 3.09 
x x15 π 


So, the base radius is approximately 3.09 cm. 


EXERCISE 14D 


1. The area of a sector with radius r and angle @ is given by the 


formula A= τς x πγῶ. 


360 
a Rearrange this formula to make @ the subject. 
Ὁ Hence, find the angle of a sector with: 
i radius 3 cm and area 5 cm? 
ii radius 7 cm and area 45 cm? r 
iii radius 8.5 cm and area 135 cm?. 
d? 
2 a Make a the subject of the formula K = aa 
a 
Ὁ Find the value of a@ when: 
| K=112, d=24, b=2 li K =400, d=72, b=0.4 


3. The height of a bush after ¢ years is given by the formula H =1+ ν metres. 
a Rearrange this formula to make ¢ the subject. 


Ὁ How long will it take for the bush to reach a height of: 
i 2m li 3m ii 3.5 m? 


7 The surface area of a rectangular prism with dimensions 
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The formula for the volume V of a sphere with radius r is 
= Sar’. 
a Make r the subject of the formula. 
Ὁ Find the radius of a sphere which has volume: 
i 40 cm? ii 800 cm? iii 1000000 cm’?. 


An object with constant acceleration a m/s? travels s m. Its initial speed is u m/s and its final speed 


is v m/s. The variables are connected by the formula υ — u? = 2as. 


a Rearrange the formula to make v the subject, where wv > 0. 
Ὁ Find the final speed of an object which travels: 
i 100 m with initial speed 5 m/s and constant acceleration 2 m/s? 
ii 1.5 km with initial speed 10 m/s and constant acceleration 0.9 m/s?. 


The winning percentage of a tennis player who has won w matches and lost / matches is given by 
x 100%. 


the formula P — — 
w+l 


a Find the winning percentage of a player who has won 10 matches and lost 7 matches. 

Ὁ Rearrange the formula to make w the subject. 

¢ This year Mary has lost 15 matches, with a winning percentage of 37.5%. How many matches 
has she won? 


d Over his career, Claude has won 84 matches and lost 49 matches. His aim is to increase his 
winning percentage to 65%. How many consecutive matches must he win to reach his target? 


a units by ὃ units by c units is given by the formula 
A = 2(ab + ac + bc). 


a Make ¢ the subject of the formula. 
Ὁ Hence, find c in the following: 


i surface area = 180 cm? ii surface area = 102 cm? lil surface area = 531 cm? 
" Bp: 
ccm 
g 6cm 2cm 
cm 
Consider two objects with masses m, kg and mz kg, which 
are d m apart. The gravitational force between the objects 
is given by the formula --( 
F=G > Newtons 


where G ~ 6.67 x 10~'! is the universal gravitational constant. 


a The Earth has mass 5.97 x 1074 kg, and the Moon has mass 7.35 x 1022 kg. Given that 
the Earth and the Moon are approximately 3.82 x 10° τὴ apart, find the gravitational force 
between them. Give your answer in scientific notation. 


Ὁ Rearrange the formula so that d is the subject. 
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¢ i The Sun has mass 1.99 x 10°° kg. Given that the gravitational force between the Sun 
and the Earth is 3.54 x 1022 N, find the distance between the Sun and the Earth. 
ii Two planets each have mass 2.32 x 107° kg, and the gravitational force between them is 
1.76 x 10'4 N. Find the distance between the planets. 


9 Consider a square-based pyramid whose edges are all s units long. 
a Show that the surface area of the pyramid is given by 


A=s*(14+ 73). 


Ὁ Rearrange this formula to show that 5 = , /=(v3 —1). 


ς Find the side length if the pyramid has surface area: 
i 50 cm? ii 150 cm? iii 600 cm?. 


10 Answer the Opening Problem on page 306. 
11. The coefficient of restitution of a ball gives a measure of 9 
how ‘bouncy’ the ball is. 


It is given by the formula 
h 
C= 


where H is the drop height and ἢ is the bounce height. 


ἃ Find the coefficient of restitution for the following balls: 


i © 


Ὁ Rearrange the formula to make ἢ the subject. Tennis ball 
ς The coefficients of restitution for several balls dropped onto the Golf ball 
pavement are shown alongside. ΕἸ ΕΝ 


Find how high each of these balls would bounce when dropped onto 
the pavement from a height of 5 metres. 


Superball 


12 According to Einstein’s theory of relativity, the mass of a particle is given by the formula 


m = ——°.— _ where πιο is the mass of the particle at rest, 


1— (2) υ is the speed of the particle, and 


Cc 


cis the speed of light. 


a Make v the subject of the formula. 

b Find the speed necessary to increase the mass of a particle to three times its rest mass, which 
is 3mo. Give the value for v as a fraction of c. 

¢ A cyclotron increased the mass of an electron to 30m o. At what speed was the electron 
travelling, given that c 3x 108 m/s? 
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We can often predict a formula for a general situation by examining simple cases and looking for a 
pattern. 


For example, the set of even numbers is {2, 4, 6, 8, 10, 12, ....}. 


We observe that: the 151 termis 2 x 1 

the 2nd term is 2 x 2 

the 3rd term is 2 x 3, and so on. 
We see from the pattern that the 13th term will be 2 x 13. 
So, we generalise by saying that “the nth even number is 2n”. 


The coefficient 2 in 2n indicates that the terms increase by 2 each time n is increased by 1. 


Example 12 ™)) Self Tutor 
Examine the matchstick pattern: Ve * 


How many matches are needed to make: 
the first diagram Ὁ the second diagram ς the third diagram 
the 4th diagram e the nth diagram? 


3 matches Ὁ 5 matches ¢ 7 matches 


The fourth diagram is vi Vs WW. , which contains 9 matches. 


So far, the sequence is {3, 5, 7, 9, ....}. We are adding 2 matches each time, so the formula 
must involve 2n. 


The expression 2n would generate the set {2, 4, 6, 8, ....}, whereas our sequence is always 
1 more than these values. 


there are 2n - 1 matches in the nth diagram. 
Check, Tf a1 2( 1) = Bree 
i 22 ey 
tee ee ον ΠΕ ΞΞ Τα 


EXERCISE 14E 


1 Examine the matchstick pattern: ~“N σὴς ANANAN ANANYZASNOZS 
ne Ge Wie Gee eee 
How many matchsticks make up the: 
a lst, 2nd, 3rd, 4th, and 5th diagrams Ὁ 10th diagram ς nth diagram? 


2 Examine the matchstick pattern: ΓΙ ΓῚ | 


How many matchsticks make up the: 


a lst, 2nd, 3rd, 4th, and 5th diagrams Ὁ 10th diagram ¢ nth diagram? 
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3 a Find: i 1+3 fi 1+3+5 
ll 14+3+5+7 iv 1+3+5+7+4+9 


Ὁ If S, is the sum of the first n positive odd numbers, then S; = 1, Sy =4, and S3 = 9. 
Find a formula for S,,. 


& a Find: [142 fi 14+2+4 
ii 1+2+4+8 iv 14+2+4+8+16 


Ὁ Find a formula for the sum of the first n terms of the number set {1, 2, 4, 8, 16, ....}. 


5 Consider the pattern: 


1 1 1 1 1 1 
τ Ph Ge geet Oo ee Son oa 
a Find the values of Sj, So, 84. and S4. 
Ὁ Write down the value of: i Sto ii Sp. 


6 Consider the pattern: S;=17, 9. --12- 22, S3;=17+27+4 32, 
n(n + 1)(2n + 1) 
6 
Ὁ Assuming the formula in a is always true, find the sum of 17+27+3744?7+457+....+ 1007, 

which is the sum of the squares of the first one hundred integers. 


a Check that the formula S,, = is correct for n = 1, 2, 3, and 4. 


REVIEW SET 14A 


1. a A trough is initially empty. Write a formula for the volume of water V in the trough if: 


i six 8-litre buckets of water are poured into it 
ii m 8-litre buckets of water are poured into it 
fii ἡ, /-litre buckets of water are poured into it. 


b A trough initially contains 25 L of water. Write a formula for the volume of water V in 


the trough if n buckets of water, each containing / litres, are poured into it. 
2 The average speed of an object which travels d km in ¢ hours is given by the formula 
s=< kmh, 
ἃ Find the average speed of a truck which travels 540 km in 6 hours. 


Ὁ Find the distance travelled by an aeroplane which flies for 64 hours at an average speed 
of 600 km/h. 


3 Find a formula for the surface area A of the solid 
alongside. 


4 Make zx the subject of: 
ἃ πιὰ - ἢ ΞΞ ὅΡ b ae 
Yy ν 


5 Make k the subject of: 
act -- γῇ --[3 b P=2k*-r, k<0 
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6 The length of the diagonal in the rectangular prism diagonal 


: : = >, 2 2 
shown is given by L α΄ -τ- δέ - ς΄. — >» /  — 


a Find the length of the diagonal in a 2 cm by » , 
6 cm by 9 cm rectangular prism. ς 
Ὁ Rearrange the formula to make c the subject. b 


¢ A rectangular prism has an 8 cm by 12 cm 
base, and a diagonal of length 17 cm. Find the 
height of the rectangular prism. 


2x —3 
re 


7 Make z the subject of the formula y = 


8 The electric current in a circuit with voltage Εἰ volts, resistance r ohms, and load resistance 


R ohms, is given by the formula J = -- amperes. 
Τ᾿ 


ἃ Find the current in a circuit with voltage 24 V, resistance 0.5 ohms, and load resistance 
2.5 ohms. 


Ὁ Rearrange the formula to make r the subject. 


Find the resistance of a circuit with current 1.5 amperes, voltage 7.725 V, and load resistance 
5 ohms. 


9 For the following matchstick pattern, find the number of matches M in the: 


a lst, 2nd, and 3rd diagram Ὁ nth diagram. 
ee i a δὶ τοῖς - οὶ A oe 
WA \/ 
10 a Find: i 1+2 fi 14+2+3 fi 14+2+3+4+4 
b Find: 112-62? fe 1°+2°43° Hi 1° + 28 + 3% 4 48 


¢ Suppose S, is the sum of the first n positive integers, and Οὗ is the sum of the first 
n positive perfect cubes. Predict a formula for C’, in terms of S,,. 


11 To convert temperatures from degrees Fahrenheit (CF) to Kelvin (K), we use the formula 
—— 5(Ε — 32) + 273.15. 
a Convert the following temperatures to Kelvin, correct to 1 decimal place: 
[| 50°F li —130°F fii = 150°F 
Ὁ Rearrange the formula to make Γ᾽ the subject. 
¢ Convert the following temperatures to degrees Fahrenheit: 
Legis tos i OK lili 200K 


REVIEW SET 14B 


1. Write a formula for the bill $8 at a restaurant if there is a charge of: 
a $15 for corkage, plus $25 per person for 5 people 
Ὁ $c for corkage, plus $25 per person for p people 
¢ $c for corkage, plus $m per person for p people. 
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Write a formula for the number of edge pieces E 
(excluding corner pieces) in a: 

a 3x5 jigsaw puzzle 

Ὁ 4x8 jigsaw puzzle 

¢ mxXn jigsaw puzzle. 


Given that M =p-—gr, find: 
a M when p=19, q=-3, and r=6 
ΒΒ. when: VL se 1A Sand) a = 2 


Find a formula for the volume V of the solid of 
uniform cross-section shown. 


Make a the subject of: a B=ad-f b 


Make ἢ the subject of G= , | ἘΞ ἘᾺ 
ἢ - 1 


Amy is trying to find pairs of numbers which have the same sum and product. In other words, 
she is looking for number pairs a and ὁ such that ab=a-+b. 


a Rearrange this formula to make b the subject. 
Ὁ Find b given that a = 3. Check your answer by finding the sum and product of the 
numbers. 
Make «x the subject of y= ea 
35 - 2 


Examine the matchstick pattern: 


How many matchsticks make up the nth diagram? 

ἃ Find: Ι 2+4 i 2+4+6 

ti 2+4+6+8 Ww 2+4+6+8+10 

Ὁ Hence write a formula for the sum of the first n positive even numbers. 
The kinetic energy of an object with mass m kg which is moving with speed v m/s, is given by 
the formula E = mv? joules, v > 0. 

a Find the kinetic energy of a person with mass 80 kg moving at 5 m/s. 

Ὁ Rearrange the formula to make v the subject. 


¢ A running wombat with mass 25 kg has 800 joules of kinetic energy. Find the speed of 
the wombat. 
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When two variables are connected, we often use a relation or a function to describe the relationship. 


OPENING PROBLEM 


Fernando and Gerard are competing in a 
cycling race. The graph alongside shows 
how far Fernando is ahead of Gerard after 
x minutes. 


Things to think about: SCP 

a For what values of x are there en re A 

sae pein el CET μι 

Ὁ For what values of y are there TFT yy Pe Teele 
9 

corresponding values of x? PT {|ΠΠΤ]᾽ ΠΤ EE Ty yy 

Pry tT tT tT TT TT TT TT TT tT 


¢ What is the value of y when x = 3? How can we write this using function notation? 
d What are the values of x for which y = 10? 


Sue-Ellen wants to send a parcel to a friend. The cost of posting the 
parcel a fixed distance is determined by the weight of the parcel, as 
shown in the table. 


For example, it will cost $8.00 to post a parcel weighing at least 2 kg 
but less than 5 kg. It will therefore cost $8.00 to post a parcel weighing 
2 kg or 3.6 kg or 4.955 kg. 


We can illustrate the postal charges on a graph. 
An end point that is included has a filled in circle. 
An end point that is not included has an open circle. 


There is a relationship between the variables weight 
and cost, so the table of costs is an example of a 
relation. 


A relation may be a finite number of ordered pairs, forexample {(2, 8), (3, 8), (4, 8), (5, 12)}, or an 
infinite number of ordered pairs, such as the relation between the variables weight and cost in the postal 
charges above. 


A relation is any set of points which connects two variables. 
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The following are examples of relations: 


e The set of 8 points represented by the dots is a relation. 
There is no equation connecting the variables x and y in this 


case. 

ῷ y The set of all points on and within the illustrated square is a 
relation. It is the set of all points (x, y) such that —1 <a <0 
and O<y<l. 


e The set of all points on this parabola is a relation. 
It is the set of all points (a, y) lying on the curve 
y= —x? + 6x — 5. 


DOMAIN AND RANGE 


The domain of a relation is the set of possible values that 7 may have. 
The range of a relation is the set of possible values that y may have. 
The domain and range of a relation are often described using interval notation. 


Consider the following examples: 


e ΓΠΨΜΠΠΠΠΠΠ]Π| The eigen oC. 4 τὰς . 
ASR EE Oe ee ae 


Φ indicates the 
point is included. 
© indicates the 
point is excluded. 


write this as: 
{g|1<a2< 5}. 


the set of all such that 


The range is {y| —2<y< 3}. 


-ε- domain> 


e y The domain is {x | x € R}. 
The range is {y| y > —1}. 
IR represents the 
set of all real 
numbers, or all 
numbers on the 
number line. 


326 | RELATIONS AND FUNCTIONS (Chapter 15) 


Example 1 


For each of the following graphs, state the domain and range: 
a b 


a Domainis {1 [1 ΕΚ}. Ὁ Domain is {x |x > --4}. 
Rangeis {y|y< 4}. Range is {y|y>-—6}. 


EXERCISE 15A 


1. For each of the following graphs, state the domain and range: 
a 


(—2, 1) 


™) Self Tutor 


¢ Domainis {x | x ἢ} 


Range is 


{y | y A O}. 


RELATIONS AND FUNCTIONS (Chapter 15) 3.2] 


2 State the domain and range of: 
a 


΄ 
΄ 
΄ 
Oe eee eee 


(—2,—1) (2, - 1) 


(boundaries not included) 


A function is a relation in which no two different ordered pairs have the same first member. 


The grid alongside shows the set of points: 
{531 3), (2, 2), Gael =2), (3, 2), (4, —1)}. 


The two circled points (—1, —2) and (—1, 3) have the same first 
member, so the set of points is a relation but not a function. 


GEOMETRIC TEST FOR FUNCTIONS: “VERTICAL LINE TEST” 


Suppose we draw all possible vertical lines on the graph of a relation. 


e If each line cuts the graph at most once, then the relation is a function. 


e If any line cuts the graph more than once, then the relation is not a function. 


Example 2 ™)) Self Tutor 


Which of these relations are functions? 
a Y 


a Every vertical line we could draw Ὁ This vertical line 
cuts the graph only once. cuts the graph 
the relation is a function. twice. 
the relation 
is not a 
function. 
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EXERCISE 15B 


1. Which of the following sets of ordered pairs are functions? Give reasons for your answers. 


a {(1, 1), (2, 2), (3, 3), (4 4)} ὃ i(-1, 2), (—3, 2), (3, 2), C1, 2)} 

ς {(2, 5), (—1, 4), (—3, 7), (2, --8)} d (9, —2), (3, 0), (3, 2), (3, 4) } 

e {(—7, 0), (—5, 0), (—3, 0), (-1, 0)} f {(0, 5), (0, 1), (2, 1), (2, -—5)} 
2 Use the vertical line test to determine which of the following relations are functions: 

a | : b | ς y 

d i e | f y 

g h : | y 


3 Will the graph of a straight line always be a function? Explain your answer. 


We sometimes use a ‘function machine’ to illustrate how functions behave. 


| 


For example, the machine alongside has been programmed to 
perform a particular function. Whatever number is fed into the 
machine, the machine will double the number and then subtract 1. 


I double 
the input 
and then 
subtract 1 


If f is used to represent this particular function, we can write: 


f is the function that will convert x into 25 — 1. 


If 3 is fed into the machine, 2(3) —1=5 comes out. or —1 


This function can be written as: ff: wre 2xa—1 


ae 


function f suchthat 2 is converted into 2x” -- 1 


We can also write this function as f(x) = 22-1 


For any function f, the value of the function when x =a is given by f(a). 


For f(r)=2x¢-1, f(2) =2(2)-1=3. 

This indicates that the point (2, 3) lies on the graph of 
the function. 

Likewise, f(—4) = 2(—4) —1= —-9. 


This indicates that the point (—4, —9) also lies on the 
graph. 


Note that: e f(x) is read as “f of x”, and is the value of the function at any value of «x. 
e /f is the function which converts x into f(x), so f:ab f(z). 


e f(x) is sometimes called the image of z. 


Example 3 ™)) Self Tutor 


For f:x2+>+ 852 —4a, find the value of: 


f(2) 


f(x) = 3a? — 42 
f (2) 
= 3(2)? — 4(2) {replacing x by (2)} 
=3x4-8 


Example 4 ™)) Self Tutor 
For f(x) =4-—3a-— 27, find in simplest form: 


f(—) f(x + 2) 


f(—x) Ξ- 4-- 3(--“) — (--“)" {replacing x« by (--“)} 
=4+ 35 — 2° 


f(x +2) =4—3(2 +2) -- (“« 2)° {replacing x by (a + 2)} 
=4-—37 —6-—|2*7+4¢+4| 
= —2* —7Tr —6 
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EXERCISE 15C.1 
1 For f:r22z2+3, find: 


a (0) Ὁ f(2) ¢ f(—1) d f(-5) e f(—-3) 
2 For g(x) = —5x+3, find: 

a g(1) Ὁ g(4) ς g(—2) d 9(-2) e ρί Ὁ 4) 
3 For f(x) = 2.2 -- 85 - 2, find: 

8 f(0) Ὁ f(3) ς f(—4) α f(-2) e f(z+1) 
4 For P:2» 4274+ 42-3, find: 

a P(3) b P(-1) ¢ P(2) d P(x —3) e P(2x) 
5 Consider the function R(x) = —. 

Evaluate: i R(0) ii R(1) iii R(-$ 


a 
Ὁ Find a value of x such that R(x) does not exist. 
ς Find R(a—2) in simplest form. 

d Find x such that R(a) = —5. 


6 The value of a car t years after purchase is given by 
V(t) = 28000 — 4000¢ dollars. 
a Find V(4), and state what this value means. 


Ὁ Find t when V(t) = 8000, and explain what this 
represents. 


¢ Find the original purchase price of the car. 


7 The graph of y= f(x) is shown alongside. 
a Find: 
i f(2) ii (3) 
Ὁ Find the value of x such that f(x) = 4. 


5 ΤΣ ΟΙΡΙΒΙΕΝΝ ΝΙΝ 
PA TT tT tt δα 
PIN | | PAW TT 
SND ZEEE 


Consider the graphs of y = f(x) and y= g(x) shown. 
ἃ Find: 

i f(4) ii g(0) iii (5) 
----- Ὁ Find the two values of x such that f(x) = --2. 
IVY] Ty YI c Find the value of x such that f(x) = g(a). 
ai Yr 9) 


d Show that g(x) = 2-6. 
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9 Draw a graphof y= f(x) suchthat f(—2)=5, f(1)=0, and f(4) =3. 
10 The graph of y= f(x) is a straight line passing through (—3, —5) and (1, 7). 
a Draw the graph of y = f(z). Ὁ Find f(—3) and f(1). 
ς Find f(z). 


THE DOMAIN OF A FUNCTION 


To find the domain of a function, we need to consider what values of the variable make the function 
undefined. 


For example: 


ὁ thedomainof f(z)=/x is {x|a2>0, xe R}, since \/x has meaning only when « > 0. 
1 
γνα--1 
‘dividing by zero’, and when x—1< 0, να -- is undefined. 


ὁ the domain of f(x) = is {x |ᾳ{ 1, x € R} since, when x—1=0 we are 


Example 5 ™)) Self Tutor 


Find the domain of: 


a f(e)=— = 


oe a ῈΞΞ : is defined when ++3>0 


ν ἐς 
au . £>-3 


So, the domain of f(z) is {11 » --3, rE R}. 
Ὁ f(x)=/2+ 5-2 isdefinedwhen x>0 and 
τ ὩΣ 2 0) “ane 
So, the domain of f(z) is {x|0<2<5, xER}. 


EXERCISE 15C¢.2 


1. Find the domain of: 


ἃ [(“) ΞΞ 2ὦ b f(x) = = ν f(x) =— 
1 3 
CIO" “ IM a 1 IO) BT sera 
2 Find the domain of: 
a [( τ να -- 2 Β [0|(Σ) Ξε: νὃ--οὦ ς f(r)=J/rt+V2-2 
= ἘΌΝ = 
a F(a) = 7 e f(x) ΤΠ I) aJ/4—x 
Check your answers using the graphing package. GRAPHING 


PACKAGE 
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ry {UNCTIONS 


Sometimes functions are built up in two or more stages. 


For example, consider f(x) = 2,/z. 
Using the techniques studied in Section C, ἐ(α -- 3) τ 2 να -- 8. {replacing x by (x+3)} 


Ifwe let g(x)=2+3, then f(g(x)) Ξξξ 2 ναὶ -- ἃ. 
So, the function f(g(x)) =2/x+3 is composed of f(x) =2,/x and g(x)=2+3. 


Given f:a+> f(x) and g:a+>+ g(x), the composite function of f and g will 
convert x into f(g(z)). 


Example 6 ™)) Self Tutor 


9 δ᾿ ὩΣ To find f(g(a)) we look at 
If f(x) =32+2 and g(x) Ξε σ΄ - 4, find in simplest form: the f function. Whenever 


a f(g(z)) δ o(f(z)) we see x we replace it by 
g(x) within brackets. 


f(g(x)) b = g(f (z)) 


= f(z? +4) = g(3x + 2) 

= 3(a7 +4) +2 = (34+2)*+4 

= 327 +1242 = 977 +127 +4+4 
= 377 +14 -- 977 + 1274+ 8 


From the previous Example, we can see that in general, f(g(x)) 4 g(f(a)). 


Example 7 ™)) Self Tutor 
lH of(z) = 2s —1, 
ἃ f(f(z)) 


f(f(@)) Ὁ Ff (F(S)) 


= f(2x —1) = 4(5) —3 {using a} 
= 2(2¢—1)-1 =17 

=47—2-1 

ΞΞ 4. -- 8 


EXERCISE 15D 
1 If ἐ[(“)ὴ τ 8. --4 and g(x) =2-~2, find in simplest form: 
8 f(g(«)) Ὁ g(f(x)) ς f(f(«)) d g(g9(x)) 
2 If f(x)= νὰ and g(x) = 4x -- 3, find in simplest form: 
a f(g(z)) Ὁ g(f(z)) ς f(g9(7)) d g(f(4)) 
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3 Find two functions f and g such that: 


a f(g(x)) = vr=3 b f(g(«)) = (w +5)" ς f(g(e)) = = 
4 φ([(6}} = he e g(f(c)) =3" t g(f(z)) = (244) 
4 Suppose f(r)=32+1 and g(x) = 27+ 25. 
a Find f(g(2)). Ὁ Find x such that f(g(x)) = 10. 
5 Suppose f(x)=4x%+1 and g(x)= ᾿ - ; 
a Find f(g(2)). Ὁ Find f(g(—1)). 
ς Find x such that f(g(a)) = 3. 
6 Suppose f(x)=2r+5 and g(x) =- Ξ 2 
ἃ Find: 
i [ὦ ii g(13) iii g(17) iv f(6). 
Ὁ Find f(g(x)) and g(f(2)). 
¢ Find: 
i f(g(3)) li g(f(-7)). 


The operations of + and —, and x and +, are inverse operations since one ‘undoes’ the other. 


In the same way, some functions have inverse functions which ‘undo’ each other. 


For a function f which converts x to f(a), the inverse function f~' converts f(x) back to z. 


The inverse function satisfies f(f~'(x)) =a and f 1'(f(x)) =a. 


For a given function f, an inverse function f~! only exists if, for any value of f(x), there is only 
one corresponding value of «. 


TASC le), 1 


In this Investigation we explore inverse functions, how they relate to composite functions, and also 
how they relate to transformations. 


What to do: 
1 Consider f(x) =32+2 whichhas graph y = 35 -- 2. 


a Interchange x and y and then make y the subject of this new equation. Let this function 
be g(x). 

Hence show that f(3)=11 and g(11) =3. 

From Ὁ, notice that g(11) =g(f(3)) =3. Show that f(g(3)) =3_ also. 

Prove that f(g(z))=a and g(f(x)) =z. 

Graph y= f(x) and y=g(ax) onthe same set of axes. What do you notice? 


ee aa CS 


2 Consider f(x)=3-—4a2 whichhas graph ᾧ -Ξ ὃ -- 4“. 
ἃ Interchange x and y and then make y the subject of this new equation. Hence find the 
inverse function f—'(z). 
b Show that f(f—'(x)) = f—'(f(z)) =z. 


¢ Graph y=f(x) and y=f~'(ax) onthe same set of axes. What do you notice? 


From the Investigation you should have found that: 


e jf *(ax) can be found algebraically by interchanging x and y and then making y the subject of 
the resulting formula. The new y is f~!(z). 
ὁ y=f '(x) is the reflection of y= f(x) inthe line y =z. 


Example 8 ™) Self Tutor 


Consider f(x) = $a -- Ἰ. 
Find if τ (a). Cheek that wii = (a) 4) ἃ 
Sketch y=f(x), y=f ‘(x), and y=z_ on the same set of axes. 


= Sa —1]_ has inverse function {interchanging x and y} 


f(f~"(#)) = f(2a + 2) mV)  ς 
= 5(22+2)-1 
=zr+1-1 


y = f-‘(x) isa reflection of 
y = f(x) inthe line y= a. 


EXERCISE 15E 
For each of the following functions: 
Find f—*(z). 
Sketch y= f(x), y= f(x), and y=<z on the same set of axes. 


f(x) =2+3 f(x) =22+5 f(x) == 
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2 Copy the following graphs and draw the graph of each inverse function: 


a b y ς υ 
9 
1 
3 x x 

3 Consider f(x) = 25 +7. 

a Find f—1(z). Ὁ Check that f(f~'(x)) =f -l(f(2)) =z. 
4 Consider f(x) = --- 

a Find f7'(2). Ὁ Check that f(f~'(x)) = [ ᾿([(“}} Ξ «. 
5 Consider g(x) = - - =: 

a Find g™1‘(z). Ὁ Check that g(g-4(x)) =x and g ‘(g(x)) =z. 


ς Find g(6) and g~*(1). 


2 and reflect it in the line y = z. 


6 a Sketch the graph of y=z2z 
Ὁ Does f(x) =x? have an inverse function? Explain your answer. 


¢ Does f(x) =2?, x >0 have an inverse function? Explain your answer. 


7 The horizontal line test says that ‘for a function to have an inverse function, no horizontal line 
can cut it more than once’. 
a Explain why this is a valid test for the existence of an inverse function. 
6 Which of the following functions have an inverse function? 
ιν 


8 a Explainwhy [(“) -- χα -- 2. - ὅ isa function but does not have an inverse function. 
Ὁ Explain why f(x) =2?—2x2+5, x Ὁ 1 hasan inverse function. 


¢ Show that the inverse function of bis f~'(x)=1+ να -- 4. 
Hint: Swap x and y, then use the quadratic formula to solve for y in terms of «. 
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1 ὌΝΟΤΙΟΝ 


MODULUS 


The modulus or absolute value of a real number is its size, ignoring its sign. 
We denote the modulus of x by [1]. 


For example, the modulus of 7 is 7, and the modulus of —7 is also 7, so we write |7| = 7 and |—7| = 7. 


Example 9 ™)) Self Tutor 


If a=-7 and b—3. find: 
Ὁ [αὖ] 


Perform all operations 
inside the modulus 
signs before actually 
finding the modulus. 


owe 
GEOMETRIC DEFINITION OF MODULUS 
|x| is the distance of 2 from 0 on the number line. 
Because the modulus is a distance, it cannot be negative. 
ft. 2S: «-- .χ]-----» ltr ΦΈῸ: «-- .1:---» 
0 ¢ αἱ 0 
For example: —$—<—— =f ὃ. ς’ΠπΠΠπτρὺ |—7| = |7| =7 


ALGEBRAIC DEFINITION OF MODULUS 


Te Ase "ΓΕ κα le). Εν, 
What to do: 

ὉΠ a ΞΌ 

1 Suppose y= { if ππ-ἢ 


ἃ Copy and complete the table of values: 


x if c2>0 
-» if «<0. 


Ὁ Plot the points from the table and hence graph y = ‘ 
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2 Copy and complete: 


3 What can you conclude from 1 and 2? 


x if x20 
From the Investigation, you should have found that: = |a| = er we fo) 


y =|a| has graph: 


This branch is 
ξεν, 220. 


This branch is 
y=—2, £< 0. 


To draw graphs involving |x|, we must consider the cases x >0 and x <0 separately, so that we can 
write the function without the modulus sign. 


Example 10 ™)) Self Tutor 
Draw the graph of f(x) =2+4+2|z]. 
f(x) =a+2|e| 


zr+2(r2) if c>0 
x+2(-xz) if «<0 


Ξ “πο -|} 
Teen ¢< 0 


EXERCISE 15F 


1 If x =—4, find the value of: 
a |x+6| Ὁ |x-6| ς |2r7+3| d |7-a| 


e [1 -- f |x? -- θα] g [6 -- 2? h 
2 If a=5 and b= -2, find the value of: 
a |a+0)| Ὁ [αὐ] ς [ὃ -- αἱ d |aj/+b 


|b -- 8| 
a 


σῷ 


e |3a+)| f 
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3 ἃ Copy and complete: 


Ὁ What can you conclude from a? 


4 By replacing |x| with x for « >0 and (—a) for x <0, write the following functions without 
the modulus sign. Hence, graph each function: 


a f(x) =—|z| Ὁ f(x) =|z|+z2 ¢ f(x) Ξ ια] Ὁ2 
d [(1) ΞΞ α -- 2|α] e f(z) -- 8]. 1 f f(x) Ξῦ -- Ιὰὰ] 
4 [() =| -- 4 " 2) - i f(e) = Viel 
5 ἃ Use technology to graph: GRAPHING 
i y= |(x -- 2), —4)| ii y = |x(x — 3)| PACKAGE 


Ὁ Explain how these functions are related to y = (x — 2)(a — 4) 
and y=2(x -- 3). 


We often draw the graphs of two functions on the same set of axes, and are interested in finding where 
the functions meet. 


SO, DO YOU COME 
HERE OFTEN? 


To find the points of intersection of the graphs of y = f(x) 
and y= g(x), we solve the equation f(x) = g(z). 


The solutions of this equation give us the x-coordinates of 
the intersection points. 


The y-coordinates can then be found by substituting the 

x-coordinates into one of the functions. 

intersection 
points 
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Example 11 ™)) Self Tutor 


Find the coordinates of the points of intersection of the graphs with equations 
y=2?—2+3 and y=22+7. 


The graphs meet when 2* —2+3=27+4+7 
- g*—3r7-—4=0 
(cx+1)(4-—4) =0 

x=-lor4 


Substituting into y=2x2+7: when ὦ Ξξ --Ἰ, y=2(-1)+7=5 
when ᾿Ξ 4, y=2(4)+7=15 


the graphs meet at (—1,5) and (4, 15). 


EXERCISE 15G 


1. Find the coordinates of the point of intersection of the graphs with equations: 
ἃ y=dr-—-1 and y=2r+5 Ὁ y=12-—2 and y=3r+7 
2 


d y=2?-24+3 and y=2*+52—-3. 
τὲ 


Ε΄ ν}ΞΞ Ξ and y= 
L 
2 Find the coordinates of the point(s) of intersection of the graphs with equations: 
ἃ y=a27+2r7-—1 and y=2+5 b y= 
¢ y=3e7+4r7-1 and y=a2*?-32-4 ἃ y= 


3 Use a graphing package or a graphics calculator to find the coordinates, correct to 2 decimal 
places, of the points of intersection of the graphs with equations: 


— 72 ἊΝ GRAPHING 
a y=27*4+3r4+1 and y=2r+4+2 see 


3 

b y=2*-—52+2 and y=- peeaiie 
CALCULATOR 

¢ y=—a*—-2r+5 and y=27+7 INSTRUCTIONS 


d y=2?-1 and y=2’. 


3.413 43 ey 


1 Find the domain and range of the following relations: 


a b υ 
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10 


13 
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For f(x) = 32-27, find: 

ἃ f(2) Ὁ f(-1) ¢ f(x -- ὁ) 
Determine whether the following sets of ordered pairs are functions: 

a {(—3, 5), (1, 7), (1, 7), (2, 5)} 

Ὁ {(—4, —5), (--Ἰ, 3), (5, 4), (0, 3), (—1, 2)} 


Consider the function g(x) -- «;2- 25. Find: 
a g(2) Ὁ g(3z) ¢ zx such that g(x) = 15. 


Determine whether the following relations are functions: 
b 


Draw a graph of y= f(z) such that f(—3)=2, f(1) = —4, and f(4) ΞΞ 5. 
Answer the Opening Problem on page 324. 
If f(z) = ΝῺ and g(x) = 5x — 3, find in simplest form: 


a [(σ()) Ὁ g(f(x)) ς g(9(x)) 
Consider the function f(x) == - zt 


ἃ Εἰπά { (2), 
δ᾽ Check that. 7}  ΞΞ 7} — ἃ 
¢ Sketch y= f(z), y=f—‘(x), and y= on the same set of axes. 


Suppose g(x) = ae 
H 63 


a Find g~‘(z). 
Ὁ Check that g(g~*4(z)) =g ‘(g(z)) =z. 
¢ Find g(2) and g~1(3). 


If « = —3, find the value of: 

a |x—4| Ὁ [ἡ] --4 ς jx? + 85] 
Draw the graph of y = f(x) for: 

a f(x) = [« + 35 Β᾽ 7 = 25-4 


Find the coordinates of the points of intersection of the graphs with equations 
yo=au'+4e—2 and y=2¢7+1. 


RELATIONS AND FUNCTIONS (Chapter 15) 341 


REVIEW SET 15B 


1. Find the domain and range of the following relations: 
b 


2 Determine whether the following relations are functions: 


a b 
3 For f(x)=52—<27, find: 
a f(-3) b f(—2) ¢ f(x +1) 
4 Find the domain of: 
i τ 
a ae b i) = eae ς [σ)]ᾺΞ νη τ ῖνθ--α 
5 The graph of y= f(x) is ἃ straight line passing through (—1,5) and (3, —3). 
a Draw the graph of y = f(z). Ὁ Find f(—1) and f(8). 
¢ Find f(z). d Find f(z). 
6 If f(x)=2r+1 and g(x)=7—-—~2, find in simplest form: 
ἃ [(σ(:)) Ὁ g(f(x)) ς [(σ(-2)) 
7 Copy the following graphs, and draw the graph of each inverse function: 
a y Ὁ y 
3 
2 
--Ἱ 
2 4 £ 


8 If a=-—4 and b=9, find the value of: 


ἃ [αὖ] b |2a—bl+a ς 
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Suppose f(z)=3x2—1 and g(x) = —. 
a Find f(g(2)). Ὁ Find f(g(5)). 


¢ Find x such that f(g(x)) = —3. 


Consider f(x) = — 


a Find f—‘(z). 6 Check that 1} (ΞΡ ὙΠ ==. 


¢ Find f—*(4). 
Draw the graph of: 
a [(4)--Τ-- [ἡ] b τε +3 


Find the coordinates of the points of intersection of the graphs with equations 


y= 22 —1. 


Number sequences 


Number sequences 
Arithmetic sequences 
Geometric sequences 
Series 

Arithmetic series 
Geometric series 


Contents: 


a™mOoOn Ww D> 
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OPENING PROBLEM 


Jasmine is attempting to cycle 2000 km in 30 days to raise 
money for charity. She cycled 40 km on the first day, and 
each day she will cycle 2 km further than the day before. 
Things to think about: 

a How far will Jasmine cycle on the: 


i 2nd day li 10th day fii 201 day? 
Ὁ How far will Jasmine have cycled in total after: 
i 2 days li 10 days lili 20 days? 


¢ Can we find the answers to a and Ὁ without having to 
calculate the distance cycled on each of the days? 


d Will Jasmine achieve her goal of cycling 2000 km in 30 days? 


In this chapter, we will study number sequences. We will see that, for certain types of sequences, there 
are rules which allow us to find any member of the sequence. We can also calculate the sum of the 
members of the sequence without having to add all the members individually. 


Consider the illustrated pattern of balls: 


The first layer has just one blue ball. 
The second layer has three pink balls. 
The third layer has five black balls. 
The fourth layer has seven green balls. 


If we let u,, represent the number of balls in the nth layer, then uj = 1, ug = 3, ug = 5, and τ4 = 7. 


The pattern could be continued forever, generating the sequence of numbers: 
j is es a ae ΠΕ ΘΝ ΘΟ 


The string of dots indicates that the pattern continues forever. 


A number sequence is an ordered list of numbers defined by a rule. 


The numbers in a sequence are called the terms of the sequence. 
We will look at three ways of describing a number sequence. 


(1) Using words. 
The sequence for the pattern of balls can be described as “starting at 1, and increasing by 2 each 
time”’. 

(2) Using an explicit formula, which gives the nth term of the sequence wu, in terms of n. 
The explicit formula for the pattern of balls is u, = 2n—1. up is called the nth term or the 
general term. 


We can use this formula to find, for example, the 10th term of the sequence, which is 
U10 = 2(10) —1= 19. 
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(3) Using a recursive formula, which gives the nth term of 


. In a recursive 
the sequence in terms of one or more of the preceding 


formula, at least 
terms. | . one initial term 
The recursive formula for the pattern of balls is wu, = 1, must be defined. 


Un =Un—-1+2 for n Σ 2. 
So, we have uu; =1 
U=uzyt2=14+2=3 
ug =uUg+2=3+2=5, andso on. 


EXERCISE 16A 


1 Consider the number sequence 2, 4, 7, 11, 16, 22, ..... Find: 


a τι. b us ς Uy τ ὼς + Us. 


2 Write down the first five terms of the sequence: 
ἃ starting at 3, and increasing by 4 each time 
Ὁ starting at 40, and decreasing by 5 each time 
¢ whose nth term is the nth prime number. 


3 Describe the sequence 5, 8, 11, 14, 17, 20, .... using: 
a words Ὁ arecursive formula. 


4 Describe the sequence 1, 4, 9, 16, 25, 36, .... using: 
a words Ὁ an explicit formula. 


5 Find the 5th term of the sequence with explicit formula: 
a u,=3n+4 b u,=54-—T7n . t,.=3x2" d u,=n’?+4+2 


6 Consider the sequence with explicit formula wu, =50—n?. Find: 
8 the 6th term Ὁ the sum of the first 3 terms 


ς the first term of the sequence which is negative. 


7 Find the first four terms of the sequence with recursive formula: 


ἃ u=7, Un =Un-1+3, n>=2 Ὁ uw ΞΞ 25, u, =Un-1—-4, n2>2 
ς uy =5, Un =3XUn_i1, ΠΣ 2 d u; = 100, Un =, n>2 
Σ u=3, U,=2XUn-1—1, ΠΣ 2 ἔ u=4 u, =10—-—u,-1, ΤΣ 2 


95. ἱ Ξ 3, ud = 4, Un = Un—-1 X Un-2, N 2 3 
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INVESTIGATION 1 


Perhaps the most famous example of a recursive relationship is that 
which generates the Fibonacci sequence: 


11» 2.5 7 Pa 15.251 Ὁ 5: 501 τ; 


The sequence starts with two 15, and after that each term is obtained 
by adding the two terms preceding it: 


1+1=2 
1+2=3 
2+3=5 


3+5=8 


We can hence write down a recursive formula for the sequence: Leonardo Fibonacci 


Uj =U=1, Un=—Un-1+Un-2 for 5.35 3. 


Check: Ti on Ξ. ug =Ugtu,=1l+1=2 Vv 
If n=4, Ug = Ug tug =2+1=3 V 
it 7=—5, U5 =Ug4tuzg=—34+2=5 ν΄ 


Leonardo Fibonacci (1170 - 1250) noticed that the sequence 1, 1, 2, 3, 5, 8, ..... occurred frequently 
in the natural world. 


For example, he noticed that flowers of particular species have the same number of petals, and that 
these numbers are often members of the Fibonacci sequence. 


3 petals lily, iris 

5 petals buttercup 
8 petals  delphinium 
13 petals cineraria 
21 petals aster 

34 petals pyrethrum 


Fibonacci also observed the number sequence in: 
e the number of leaves arranged about the stem in plants 
e the seed patterns of a sunflower 
e the seed pattern on a pine cone. 


The recursive formula is very useful for dealing with the Fibonacci sequence because its explicit 
formula is very complicated. In fact, it is not obvious from the explicit formula 


(44) - (44) ] n=1, 2,3, 4,5 
9 9 9 πο 5" 5 ely Bae, b} OOS 


that the sequence generated will be integers. 


What to do: 


1. Show that the explicit formula is correct for n = 1 and n= 2. 
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2 Use the recursive formula to find the next five terms of the Fibonacci sequence after 55. 


Can you see a pattern of even and odd numbers in the Fibonacci sequence? Do you think the 
100th term of the sequence will be even or odd? 


4& Research other occurrences of the Fibonacci sequence in nature. 


An arithmetic sequence is a sequence in which each term differs from the previous one by the same 
fixed number. We call this number the common difference. 


For example: 


e the sequence 1, 5, 9, 13, 17, ..... 1s arithmetic with common difference 4, since 
5-1=4 
9—5=4 
13—9=4, and so on. 
e the sequence 42, 37, 32, 27, .... is arithmetic with common difference —5, since 
37 -- 42 = —5 
92 -- 87 ΞξΞ --ῦῦ 


27 — 32 = —5, and so on. 


THE GENERAL TERM OF AN ARITHMETIC SEQUENCE 


Notice in the sequence 1, 5, 9, 13, 17,.... that uw, =1 
ug=1+4 =1+1(4) 
ug =—1+4+4 = 1+ 2(4) 
ua=1+4+4+4=1+43(4), and so on. 


For an arithmetic sequence with first term uw; and common difference αἰ, the general term or 
nth term is un = uy + (n — 1)d. 


Example 1 ™)) Self Tutor 
Consider the Sequence:\ ΟΠ 21. 7: 


a Show that the sequence is arithmetic. 


Find a formula for the general term u,. 


b 
ς Find the 100th term of the sequence. 
d Is i 489 ii 1592 a member of the sequence? 


a 93 — 0-19 9 Ὁ es —  ΞΟΙΞΞῸΌ 
poe that the pattern continues, consecutive terms differ by 6. 
., the sequence is arithmetic with uw; = 3 and common difference d= 6. 
b Uy, ΞΞ + (n = 1)d ς U100 = 6(100) —3 
Ὁ te on |) = 597 
Un = 6n—3 
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d i Let wu, = 489 li Let uw, = 1592 
᾿ θη -- ὃ = 489 65, -- 9.ΞΞ 1092 
"θη = 402 7 HOR = "Loup 


ro Ge “l= 2652 
489 is the 82nd term of the But n must be an integer, so 1592 
sequence. is not a term of the sequence. 


EXERCISE 16B 


1. Determine whether the following sequences are arithmetic: 
a 2,5, 8, 11, 14, .... Ὁ 5, 9, 13, 18, 22, .... 
¢ 29, 23, 16, 10, 4, .... d 11,4, —3, —10, —17, .... 


2 Find the unknowns given that the following sequences are arithmetic: 
a 4, 10, LU, 22, 28, .... Ὁ 13, 20, 27, LU, 41, .... 
δ 19, (11. Ὁ A; scx d 22,1, 4, A, —14 


3 Write down the first term uy and common sal 2]3]4]5]6] 7/8] 9/10. 
aaron auth = the arithmetic sequence of MOG EE 


b the blue aon BEES EAE DEE 
ς the purple arrow "48 4: Ἐς [4648 4849. 50 | 
emer 5152 53 | 54 [56] δ, 5788 69) 60_ 


ee δὲ δῷ δ ὁ τὸ 
τι Τ2 78) 74] Τὸ τὸ 7 [WR] 79 | 80. 
81 |92| 83 | 84] 85 8687 88 δὲ. 90_ 
971 92] 93] 94] 95 | 96] 97] 98] 99} 100 


4& Consider the sequence 4, 11, 18, 25, 32, .... 
a Show that the sequence is arithmetic. Ὁ Find a formula for the general term wp. 
ς Find the 30th term of the sequence. α΄ Is 340 a member of the sequence? 
e Is 738 a member of the sequence? 


5 Consider the sequence 67, 63, 59, 55, .... 
a Show that the sequence is arithmetic. Ὁ Find a formula for the general term wry. 
ς Find the 60th term of the sequence. d Is —143 a member of the sequence? 
e Is 85 a member of the sequence? 


6 An arithmetic sequence is defined by wu, = 11π — 7. 
ἃ Find τ and d. b Find the 37th term. 
ς What is the least term of the sequence which is greater than 250? 


Example 2 ™)) Self Tutor 


Find & given that k+5, —1, and 2k—1 are consecutive terms of an 


arithmetic sequence. 


Since the terms are consecutive, 


—1—(k+5) = (2k -- 1) -(-1) {equating common differences} 
—-1-—k-5=2k-1-+1 
—k—6= 2k 
—6 = 3k 
k = —2 


Find k given the consecutive terms of an arithmetic sequence: 


ol, κἢν, 15 κ, 8, Κ- 11 Κ- 2, 2κ-3, 17 


Find k given that k—1, 13, and 3k+3 are consecutive terms of an arithmetic sequence. 
Write down the next two terms of the sequence. 


Example 3 ™)) Self Tutor 


Find the general term wu, for an arithmetic sequence given that ug = 4 and 
U7 = —24, 


ug =u,+2d=4 δεν 1} 
and ιγ- μι - δα = —24 seg eA) 


-44=28  {(1)-(2)} 
=a 


Substituting into (1), τῷ +2(—7) =4 
= oe ee 
Uy = 18 


Thus uy, = 18+ (n-—1)(-7) Check: 
Un =18—7n+7 u3 = 25 — 7(3) =4 ν΄ 
‘Un = 25—7n ἘΞ ---- 


Find the general term wu, for an arithmetic sequence given that: 
ug = 37 and U10 = 67 


U4 = —4 and U15 = 29 


U5 = —10 and 1.10 = —38 


410 = —16 and {6 = —13. 
An arithmetic sequence has ug = 10 and uj, = 58. 


Find the general term for the sequence. Find the 30th term of the sequence. 
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EQUENCES 


A sequence is geometric if each term can be obtained from the previous one by multiplying by the 
Same non-zero constant. This constant is called the common ratio. 


For example: 2, 6, 18, 54, ..... is a geometric sequence with common ratio 3, since 


2x%a=0 atid 6XGH—16 and 18 <32—54. 
THE GENERAL TERM OF A GEOMETRIC SEQUENCE 


Notice in the sequence 2, 6, 18, 54, .... that uy, = 2 
UW =2x3 
u3 =2X3x3=2-x 3? 
ua =2X3x3x3=2~x 3°, and soon. 


For a geometric sequence with first term uw, and common ratio r, the general term or nth term is 


win. 


Un+1 


Un 


r is called the common ratio because =r for all n. 


Example 4 ™)) Self Tutor 


Consider ine sequence slo) 6 4 2 
Show that the sequence is geometric. Ὁ Find the general term up. 
Find the 10th term as a fraction. 


8 il | 1 2 Ἰ 


16 25) ΠῚ σε ΟἿ, 4— 2 


Assuming the pattern continues, consecutive terms have a common ratio of σι 


the sequence is geometric with uj τε 16 and r= 3. 


un, = 16x (1) 


EXERCISE 16C 


1. Determine whether the following sequences are geometric: 


a 5, 10, 20, 40, .... Ὁ 4, 12, 36, 72, .... 
ς 45, 15, 5, 3, .... d 1, —4, 16, 64, .... 
2 Write down the common ratio for these geometric sequences: 
a 2, 10, 50, 250, .... Ὁ 60, 30, 15, 7.5, .... 
ς 3, —6, 12, —24, .... d 4000, —400, 40, —4, .... 


3 For the geometric sequence with first two terms given, find ὃ and c: 
a 3, 6, ὃ. 6. .... Ὁ 8, 2, δ ὃ... ς 15, —5, b,c, ... 


Show that the sequence 1, 3, 9, 27,..... 1s geometric. 


Find the general term wy. Find the 10th term of the sequence. 


Show that the sequence 40, —20, 10, —5, ..... is geometric. 


Find the general term uy. Find the 12th term as a fraction. 


Show that the sequence 16, —4, 1, —0.25, .... is geometric. 
Find the 8th term as a decimal. 


Find the general term of the geometric sequence: 9, 3,/2, 6, 6V2, .... 


Example 5 ™)) Self Tutor 
k—1, k+2, and 3k are consecutive terms of a geometric sequence. 


Find the possible values of k. 


3k lk +2 
Epo. p= 1 
3k(k — 1) = (k +2) 


Equating common ratios gives 


3k? — 3k =k? +4k+4 
2k* —7k-4=0 
(k — 4)(2k+1) =0 
k=4 or --Ξ 
Cree Cull, 464A: the tens. are: #3, 0,12: 
If k=-—3,  thetermsare: —3, 


Find k given the consecutive terms of a geometric sequence: 


k, 2, 6 4. 6, Κα k, 2,2, k? 
3, k, 27 k, 3k, 10k +7 k,k+4, 8k+2 


Example 6 ™) Self Tutor 


A geometric sequence has w2 = —5 and us = 40. Find its general term. 


0 = ur = ---ῦὖ rere ἡ 
and U5 = ur? =A} seve (2) 


{(2) + (1)} 
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9 Find the general term u,, of the geometric sequence which has: 
auz;=16 and w=48 b u3=32 and ug = —4 
ς u=10 and wa, = 250 d uz3=3 and uzy= 3. 


10 A geometric sequence has general term u, with τ = 48 and u7=3. Find uj. 


INVESTIGATION 2 


Arithmetic and geometric sequences are observed in financial calculations such as simple interest, 
compound interest, and depreciation. 


What to do: 


1 $1000 is invested at a simple interest rate of 7% per year with the interest paid at the end of 
each year. For the case of simple interest, interest is only paid on the amount originally invested. 
After 1 year, the value is $1000 x 1.07 {to increase by 7% we multiply by 107%} 

After 2 years, the value is $1000 x 1.14 {an increase of 2 x 7% = 14% on the original} 


b 


ς 
α 


Find the value of the investment at the end of: 
i 3 years li 4 years ili 5 years. 
Do the amounts form an arithmetic sequence, geometric sequence, or neither? Explain your 
answer. 
Write an explicit formula for the sequence. 
Write a recursive formula for the sequence. 


2 $6000 is invested at a fixed rate of 7% p.a. compound interest over a lengthy period. Interest 
is paid at the end of each year. For the case of compound interest, interest is paid on the current 
value of the investment. 

After 1 year, the value is $6000 x 1.07 
After 2 years, the value is ($6000 x 1.07) x 1.07 = $6000 x (1.07)? 


d 
e 


Explain why the amount after 3 years is given by $6000 x (1.07)°. 
Write down, in the same form, the amount after: 
i 4 years li 5 years lili 6 years. 
Do the amounts at the end of each year form an arithmetic sequence, geometric sequence, 
or neither? Explain your answer. 
Write an explicit formula for the sequence. 
Write a recursive formula for the sequence. 


3 A photocopier originally cost $12 000 and it depreciates in value by 20% each year. 


After one year, its value is $12000 x 0.8. 


b 


Find its value at the end of: 

i two years li three years. 
Do the resulting annual values form an arithmetic 
sequence, or a geometric sequence? 
Give an explicit formula for the value at the end 
of the nth year. 
Give a recursive formula for the value. 
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A series is the sum of the terms of a sequence. 


For a finite sequence wy, U2, U3, ..... Un With n terms, the corresponding series is 
1 + Ua + Ug +... + Uy. 


The sum of this series is S,, = uy + U2 +ugt+.... + Un. 


For example, consider the sequence 1, 3, 6, 10, 15, which has 5 terms. The corresponding series is 
1+3+6+10+15, and the sum of the series is Ss = 35. 


EXERCISE 16D 


1. Consider the sequence 3, 5, 8, 11, 19. Find: 
a U3 b 34 Cc U5 d Ss. 


2 For each of the following sequences, find: 


i the first 4 terms of the sequence li 94. 
a un =2n+3 b u, =n’ —-6 
¢ Uu,=7x 2"! d u=3, uz, =3X un_-1 —4, 32 


3 A sequence has Ss = 21 and Sg = 33. Find the value of we. 


4 Consider a sequence with general term wu, = Let S,, be the sum of the first n terms of 


n(n+1) 
the sequence. 


ἃ Find the values of S;, So, S3, and 4 as fractions. 
1 1 1 i 
2x3 3x4 4x5 Yooxdol’ 


a 
εκ, ΝΟΥ 
i = ᾿ 
We 
ee 
a 


. 1 
Ὁ Hence conjecture the value of a + 


An arithmetic series is the sum of the terms of an arithmetic sequence. 


Consider the arithmetic sequence 5, 10, 15, ...., 90, 95, 100. The first term is Ἢ = 5 and the last term 
1S U20 = 100. 


The sum of the terms of this sequence is Soa9= 5+ 104+ 15+....4 90+ 95+ 100 


However, we can also write Soo = 100+ 95+ 90+4+....4 154+ 104+ 5 
{reversing the terms} 
Adding these equations gives 2x Soo = 105 +105 +105 +.... +105 + 105 + 105 
20 of these 


2 X Seo = 20 x 105 
Sop = 22 x 105 = 1050 


The sum of a finite arithmetic series with first term w,;, common difference d, and last term w,,, is 
n 
ΟΣ ΞΞ 2 (uy + ΤῈ 


Ge = 5 (Qu, +(n—1)d) {using up, =u, +(n—1)d} 


Example 7 ™)) Self Tutor 


An arithmetic series has 8 terms. The first term is 3 and the last term 
is 17. Find the sum of the series. 


The series is arithmetic with wu; =3 and ug = 17. 


Now ΘΝ = ~ (uy + Un) 


(3 +17) 


Example 8 ™)) Self Tutor 


Find the sum of 1+5+9+4+13+.... to 30 terms. 


The series is arithmetic with u,; =1, d=4, and n= 80. 


Now S,= (2u1 + (n — 1)d) 


530 = 32(2 x 14+ 29 x 4) 
Sh yeil 


Example 9 ™)) Self Tutor 


Find the sum of 6+10+14+18+....+ 102. 


The series is arithmetic with u; =6, d=4, and u,, = 102. 
First we need to find n. 
Pall 
7 ν. : ae εἰ ΝΟ 5. — = (ui + Un) 
An 0 “. 825 = 2(6 + 102) 
ee AD = 1350 


EXERCISE 16E 


Find the value of 5+8+11+14+17+ 20: 


by adding the terms directly using S, = = (ui + Un) 


using S,, = τ (Qu; +(n—1)d). 


An arithmetic series has 12 terms. The first term is 10 and the last term is 65. Find the sum of the 
series. 


An arithmetic series has 20 terms. The first term is 30 and the last term is —8. Find the sum of the 
series. 
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4& Find the sum of: 


3+74+114+15+4.... to 10 terms 6 40+354+ 30+ 25-+.... to 15 terms 
8+11+14+17+.... to 50 terms d -6+3+4+12+21-+.... to 40 terms 
21+19+17+15+.... to 60 terms f 7+1+4(-5)+(-11)+.... to 30 terms 
h 


5+554+6+65+.... to 25 terms 20+ 195 +19+185+4.... to 50 terms. 


5 An arithmetic sequence has 91] =4 and S,=11. Find S40. 


6 Consider the series 4+9+14+19+....+ 119. 


How many terms are in the series? Ὁ Find the sum of the series. 


7 Find the sum of: 


8 a 
b 


9 Jim is saving money to buy a car. He puts €20 in the bank 
in the first week, then €25 in the second week, then €30 
in the third week, and so on. 


b 


10 The arrangement of numbers alongside is called a 3 x 3 magic 
square. The numbers from 1 to 9 are placed so that the numbers 
in each row, column, and main diagonal all add up to the same 
number, known as the magic constant. For a 3 x 3 magic square, 
the magic constant is 15. 


An n X n magic square contains the numbers from 1 to n?. 


b 
ς 


7+9+11413+....+55 Ὁ 10+13+16+19+....+ 100 
87+ 83+79+75+....+15 d -54+14+7+13+....+109 
12+7+2+(-3)+....+ (—58) f 64+75+9+4+105 +....4+30 


Show that the sum of the first n multiples of 4 is 2n(n+ 1). 
Hence, find 4+8+12+4+16+....+ 80. 


How much will Jim put into the bank in the 10th 
week? 


How much money will Jim have saved in total after 
20 weeks? 


Find, in terms of n, the magic constant for an n x n magic 
square. 


Check that your formula is correct for n = 3. 


Find the magic constant for an 8 x 8 magic square. 


DISCUSSION “ 


Is it possible to find the sum of an infinite arithmetic series? 
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A geometric series is the sum of the terms of a geometric sequence. 


For example: 1, 2, 4, ὃ, 16, ...., 1024 is a geometric sequence. 
1+2+4+4+8+416+....11024 is a geometric series. 
If we are adding the first n terms of a geometric sequence, we say we have a finite geometric series. 


If we are adding all of the terms of a geometric sequence which goes on and on forever, we say we have 
an infinite geometric series. 


SUM OF A FINITE GEOMETRIC SERIES 


The sum of the first n terms of a geometric series is 
Sn =U tur tur? ture +... tur! 


For a finite geometric series with r ~ 1, 


ee Ue eg πὴ 
r—1l l-r 
Proof: δ, +uyr+uyr? + ur? + .... + ur"? tur" ( *) 


then rS, = (uir+ ur? + ur? + uyr* +... buyer" ἢ + ur” 
. TS = (Sp -- Δ] + ur” {from ( * )} 
' Syn — Sn = Ur” — Uy 
Sn(r — 1) = uy (r” — 1) 
ἘΠῚ 1) ἴμ1{1.--. 5} 


Ss, = -- or ———— provided rl. 
r—l 1- 


Example 10 ™)) Self Tutor 


Find the sum of: 
a 3+64+12+24-+.... to 10 terms Ὁ 8—4+2-1+.... to 7 terms. 


a The series is geometric with uy; = 3 Ὁ The series is geometric with wu, = ὃ 
ἘΠῚ 7. —— 4. i ee 


n 2° 
r—1l1 a 
l-r 


 8(1-(-3)”) 


ss =) 

τα a8 

= 3069 1—(-$) 
_ (a8 


510 
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EXERCISE 16F.1 
1 Find 5+10+20+ 40+ 80+ 160: 


ἃ by adding the terms directly Ὁ using S, = a la 


r—1 
2 Find the sum of: 

a 14+34+9+27+.... to 8 terms 

ς 244+12+6+3+.... to 9 terms 

e 4-- δὅ- 16 -- 32 Ἑ.... to 10 terms 

4 11V114+114+V11+1+.... to 9 terms 


2+10+50+250+.... to 10 terms 
1+ V2+2+2/2+4.... to 12 terms 
81 —27+9-—3+.... to 8 terms 
16—4+1-—4+.... to 10 terms. 


3 A geometric series has S; =2 and 450 -Ξ- ὃ. 
a Find the first term w, and the common ratio r. 
Ὁ Find the sum of the first 10 terms of the series. 


4 A geometric series has first term 11 and common ratio r = —1. 
u, if nis odd 


Show that S,, = 
aa te if mis even 


5 Doug is marooned on a desert island with only 2000 mL 
of fresh water. 
He drinks 500 mL on the first day, but realises he will 
soon run out of water if he drinks that much each day. He 


decides that each day he will drink - of the amount he 
drank the previous day. 
a How much water will Doug drink on the: 
i 5th day ii 10th day iii 15th day? 
Ὁ Describe what happens to the amount of water Doug 
drinks each day. 
¢ How much water will Doug have drunk in total after: 
i 10 days ii 20 days iii 30 days? 


d Do you think Doug will ever run out of water? Explain your answer. 


SUM OF AN INFINITE GEOMETRIC SERIES 


An infinite geometric series is the sum of the terms of a geometric sequence which continues 
indefinitely. 


Examples of infinite geometric series include 2+8+4+32+128+... and 104+5+4+254144+..... 


If r>1 or r < —1, the terms in the series get larger and larger. The sum of the series becomes 
infinitely large, and cannot be found. We say that the series diverges. 


If —1 < r <1, the terms in the series get smaller and smaller, and the sum of the series converges 
to a finite value. 


ui(1—r”) 


; as n gets very large. 
— 7 


Consider S,, = 


For —1<r<1, r” approaches zero, so S,, approaches the value — 
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If —1<r<1, the sum of an infinite geometric series with first term wu, and 
U1 


common ratioris S = i ; 
- 


Example 11 ™)) Self Tutor 


Find the sum of 24+14+54+ GH... 


This is an infinite geometric series with uj = 2 and r= 2. 


—1<r<l, so the series converges, and the sumis S = π᾿ 
att ty 


EXERCISE 16F.2 


1. Decide whether the following infinite geometric series will converge or diverge: 


a 7+144+28+56+.... Ὁ 643415434... 
ς 1—-V34+3-3v3+.... d 80—8+0.8—0.08+.... 
2 Consider the infinite geometric series 9+6+4+ = +... 
8 Find: i Ss li Sy Hii = Soo. 
Ὁ Predict the sum of the infinite geometric series. 
¢ Check your answer to Ὁ by finding the sum S = — 
3 Find the sum of: 
a 164+84+4+4+2+.... Ὁ l+tt+et+igt-. 
¢ 36—-124+4-4.... d 32+244+18+2+.... 
@ 72—-124+2- 4... f 0.6 + 0.06 + 0.006 + 0.0006 + .... 


4 Consider a rectangle with area 1 unit?. 
The rectangle is divided into thirds, with one third 
coloured blue, and another third coloured red. The 
rectangle is then rotated 90°, and the process is 
repeated on the remaining unshaded third. 
Suppose this process continues indefinitely. 


a Show that the total blue shaded area = 43+ ὁ Ὁ 5+... DEMO 
Explain why the blue shaded area = red shaded area. 
Hence, explain why $+¢+ 35+... =. 
U1 


d Check this fact using S = 7 


—T 


6 Find the sum οἵ 5+ - + 
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a Without evaluating either sum, explain why 8—4+2-—1+4-—44+...=44+1+44.... 
Ὁ Verify this fact by evaluating each sum. 


5 5 


+ a5 +...., giving your answer in the form a+ b/2, a, b € Z. 


J2 2 


REVIEW SET 16A 


10 


Write down the first five terms of the sequence: 
a starting at 8, and increasing by 5 each time 
b starting at 19, and decreasing by 7 each time 
¢ whose nth term is the nth cubic number. 


Find the first four terms of the sequence with recursive formula 
1S 2 he ci ee, 


Find the unknowns given that the following sequences are arithmetic: 
δ a. aly ie, = Ae ΡΝ ΜΙ ΒΝ Maa es Fer 
Find k given that k—2, 2k—1, and 4k—6 are consecutive terms of an arithmetic sequence. 


Write down the common ratio for these geometric sequences: 
Br 2505 200.160. 128: ce Ὁ 4, —12, 36, —108, .... 


Find the general term wu, of the geometric sequence with us = 24 and u7 = —192. 
Consider the sequence defined by u, =n? +2n. Find: 
ἃ the first 4 terms of the sequence b S4. 


Find the sum of: 

a 214+ 25+ 29+ 33+.... to 20 terms Ὁ 404+ 344 28+ 22+.... to 30 terms. 
Find the sum of: 

ἃ 5+20+80+320+.... to 10 terms Ὁ 18—12+8-—2+.... to 9 terms. 


Find the sum of: 
ἃ 25+54+1+¢+... 5.4. 12 6-3 


REVIEW SET 16B 


Find the 8th term of the sequence with explicit formula: 

a u,=61—4n b u, =n*—-10 
Consider the sequence —6, —2, 2, 6, .... 

a Show that the sequence is arithmetic. 

Ὁ Find a formula for the general term wry. 

¢ Find the 100th term of the sequence. 

d Find the largest term that is less than 500. 


Show that the sequence 64, —32, 16, —8, 4, .... 15 geometric. 


σ 


Find the 16th term of the sequence as a fraction. 


360 


10 
11 
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a Find the first 5 terms of the sequence defined by the recursive formula 
Uti — he ee ee 


Ὁ Hence, state the value of woo. 


An arithmetic series has 15 terms. The first term is —10, and the last term is 32. Find the sum 
of the series. 


Find the general term wu, for the arithmetic sequence with us = 24 and {1 = —36. 


Find the sum of: 
a 6+114+16+21+....+ 101 6 80+ 73+ 66+59-+.... to 20 terms 
¢ 17+14+11+8+....+ (—31) d 16+ 24+ 36+54+.... to 10 terms. 


2k+ 7, 1—k, and k—7 are consecutive terms of a geometric sequence. 
ἃ Find the possible values of k. 
b For each possible value of k, find the corresponding common ratio. 


A geometric series has S; =6 and Sy =3. 
a Find the first term wu and the common ratio r. 
Ὁ Find the sum of the first 10 terms. 


Answer the Opening Problem on page 344. 


The equilateral triangle ABC has sides of length 2 cm. 
Another equilateral triangle is formed inside it by 
joining the midpoints of each side. This process 
continues indefinitely, as shown in the diagram. 

Find the total length of the lines drawn. 


Vectors 


» 


Directed line segment 
representation 

Vector equality 

Vector addition 

Vector subtraction 

Vectors in component form 
Scalar multiplication 

Parallelism of vectors 

The scalar product of two vectors 
3-dimensional vectors 


Contents: 
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od ἀν, 
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2 es ‘ 
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OPENING PROBLEM 


Ian can swim in a swimming pool at a speed of 3 kmh7?. 
However, today he needs to swim directly across a river 
which is flowing at a constant speed of 2 kmh! to his 
right. 


Things to think about: 


a Can you draw a diagram to illustrate the situation? 


Ὁ Can you describe the effect the current in the river 
will have on the speed and direction in which Ian 
swims? 


¢ How can we accurately find Ian’s speed and direction, if he aims to swim directly across the 
river? 
d In what direction must Ian face so that he does swim directly across the river? 


VECTORS AND SCALARS 


Quantities which only have magnitude are called scalars. 


Quantities which have both magnitude and direction are called vectors. 


To solve the Opening Problem, we need to consider not only the speed of Ian and the current, but also 
their directions. 


Velocity is a vector quantity which includes both speed and direction. 


Other examples of vector quantities include acceleration, force, displacement, and momentum. 


For example, when using force we consider how hard we push an object, and what direction we push it 
in. 


Consider a bus which is travelling at 100 kmh~! to the 
south-east. We can represent the motion of the bus using 
an arrow on a scale diagram. 


The length of the arrow represents the size or magnitude 
of the velocity. The arrowhead shows the direction of 
travel. 


S 


Scale: 1 cm represents 50 kmh7! 
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NOTATION 


e The vector from O to A can be written as 
τ - 
OA οἵ a or α΄. Α 


] | a 


bold used used by 
in textbooks students 


The magnitude or length of the vector can be written as 
--- — 
}OA| or OA or jal or | ai. 


τον 
e ΑΒ is the vector which emanates from A and terminates B 
> 
at B. AB is the position vector of B relative to A. 


Example 1 ™)) Self Tutor 


On a scale diagram, draw a vector representing a velocity of 
40 ms~! on the bearing 075°. 


Scale 1com=10ms"' y 


EXERCISE 17A 


1 Using a scale of 1 cm represents 10 units, draw a vector which represents: 
a avelocity of 40 kmh! to the south-west 
Ὁ a velocity of 35 ms! to the north 
ς a displacement of 25 m in the direction 120° 


d an aeroplane taking off at an angle of 12° to the runway, with speed 60 ms~!. 


2 if ———— _ represents a force of 45 Newtons due east, draw a directed line 
segment to represent a force of: 
a 75 N due west Ὁ 60 N south-west. 
3 Ona scale diagram, draw a vector representing: 
a avelocity of 60 kmh! in a north-easterly direction 
Ὁ amomentum of 45 kgms~! in the direction 250° 
ς a displacement of 25 km on the bearing 055° 
d 


an aeroplane taking off at an angle of 10° to the runway, with speed 90 kmh7?. 
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EQUAL VECTORS 


Two vectors are equal if they have the same magnitude and direction. 


Equal vectors are parallel and in the same direction, and are 
equal in length. a 


This means that arrows representing equal vectors are a 
translations of one another. 


THE ZERO VECTOR 


The zero vector, O, is a vector of length 0. 
It is the only vector with no direction. 


. Β — 
When we write the zero vector by hand, we usually write 0. 


NEGATIVE VECTORS 
--- -- 
Β AB and BA have the same length but 
opposite directions. 
AL —— — 
AB\. We say that BA is the negative of AB and 
\ BA —> —; 
write BA = —AB. 
A 


P a and —a are parallel and equal in length, 
ee but are opposite in direction. 


Example 2 κ() Self Tutor 


ABCD is a parallelogram in which AB =a and 
BC = b. 
Find vector expressions for: 


τον — 
a BA b CB ς 


{the negative vector of AB} 


{the negative vector of BC} 


{parallel to and the same length as BC} 


{parallel to and the same length as BA} 
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EXERCISE 17B 


1 h hich are: a 
State the vernne me ich are = 5. 
a equal in magnitude ς 


b parallel _— 

¢ in the same direction ee . 

d= equal _ 
@ negatives of one another. 


2 The figure alongside consists of two isosceles triangles 


S R 
—- —: 
with [PQ] || [SR], PQ =p, and PS = q. 
Which of the following statements are true? 
os ---- τος 4 
a RS=p Ὁ QR=q ς QS=q 
d QS=PS PS = —RO 
—_ ]@ = — 
P D Q 
A 
a 
B 
D 
b 
C 


; — —> 
3 ABCD is arhombus. Let AB =a and BC=b. 
Which of the following statements are true? 


--- — 

a AD=b Ὁ CD=a 
——— 

¢ DC=b d ja|=|b 
— 

e |DA|=—|b| f |—a| =|-b| 


Suppose we have three towns A, B, and C. B 
A trip from A to B, followed by a trip from B to C, is equivalent 
to a trip from A to C. " 
; ᾿ > - —> 
This can be expressed in vector form as the sum AB+BC = AC, 
where the + sign could mean ‘followed by’. 
ς 


After considering diagrams like the one above, we can define vector addition geometrically: 


To add a and b: Step 1: Draw a. 
Step 2: At the arrowhead end of a, draw b. 


Step 3: Join the beginning of a to the arrowhead end of b. 
This is vector ἃ - ἢ. 


: DEMO 
a 
a+b 


Example 3 ™)) Self Tutor 
Find a single vector which is equal to: 

— —- 

AB + BE 

πον -υ — 

eee 

τος — τος 

CB ΒΌ τ DC 


{as shown} 
— 
=, 
------ἰ 
Ξε CC ΞΕ zens vector} 


THE ZERO VECTOR 


Having defined vector addition, we are now able to state that: 


The zero vector, O, is a vector of length 0. 


For any vector a: a+0O=O+a=a 


a+ (—a) = (—a)+a=0 


Example 4 ™) Self Tutor 


Sonya can swim at 3 kmh7~! in calm water. She swims in a river where the current is 1 kmh! 


in an easterly direction. Find the resultant velocity if Sonya swims: 


with the current against the current northwards, across the river. 


Scale. 1cm=1kmh—! 


N 
The velocity vector of the river is a 
Sonya’s velocity vector is 5 : ba 
r 5 
The net result is r+s. S 


Sonya swims at 4 kmh? to the east. 


Sonya’s velocity vector is 


The net result is r-+s. 


Sonya swims at 2 kmh~! to the west. 


Sonya’s velocity vector is and the net resultis r+s. 


ir+s|=/10 3.16 
Now tand=4, so θ -- ἰδη ‘(3) 


39 
~ 18.4° 


Sonya swims at about 3.16 kmh~! in the direction 018.4°. 


EXERCISE 17¢€ 


Copy the given vectors p and q and show how to construct p + q: 


HR 
: | 


Find a single vector which is equal to: R 
-- > —> — 
QR+RS PQ+QR Q 
τιον — ——> τος —> —> 
PS +SR+ RQ PR + RQ+QS 
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3 a Consider the vectors: 


"Al 
| AA | 


pit] | tt 

ΠΡ ΤΠ 111 
EEN eee 
pt tT tT tt tt yt | 
BERS RRR 


Use vector diagrams to find: i p+q li q+p 
Ὁ For any two vectors p and q, is p+q=q +p? Explain your answer. 


4 Consider an aeroplane trying to fly at 500 kmh! due north. Find the actual speed and direction of 
the aeroplane if a gale of 100 kmh~? is blowing: 
a from the south Ὁ from the north ς from the west. 
5 A vessel is trying to travel east at 10 kmh’. Find its actual speed and direction if there is a current 


of 10 kmh7!: 
8 from the east Ὁ from the west ς from the south. 


6 An aircraft flying at 400 kmh! due east encounters a 60 kmh! wind from the north. Find the 
resultant new speed and direction of the aircraft. 


7 A ship travelling at 23 knots on a course 124° encounters a current of 4 knots in the direction 214°. 
Find the resultant new speed and direction of the ship. 


To subtract one vector from another, we simply add its negative. 


a—b=a-+ (—b). 


For example, given 


Example 5 
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Example 6 κ() Self Tutor 


For points P, Q, R, and S, simplify the following vector expressions: 


—-> πὸ -- 
b QR—SR—PS 


Example 7 ™)) Self Tutor 


Xiang Zhu is about to fire an arrow at a target. In still conditions, 
the arrow would travel at 18 ms~!. Today, however, there is 
a wind blowing at 6 ms~! from the left, directly across the 
arrow’s path. 

a In what direction should Zhu fire the arrow? 

Ὁ What will be its actual speed? 


Suppose Zhu is at Z and the target is at T. Let a be the arrow’s 
velocity in still conditions, w be the velocity of the wind, and x be 
the vector ZT. 
a+w=*x 
a+w-Ww=x-w 
a=x-—Ww 
a Now |a|=18ms! and |w|=6ms—? 
Στ 
51η0 τ τὸ =3 
θ = sin~* (3) = 19.475 
Zhu should fire about 19.5° to the left of the target. 
Ὁ By Pythagoras’ theorem, [χ 7 + 6? = 18? 


|x | = 182 — 62 ~ 16.97 ms! 
1 


the arrow will travel at about 17.0 ms~-. 


EXERCISE 17D 


1. For the following vectors p and 4. show how to construct p — 4: 


ἃ ΓΓΓΓΓΓΓΓΤΓΤΓΤΤΤΙΠ] ΒΓΠΓΠΓΓΠΓΠΓΠΓΓΓΓΓΓΠΠῚ ς 


Lt ttt id Att hae tt 
PTT tT EAT A TT 
LITT tT TAT TT I 


[ΜΠ 
SRA ROR ERR EAA 
[|| 
ptt tT tt ΓΙ 11] 
SEER ΚΝ δ" ΠΝ ΜΗ AE 


| {| tT la 
| | | YI | 
| tT tT tt tt 
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2 For points P, Q, R, and S, simplify the following vector expressions: 
ad -- — τος > 
a QR+RS Ὁ PS—RS ¢ RS+SR 

τος --- --- -- -- Ὁ — —— — —- 

d RS+SP+PQ ς QP—RP+RS f RS—PS—QP 


3 An aeroplane needs to fly due north at a speed of 500 kmh~‘. However, it is affected by a 


40 kmh~! wind blowing constantly from the west. In what direction should it aim, and at what 
speed? 


4 A motorboat wishes to travel north-west to a safe haven 
before an electrical storm arrives. In still water the boat 
can travel at 30 kmh~!. However, a strong current is 


flowing at 10 kmh~! from the north-east. 


a In what direction must the boat head? 


Z ) 
Fae 


‘ c 
Ὁ At what speed will the boat actually travel? Wg ΡΣ 
ο .- Ω 


ἘΠ - be fe "yn os wd 
. ee ae Ee - 


5 Answer the Opening Problem on page 362. 


So far we have examined vectors in their geometric representation. 


We have used arrows where: 


e the length of the arrow represents size or magnitude 
e the arrowhead indicates direction. 


However, we can also represent vectors by describing the horizontal and vertical steps required to go 
from the starting point to the finishing point. 


The component form of a vector is Ge ) 
y-step 


The x-step is positive if we move to the right, and negative if we move to the left. 


The y-step is positive if we move upwards, and negative if we move downwards. 


For example: 


We move 3 units to the right We move 1 unit to the left 
and 5 units upwards, and 2 units upwards, 
so the vector is (3). so the vector is ( Ν ) 


THE VECTOR BETWEEN TWO POINTS 


The position vector of point A(a1, a2) relative to the 


origin O(0,0) is OA = Gees = e ) 


y-step a2 


The position vector of B(b;, b2) relative to A(ay, a2) 


re AB = Gene = e ΞΞ hs ) 
y-step by — ag 


Example 8 ™)) Self Tutor 
Given the points A(2, —3) and B(4, 2), find: 

—> 

AB 


: : -- Ὁ τατος 
From this Example, we notice that BA = —AB. 


VECTOR EQUALITY 


Two vectors are equal if and only if their x-components are equal and their 


y-components are equal. 


(ἢ) = (4) " and Only bp ΞΡ and τῇ — 3. 


™)) Self Tutor 


We have k? =9 and k-—1=-—-4. 


The only value of k which satisfies both equations is k = —3. 
Example 10 =) Self Tutor 
A car travels at a speed of 20 ms~' in the direction 125°. 


Write this as a vector in component form. 


ΒΞ τ᾽ so 1 Ξ 2) x cos35° = 16.4 


Sketch: 


ene τ: sor ΞΟ ΞΟ 


α 16.4 
. the vector is ee fs es) 


EXERCISE 17Ε.1ῖ 


Draw arrow diagrams to represent the vectors: 


(2) (5) 


Write the illustrated vectors in component form: 


See | 
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3 Given the points A(3, 4), B(—1, 2), and C(2, —1), find: 
--- --- -- -- - - 

a OA b AB ¢ CO d BC e CA 

4& Find k& given that: 
k+2\ (4 b 2 \_ (k?4+1 ᾿ 3 _ [ k? —2k 
i 4 k+1) | 0 k?7 +6) — dk 

5 Use an arrow diagram to help write each of the following vectors in component form: 

a avelocity of 60 π|5. in the direction 120° 


Ὁ a displacement of 15 km in the direction 221° 


¢ an aeroplane on the runway takes off at an angle of 9° and a speed of 160 kmh7?. 


VECTOR ADDITION 
: τιν a1 bi 
Consider the addition of vectors a= ( ) and b= ( ) 
ag by 
The horizontal step for a+b is a,+b,, 
and the vertical step for a+b is daog+bo. 


= ay ἘΞ: by _ αι + by 
If 2-(%) and v= (7) then ρα (877). 


Example 11 ™)) Self Tutor 


Given »=(5) and v-(/,), find a+ b. 


Check your answer graphically. 


Le 
|| | TAL | 
|| | Δ ἘΠΕ 
| ay Ty 
Loge tt, 
|) are | 
| | | | tT | | 


NEGATIVE VECTORS 
TTT TTT TTT TTT 
For the vector a = [Ὁ PT TTT est 
TT abert TT [1 ery 
notice that a= (7° Peet ΠΡΓΓ ἘΠ 
-2): A Γ τ {τ|{{{ι|’ 


ZERO VECTOR 


The zero vectoris O = (1) . 


For any vector a: 
a+0O=O+a=a 
a+ (—a) = (-a)+a=0 


VECTOR SUBTRACTION 


To subtract one vector from another, we add its negative. 
If ἐς (1) and »- (7) then a—b =a+(-—b) 
a bo 


2 
ΟΠ 4 a —b, 
=(a)+ (3) 
If a= “1 and b= b1 then a—b= lee 
a2 bo az — be 


=) Self Tutor 


THE MAGNITUDE OF A VECTOR 
By the theorem of Pythagoras, 


ΞΕ ὦ}. ; : = 2 2 
If a= (3), the magnitude or length ofais |a| = ,/af+a,. 


a2 


a) 


VECTORS (Chapter 17) 


Example 13 ™)) Self Tutor 


Find the lensthor “ἢ a 


ἃ The length of 9 


= ν΄ 52 + 22 
= J/25+4 


= /29 units 


EXERCISE 17E.2 


; 2 9 --2 | 
1. Given "πὶ 5. »-Ἐ[} and ἀξ τ} find: 


aa+b b b+a ς b+e d c+b 
ς a+c f c+a g acta h b+ace 
2 1 
2 Given m= and n= , find: 
4 —2 
ἃ πη 6 —m ς —n 
—] —2 > 
3 Given p=( s) a= (3). and r=(3), find: 
a p-q Ὁ q-r ς p+q-r 
d p-q-r @e q-r-p ἔ r+q-p 
; —" 1 — --Ὁ ----ὸ 
4 a Given αβ-- [1] and ac = ( 7"). find BC. 
Ὁ Given ΑΒ - [1 ab-(‘), and B= (',). find AC. 


5 Find the length of each of these vectors: 


(i) ὦ © (4) Ὁ) «(τ 


6 For each of the following pairs of points, find: i AB ii the distance AB. 
a A(3,5) and B(1, 2) Ὁ A(—2,1) and B(3, —1) 
c A(3,4) and B(0, 0) d Α(Ι1, --ὅ) and B(-1, 0) 


7 Prove that for any two vectors a andb, a+b=b+a. 


Hint: Let 1-(%) and b= (fh). 
ag bo 


a7) 
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Numbers such as 1 and —2 are called scalars because they have size but no direction. 
2a and —2a are examples of multiplying a vector by a scalar. 


2a is a short way to write ἃ - a, andsimilarly —2a = (—a) + (—a) 


For NY we have and 
a a 


So, 28. has the same direction as a and is twice as long as a, and 


—2a_ is in the opposite direction to a and is twice as long as a. 


Example 14 ™)) Self Tutor 


vena 1.ΞΞ @ and s= & , find geometrically: 


In component form: 


a ka 
If k is a scalar then a09 = τ 


Each component 
is multiplied by k. 


We can now check the results of Example 14 using the component form: 


me r+s=2(5)+( 2) In b, r-2s=(5)-2( 2) 
ΠΟΤ -()-(ὦ) 
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Example 15 ™)) Self Tutor 
Sketch any two vectors p and q such that: 


a p= 24 


EXERCISE 17F 
: 2 4 : : ᾿ὴ 
1 Given r= ( 4 and s= ( ΝΡ ) , find using i geometry ii component form: 


a 2r Ὁ —3s ς =r d r-— 2s 
h 


a 
2 
e 3r+s f 2r — 3s 4 ts+r +(2r - 5) 
2 Sketch any two vectors p and 4 such that: 
a p=q b p=-q ς p=3q d p= 74q ¢ p=-—5q 
3 If a is any vector, prove that: 


a |ka|=|k||al b —a isa vector of length 1 in the direction of a. 


| a| 
Hint: Let a= ( ) 
a2 


Two vectors are parallel < one is a scalar multiple of the other. 


<> means 
“if and only if”. 
This statement means both: 


e if one vector is a scalar multiple of another then the two vectors are 
parallel 


e if two vectors are parallel then one vector is a scalar multiple of the 
other. 


If a is parallel to b then we write ἃ [1 }. 


a, e If a=kb_ for some non-zero scalar k, then al] b. 
a e If aj||b_ there exists a non-zero scalar k such that a= kb. 


Example 16 >) Self Tutor 


The vectors ( τ᾿ and ( ἢ are parallel. Find t. 


The vectors are parallel, so ( ΙΝ ) for some k. 


and t=-—2k 


Consider the vectors .- (8) and v= (7). Notice that (5) = [ἢ so a= 3b. 


a || b. 


Notice also that |a| = /36+9 
— /45 


Bad = ὃν 


= 3]b]. 


Consider the vector ka which is parallel to a. 


e If k>O then ka has the same direction as a. 
e If k<0O then ka has the opposite direction to a. 
e The length of ka is the modulus of & times the length ofa. |ka| =|k||a| 


Example 17 ™) Self Tutor 
What two facts can be deduced about p and q if: 
p = 5q q = —5p? 
Ρ -- 84 


p is parallel toq and |p|=|5||q|=5]|q| 
p is 5 times longer than q, and they have the same direction. 


ᾳ -- -ἅἔρ 


q is parallel to p and lq|=|-8 | Ip|= |p| 


q is - as long as p, but has the opposite direction. 


EXERCISE 17G 


Find the scalar ¢ given that the following pairs of vectors are parallel: 
20 —5 K 9 
(7) ὦ (Ὁ) (2) ὦ (ἢ) 
—4 t γ᾽ ᾿ 
[τ Ὁ (Ὁ) (2) ὦ (4) 
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2 Find a such that (ἢ and (᾿ ᾿ ᾿ are parallel. 


3 Consider the points A(1, 5), B(3, 8), C(5, 11), and D(—3, t). Find the value of t such that 
[AB] || [DC]. 


4 What two facts can be deduced about p and q if: 


a Ρ-- 24 b p=54q ς p=—3q 
5 Using vector methods only, show that P(—2, 5), Q(3, 1), Verticenare ἘΝΝ 
R(2, —1), and S(—3, 3), form the vertices of a parallelogram. listed in order, so 


PQRS is 


6 Use vector methods to find the remaining vertex of 
parallelogram ABCD: 


a b 
B(5, 7) 


either Ly? 
A(4,3) 2 


A(2,3) 


D(—1,1) C(T,=2) 


be 
is defined as ae b= a,b; + αοὖο. 


be, ger (“ and b= ι. ), the scalar product or dot product of a and b 
2 


Example 18 ™)) Self Tutor 


The scalar product is important for determining the angle between two vectors. 


If two vectors a= ἤν ) and b= e make an angle 8 between them, 
2 2 


aeb 


then cos@= ; 
|a||b| 


Proof: 


Given two vectors a = (” ) and b= & ), ee 
a2 bo 


we can translate either of the vectors so that both 


b 
emanate from the same point. [ee 


Let the angle between the two vectors be 6. 


This vectoris —-a+b=b-—a 


a oC anid has length [Ὁ -- ἃ]. 


Using the cosine rule, |b—a|* -- [415 + |b|? —2]a||b|cosé 


mwa (2) (ὦ) = (nae) 

(by — αι)" + (bo — ag)? =a -- αὐ +b? +7 —2|al||b|cosd 
δύ — 2a1b1 +a? +b — 2aobo - αἱ =a -- αὐ +67 -ἰ δὲ —2|a||b|cosd 
2|a||b|cos@ = 2a,b; + 2agb2 

ον {al|b|cos@ = a,b; + αὐ 


aeb 
|a||b| 


cos § = 


Example 19 ™)) Self Tutor 


For the vectors p= (7) and q = (*, ) find: 
peq the angle between p and q. 


peq 
Ip||q| 
5 


JV9+1V4+4+1 


cos @ = 


cos @ = 


cos § = 


cos @ = 


cos @ = 


V2 
G=45 
The angle between p and q is 45°. 


If a and b are perpendicular, the angle 6 between them is 90°. In this case cos? = Ὁ and so 
ae b= 0. 


a is perpendicular to bif aeb=0. 


Example 20 =) Self Tutor 


The two vectors a = ( and b= ( 7 are perpendicular. 
Find t. 


a | b reads 
‘a is perpendicular to b’. 


Since ab, aeb—0 


J 


2t+15=0 


: ἐΞ: --Ἕ. 


Example 21 


-ν 4 >: 3 
ΓΞ e and CB= oe 


--- —> 
CA eCB 

cos 9 = ———— 
| CA || CB | 

12 + 20 


/ 16 + 25+/9 + 16 


- cos@é = 


a 32 
- = Pe aoe be go 
Gr (5) 


So, the measure of ACB is about 1.79°. 


EXERCISE 17H 
Find: 


2 . 1 
τ 9 
1 . . 8 
Show that ( 7 ᾿ is perpendicular to ( 9 ) 


For the vectors p and 4. find: peg the angle between p and q. 


τῷ). «-ἢ -(ὦ). .-0) 
r=(4) 4-(}) -(). «-}) 
τ «- τῷ τ 
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4 Find ¢ given that: 


a ( 3 is perpendicular to ( x b ( ‘es is perpendicular to (7) 
(' 1 Ἢ is perpendicular to ( τ α ( ) is perpendicular to ( * ) 


5 Find the measure of: 
a ABC given A(—1, —2), B(2,4), and C(3, --1) 
Ὁ BAC given A(4, 1), B(3,—3), and C(-—1, 6) 
POR given R(2,2), P(—1,5), and Q(3, —4) 
d KML given K(4,2), L(3,7), and M(5, —1). 


6 Consider the points A(3, 2), B(—1, 3), and C(k, —4). Find k such that ABC is a right angle. 


7 Find the measure of all angles of triangle PQR, given: 
a Ρί(--2, 4, Q(3,-1), and R(1, 0) Ὁ P(4,1), Q(-1, 3), and R(2, --1). 


ae 


VECTORS 


as 


In Chapter 6, we specified three mutually perpendicular axes, 
called the X-axis, Y-axis, and Z-axis, in order to describe 
points in 3-dimensional space. 


We can do the same thing to describe vectors in three 
dimensions. 


Any vector in 3-dimensional space can be described using a set 


x 
of three numbers y |, where x, y, and z are the steps in 
Zz 


the X, Y, and Z directions respectively. 


The rules we have seen for dealing with vectors in two dimensions extend readily to vectors in three 
dimensions. 


ay 
e The position vector of point A(a,, a2, a3) relative to the origin O(0, 0, 0) is OA = te 
a3 

—_— bi = [1 

e The position vector of point B(b;, bz, b3) relative to A(a,, a2, a3) is AB= [ὃ -- αὦ 

b3 — a3 

a Pp 
Γ sey ΞΞ [τῇ 1 and Only iia Gg — pa — G7 ἀπ ΞΥ 


e The zero vectoris O= [0 
0 
ay 
e The vector a= | ag has magnitude |a| = «χα -- αὐ - αἴ. 
a3 
(1 b; 
e Given a=]! ao and b= | bo 
a3 bs 
αι + by αι — by 
» at+b= az + bo > a-—-b= az — be 
a3 + b3 a3 — b3 
ka, 
ae: eae ae cee for any scalar k 
Κα 


>» the scalar product οἵ ἃ andbis aeb = a,b; + αοὸ + α505 
aeb 
Ja| |b] 


>» if 6 is the angle between a and b, then cosé = 


Example 22 ™)) Self Tutor 


Consider the points A(2, 5,1), B(—2, 6, —4), and C/(4, 0, 3). Find: 


-- - —- 
the coordinates of D such that AB = CD. 


— 


AB = 6—5 
—4—] 
Let D have coordinates (2, y, z). 
—- ποτοῦ 
Now CD=AB 
x—A —4 
y—O |] = 1 
z—3 --5 
“.ι| Φ-ά4πι - 4, y-—O=1, and z-—3=-5 
ee ἢ y=1, and z=-2 
The coordinates of D are (0, 1, —2). 


EXERCISE 171 
Consider the points A(3, 5, 2), B(—1, 4, 0), C(0, 6, —2), and D(—1, 4, —3). Find: 
— — πον —— 
OA AB DC CB 
Consider the points P(2, —1, 3), Q(0, 5, —6), and R(1, —1, —4). Find: 
— ; — — 
PQ the coordinates of S such that PQ = RS. 


Example 23 ™) Self Tutor 


the angle between a and b. 


|a| = 52 + (—-1)* + 3? 
= /25+1+49 


ΞΞ 55 11Π||5 


Let Θ be the angle between a and b. 
aeb 
|a||b| 
—10-—2+18 
V35V4 + 4 + 36 


Now cos@= 


- cosé = 


- cosé = 


6 
V35V44 


6 ο 


The angle between a and b is about 81.2°. 


6=cos—! 


2 --Ἰ 
Let a= | 0 and b= 5 Find: 
2 -- 
Aa —2b a+b 
a—b 3a +b a — 5b 


Find the magnitude of: 


2 —4 3 
—] 0 —6 
—2 7 4 
6 5 
Show that | —1 is perpendicular to Z 
4 —7 
{2 -1 —6 
Find ¢ given that —4 is parallel to 8 
1 2ὲ +2 
δ —] 
Find the angle between a= | —4 and b= | 0 
2 6 


Find the measure of all angles of triangle PQR with vertices P(6, 0, —1), Q(4, 3, 3), and 
R(—2, 3, —1). 
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A AS) 3] 7 


Using a scale of 1 cm represents 10 units, sketch a vector to represent: 


a an aeroplane taking off at an angle of 8° to the runway with a speed of 60 ms~! 


Ὁ a displacement of 45 m in the direction 060°. 


For the given vectors p, q, and r, show how to 
construct: 
aptr b r—q-p 
; — as 
O In the figure alongside, OA =a, OB=pb, and 
b —> 
= AC =€¢. 
Ξ Find, in terms of a, b, and ec: 
πον πον > -τον 
a CA Ὁ AB ΕΝ. d BC 
A Ξ C 
For points A, B, C, and D, simplify the following vector expressions: 
= > —_—> - - cc oro - Ἔἑ ἠὠ a a> 
a AB+BD Ὁ BC— DC ¢ AB—CB+CD-— AD 


A yacht is moving at 10 kmh~! in a south-easterly direction. It encounters a 3 kmh! current 
from the north. Find the resultant speed and direction of the yacht. 


What can be deduced about vectors a and bif a= sb? 


Suppose p- (5). a-( 5). and r= (9%). Find: 


a 2p+q 6 p-q-r ς the length of 4. 

2 k; 
Find the value of & such that ( " Ἶ and ( 4 are: 

ἃ parallel Ὁ perpendicular. 
Use vectors to find the remaining vertex of B(3,—2) 
parallelogram ABCD. A 

CO—3) 
D(=3,5) 
1 3 

For the vectors p= & and q= ey: find: 

a peq Ὁ the angle between p and 4. 


Find the measure of CBA for A(1, 2), B(—2, 3), and C(0, —4). 
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12 Consider the points P(7, —1, 2) and Q(4, —3, —1). Find: 
a PO Ὁ the distance PQ. 


REVIEW SET 17B 


Ί What can be said about vectors p and q if: 
a |p|=l|q| Ὁ p= 24) 
---- --ς 
2 How are AB and BA related? 


A pilot wishes to fly his aeroplane due east at a speed of 200 kmh~?. However, his flight is 
affected by a wind blowing constantly at 40 kmh~! from the south. 


a In what direction must he face the aeroplane? 
Ὁ What would be his speed in still conditions? 


4 Find: 


*(s)e(a) & (4) (4) 
pre m= (2) ad 2=(2) tod 


a m-— 2n Ὁ [π Ἐπ... 


6 Find the value of t such that (7) and ( Ευ are: 


a perpendicular Ὁ parallel. 
7 Consider the points P(4, 7), Q(8, 4), R(7, 0), and 5(--1, ἐ). Find ἐ given that [PQ] || [SR]. 
8 For A(—1,1) and B(2, —3), find: 

a AB Ὁ the distance AB. 


! Κ k? — 2 
9 Find k given that eae | 10 ) 


10 For P(1, 4), Q(—2,5), and R(—1, —2), find the measure of QRP. 


---- —- 
11. In the given figure, AB = p and BC = q. p B 
τ τὶς πτ ee A 
DC is parallel to AB and twice its length. q 
Find, in terms of p and q: 
— — ——. C 
a DC b AC ¢ AD. 
D 
—4 2 
ἘΣ Let: a= 1 and b= { —/ |. Find: 
—] 3 


a 5a Ὁ 20 -- ἃ ς the angle between a and b. 
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OPENING PROBLEM 


A lotus plant initially covers an area of 40 cm’. The 
area it covers increases by 20% each week. 
Things to think about: 


a Does the area covered by the plant increase by a 
constant amount each week? 


Ὁ Can you explain why the area covered by the 
lotus plant after mn weeks is given by the function 
A(n) = 40 x 1.2” cm?? 

What does the graph of A(n) look like? 

What area is covered by the lotus plant after 3 weeks? 


aia 


How long will it take for the plant to cover an area of 100 cm?? 


When a quantity increases or decreases by a fixed percentage each time period, the quantity can be 
described using an exponential function. 


In this chapter, we will study exponential functions and their graphs. We will also solve exponential 
equations using algebraic methods, technology, and logarithms. 


An exponential function is a function in which the variable occurs as part of the index 
or exponent. 


Examples of exponential functions are f(x) = 3%, g(x) =2*-*, and h(x) -- δ - 5.5. 


Example 1 ™)) Self Tutor 


For the function f(r) =3- 277, 


ἃ f(0) Ὁ f(3) 


a f(0)=3-2° 6 f(3)=3—2-- 
—3-]| ἘΝ oe | 


8 


9 hy 
= 21 


EXERCISE 18A 
1. Determine whether the following are exponential functions: 
a f(x) -Ξ- 75 b f(r) =24 ὁ f(x) =5-37-? 
d f(x) =10x 2? e f(x) =92 —2® f f(x) ——2—5% 
2 For the function f(x) = 3°42, find: 
a f(0) Ὁ f(2) ¢ f(-1) df (2a) 
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3 For the function f(x) =5~* -- 3, find: 


a f(0) Ὁ f(1) ¢ f(—2) d f(-z) 
4 For the function g(x) = 85. 2, find: 
a (0) Ὁ (4) ¢ g(-1) d g(x +5) 


GRAPHS OF THE FORM f(x) =a", a>0, a¥1 


We can draw graphs of exponential functions using a 
table of values. 


For example, the graph of f(z) = 2” is shown 
alongside. 


pe |-3]-2]-1] 0] 1] 2] 8. 


1 1 1 
ΒΒ RGESERESEIERED 


Notice that: 


e the y-intercept of the function is 1 αὐ = 1 for alla £0. 
e the graph lies entirely above the y-axis 
e as the values of x get smaller, the values of y get closer and 


closer to zero, but never actually reach zero. We say that the amy 
line y=O is a horizontal asymptote of the function. 


INVESTIGATION 1 


What to do: GRAPHING 
PACKAGE 


1 Use the graphing package or your graphics 
calculator to draw the graph of: 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Z ς 24 a fa) — Ὁ" 


a ΓΙ = bs So fiz)—2 f a 
Ε [(] - ()" 4 f(x) =0.3" h f(x) ΞΞ- 0.15 


6 [(1) ΞΕ Ὁ.85 (x) 
2 What do you notice about: 
ἃ the y-intercept of each graph b the horizontal asymptote of each graph? 
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3 For the graph of f(x) -Ξ, αὖ, what effect does a have on: 
ἃ whether the graph is increasing or decreasing 
Ὁ the steepness of the graph? 


In the previous Investigation you should have made the following discoveries: 


For all exponential functions of the form f(z) =a", a>0O, aF¥l: 


e The y-intercept is 1, since f(0)=a° =1. 
e The graph has the horizontal asymptote y = 0. 
e If a> 1, the graph is increasing. e If 0<a<1, the graph is decreasing. 


e The graph of f(x) =a* becomes steeper as a moves further away from 1. 


EXERCISE 18B.1 


1. Use a table of values from x = —3 to x =3 to help sketch each of the following exponential 
functions: 
_ Qu . Aw .- ΤῊ" . {1\% 
ἃ f(x) --8 b f(x) --4 ¢ f(x) = (4) d f(x) = (3) 
2 Use technology to graph the following functions on the same set of axes: 
a y=5* b y=1.8" ¢ y=0.77 d y= (3) 
3 Match each function with the correct graph: ς ᾿ De 
a y=3.6" 
Ὁ y= 0.9" 
ς y= 15" 
d y= (1) B F 
e y= (3) 
t= (9 
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USING TRANSFORMATIONS TO GRAPH EXPONENTIAL FUNCTIONS 


To graph more complicated exponential functions, we apply transformations to graphs of the form 
y= a". 


INVESTIGATION 2 


What to do: 
GRAPHING 
1 ἃ Use the graphing package or your graphics Sos Shear cl 


calculator to draw the graph of: 


GRAPHICS 
as Hii y=37+2 CALCULATOR 
τς ": INSTRUCTIONS 

ii y=—3* —4 


Ὁ For each graph in a, find the y-intercept and the equation of the horizontal asymptote. 
¢ What transformation is needed to graph y= 55 ἘΚ from y = 37? 


2 ἃ Draw the graph of: 
ee i y=27-! i 4 -- 2514 
Ὁ What transformation is needed to graph y= 27-* from y = 272 


INVESTIGATION 3 
What to do: 


1 ἃ Use the graphing package or your graphics calculator to draw the GRAPHING 
PACKAGE 

graph of: 
ee Ὁ il. ΞΕ Χ 4" iii y= 5x4 


Ὁ Find the y-intercept of each graph in a. 


¢ What transformation is needed to graph y=k x 4” from y = 4%? 


2 a Draw the graph of: 


ΞΕ Ὁ ii y—3? ii y= 37 
Ὁ What transformation is needed to graph y=3* from y = 372 
INVESTIGATION 4 
What to do: 
1 Use the graphing package or your graphics calculator to draw the graph of: ee 
Β' — Ὁ y=—-5* c= os 
d y=(2)" e y=—(3)" ΕΝ 


2 What transformation is needed to graph: 


a y=-—a’ from y=a’ So. y—u- hom 7 — a) 
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From the Investigations you should have found that: 


e Graphs of the form y=a*+k_ are obtained by translating y= αὖ by τ 


> If k Ὁ, the graph moves upwards. > If k <0, the graph moves downwards. 


Graphs of the form y=a*—* are obtained by translating y = a” by τ 


> If k>0O, the graph moves right. > If k «0, the graph moves left. 

Graphs of the form y=k xa” ἴθ obtained by vertically dilating y= αὖ with scale factor k. 
» If k>1, the graph moves away from the x-axis. 
> If 0<k<1, the graph moves towards the x-axis. 


ὁ Graphs of the form y=a* are obtained by horizontally dilating y= αὐ with scale factor k. 
> If k>1, the graph moves away from the y-axis. 
» If 0<k<1, the graph moves towards the y-axis. 


e Graphs of the form y= -—a* are obtained by reflecting y= αὖ in the z-axis. 


e Graphs of the form y=a~* are obtained by reflecting y= αὖ in the y-axis. 


Example 2 ™)) Self Tutor 


Sketch the graph of: 
ἃ y=2*+3 
a The graph of y = 25 +3 is found Ὁ The graph of ᾧ-- 35. 2 is found by 


by translating y = 2” upwards by translating y = 3” to the right by 
3 units. 4 units. 


EXERCISE 18B.2 


1 For each of the following functions: 


i sketch the graph ii state the equation of the horizontal asymptote 
iii find the range iv find the y-intercept. 
ἃ y=2’?-1 Ὁ y=3742 ς y= (1) -3 


2 Sketch the graph of: 
a y = 25- 5 b ῃ = ete ς y= (1) ἢ 


Example 3 κ() Self Tutor 
Sketch the graph of: 
Ue 


x 
3 


The sraph of -y = 2 X35" is found The graph of y = 22 is found by 
by vertically dilating y = 3” with horizontally dilating y = 2” with 
scale factor 2. scale factor 3. 


Sketch the graph of: 
y=3x 2° y=4x 5? y=4~x (1) 
Sketch the graph of: 


y= 5? y = 2° y = (3)" 


Example 4 ™)) Self Tutor 
Sketch the graph of: 
‘iS 


The graph of y = —4” is found by The graph of y = 3°” 1s found by 
reflecting y= 47 in the z-axis. reflecting y= 3” in the y-axis. 


Sketch the graph of: 
y = —2* a y=—(3) 


Sketch the graph of: 
v=4 Ὁ y=2" y=(3) ~ 
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7 Consider the graph of f(x) =3* alongside. 


a ᾧ - (1) is found by translating y = f(x) 
1 unit to the right. Show that g(x) = + xs, 


Ὁ y=h(zx) is found by horizontally stretching 
y = f(x) with scale factor $. Show that 
nia) =o". 

ς y= j(x) is found by reflecting y = f(x) in 
the y-axis. Show that j(x) = (4)”. 


In this section we will examine situations where quantities are either increasing or decreasing 
exponentially. These situations are known as growth and decay, and occur frequently in the world 
around us. 


An exponential function of the form f(x) =k x αὖ exhibits: 


e growth if a>1 e decay if 0<a<l. 


GROWTH 


Under favourable conditions, a population of rabbits will 
grow exponentially. 


Suppose the population is initially 100 rabbits, and the 
population doubles every month. The population after 
¢t months can be described by the exponential function 
P=] 10 x". 


We can use this relationship to answer questions about the 
rabbit population. For example: 


e To find the population after 3 months, we substitute TI-84 Plus 
t=3 and find P= 100 x 2° ΤΠ Ξ 


7 She 
= 800 rabbits. 1aa+27"6,5 


e To find the population after 65 months, we substitute 78508. 966099 


t=6.5 and find P= 4100 x 2°° 
=~ 9051 rabbits. 


Clearly, the population cannot continue to grow exponentially in the long term because eventually the 
rabbits will run out of food. Nevertheless, an exponential function can be valuable for modelling the 
population in the short term. 


Example 5 ™)) Self Tutor 


During a locust plague, the area of land eaten n weeks after the initial observation, is given by 
A = 8000 x 1.4” hectares. 


a Find the size of the area initially eaten. 
b Find the size of the area eaten after: i 4 weeks ii 7 weeks. 
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ς Use a and Ὁ to sketch the graph of A against n. 


a Initially, n=0 .. A=8000x 1.4° 
= 8000 hectares 


6b i When n=4, 


A = 8000 x 1.4 
~ 30 700 ha 


A = 8000 x 1.4’ 
~ 84300 ha 


EXERCISE 18C.1 


1 A local zoo starts a breeding program to ensure the survival of a 
species of mongoose. Using results from a previous program, the 
expected population in n years’ time is given by P= 40x 1.15”. 


The population grows 
since a> l. 
a What is the initial population purchased by the zoo? 
Ὁ Find the expected population after: 

i 3 years ii 10 years iii 30 years. 
ς Sketch the graph of P against n using a and Ὁ. 


2 In Tasmania, a reserve is set aside for the breeding of jaggy Sig κοῖς ὑπ πὴ 
echidnas. The expected population after ¢ years is given δι ai RA Ἷ 
by P=50 x 1.28", : 
a What is the initial breeding colony size? 
Ὁ Find the expected colony size after: 
i 3 years ii 9 years iii 20 years. 
¢ Graph P against ἐ using a and Ὁ. 


3 In Uganda, the number of breeding females in an endangered population of gorillas is Go. 
Biologists predict that the number of breeding females G in n years’ time will grow according 
to G=Gp x 1.01”. 


a There are currently 28 breeding females in the colony. Find Go. 
Ὁ Predict the number of breeding females after: 

i 5 years ii 10 years iii 20 years. 
ς Sketch the graph of G against n using a and Ὁ. 
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4 A tip contains 3000 tonnes of rubbish. The amount of 
rubbish in the tip increases by 5% each year. 


a Explain why the amount of rubbish in the tip after 
n years is given by A(n) = 3000 x 1.05”. 
Ὁ Find the amount of rubbish in the tip after: 
| 5 years li 10 years. 


ς Sketch the graph of A against n. 


DECAY 


When the value of a variable decreases exponentially over time, we call it decay. 


Examples of decay include: 
e cooling of a cup of tea or coffee e radioactive decay 
e the drop in current when an electrical appliance is turned off. 


Example 6 ™) Self Tutor 


The current J flowing through the electric circuit in a fan, ¢ milliseconds after it is switched off, 
is given by J = 320 x 0.7’ milliamps. 
ἃ Find the initial current in the circuit. 
Ὁ Find the current after: i 4 milliseconds ii 10 milliseconds. 
Sketch the graph of J against ¢ using a and Ὁ. 


When t=0, I =320x 0.7? 
= 320 milliamps 
i When t=4, 
I = 320 x 0.77 
~ 76.8 milliamps 
ii When t= 10, 
I = 320 x 0.77° 


eA aE ἜΤ A A OO 
ΒΕ ΒΕΒΕΙ͂Ν καὶ ἐν μὲ Ἐπ eee eee 
10 12 14 16 
t (milliseconds) 


EXERCISE 18C.2 


1. Boiling water is left in a pot to cool. After ¢ minutes, its temperature is 
given by 7 = 100 x 0.84’ °C. 


ἃ Find the initial temperature of the water. 


The function 
decays since 
“π΄ 


Ὁ Find the water temperature after: 
i 2 minutes ii 10 minutes iii 20 minutes. 
¢ Graph T against ἐ using a and Ὁ. 
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2 The weight of radioactive material in an ore sample after t years is given by 
W = 2.3 x 0.96" grams. 
8 Find the initial weight. 
Ὁ Find the weight after: i 20 years ii 40 years iii 60 years. 
ς Sketch the graph of W against ἐ using a and Ὁ. 
d What is the percentage loss in weight from ἐ Ξε Ὁ to t = 20? 


3 There are currently 500 possums in a section of 
bushland. The population is expected to fall by 8% 
each year. 

a Write an exponential function for the expected 
possum population P after ¢ years. 
Ὁ Find the expected possum population after: 
i 1 year ii 5 years iii 10 years. 
¢ Sketch the graph of P against t. 


When you place money in a bank, you are in effect lending the money to the bank. The bank in turn 
uses your money to lend to other people. The bank pays you interest to encourage your custom, and 
they charge interest to borrowers at a higher rate. This is how the bank makes money. 


When you place money in a bank, the value in your account is called your balance. After a period of 
time, the interest is automatically added to your account. When this happens, the next lot of interest will 
be calculated on the higher balance. This creates a compounding effect on the interest as you are getting 
interest on interest. 


Compound interest is calculated as a percentage of the total amount at the end of the previous time 
period. 


Consider an investment of €1000 with compound interest of 6% p.a. paid each year. 


ἀπε σα a σπσσαν, €1000.00 
6% of €1000.00 = €60.00 | €1000.00 + €60.00 = €1060.00 


Notice the increasing 
amount of interest 
each year. 


€60. 
2 [60 of €1060.00 = €63.60 | €1060.00 + €63.60 = €1123.60 
6% of €1123.60 = €67.42 | €1123.60 + €67.42 = €1191.02 


Each year, the account balance becomes (100% +6%) or 106% of its 
previous value. 
the value after 3 years = €1000 x 1.06 x 1.06 x 1.06 
= €1000 x (1.06)? 
= €1191.02 


This suggests that if the money is left in the account for n years, it will 
amount to €1000 x (1.06)”. 


The annual multiplier is (1+ 7), where ὁ is the annual interest rate expressed as a decimal. 
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These observations lead to the compound interest formula: 


Compound interest 
is an example of 
exponential growth! 


Bo — Fob) 


where δὼ is the future value 
P, is the present value or amount initially invested 
2 is the annual interest rate as a decimal 
n is the number of years of investment. 


Example 7 ™)) Self Tutor 


Find the future value when $5000 is invested at 8% p.a. compound Theanierestedaied ie 
interest for 2 years. F,-—P, 


How much interest is earned? 


B= Fal aa) b Interest earned 
Εν = 5000 x (1 +. 0.08)? = $5832 — $5000 
= 5000 x (1.08)? = ηπ0 
= $5832 


EXERCISE 18D 


1. Copy and complete the table to find the 
future value when €8000 is invested at 
5% p.a. compound interest. 


παν 
Ee SSS 
ἘΝ ἘΞ ν 


Find the future value when £40000 is invested at 10% p.a. compound interest for 3 years. 


Cc a 


How much interest is earned? 


fad 
Ω 


Find the future value of ἃ ¥ 50000 investment at 8% p.a. compounding yearly over 3 years. 


σ 


How much interest is earned? 


Example 8 ™)) Self Tutor 


I am able to invest at 8.5% p.a. compounding annually. How much should I invest now to achieve 
a future value of $10000 in 4 years’ time? 


yes ay ΞΡ 
10000 = P, x (1+0.085)* {8.5% = 0.085} 


10000 = P, x (1.085)4 
10 000 
(1.085)4 


P, = 7215.74 {Calculator: 10000 [=] 1.085 [A] 4 } 


I should invest $7215.74 now. 


=P 


EXPONENTIAL FUNCTIONS AND LOGARITHMS (Chapter 18) 399 
4 Ican invest money at a fixed rate of 7.5% p.a. compounding annually. How much money must I 
invest now to produce $20 000 for a holiday in 4 years’ time? 


5 What initial investment is required to produce a maturing amount of 15000 euros in 5 years’ time, 
given a fixed interest rate of 5.5% p.a. compounding annually? 


Example 9 ™)) Self Tutor 


An investment of £3000 has grown to £3752 after 4 years. Find the annual 
compound interest rate. 


Pal) ἜΞΞΕ, 
3000(1 + 7)* = 3752 


(1+i%)* 


_ 3752 
~~ 3000 


1-Ἐἰ Ξ αὶ τ {finding the fourth root of both sides} 


ae ,/ 3752 — ; 
3000 
4 = 0.0575 


The annual interest rate is approximately 5.75%. 


6 An investment of $4000 has grown to $4855 after 5 years. Find the annual compound interest rate. 


7 Julian invested £8500, and three years later his account balance was £9686. 


a How much interest did Julian earn? Ὁ Find the annual compound interest rate. 


Motor cars, office furniture, computers, and many other items decrease in value as they age. We call this 
process depreciation. 


Depreciation describes how items diminish in value over time. 


Items usually depreciate because they become damaged and imperfect through use and time, or because 
their technology becomes superseded. 


The following table shows how a computer bought for $1500 depreciates by 20% each year. Items are 
depreciated on their reduced value each year. This creates a compounding effect similar to what we saw 
with interest in the previous section. 
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At the end of each year, the computer is only worth 100% — 20% = 80% __ of its previous value. Thus, 
we multiply by 0.8. 


Its value after 1 yearis Μὴ = $1500 x 0.8, 
after 2 years is V2 = Vi x 0.8 = $1500 x (0.8)", 
and after 3 years is V3 = V2 x 0.8 = $1500 χ (0.8)°. 


Depreciation is 
an example of 
exponential decay! 


This suggests that after n years, the value will be 
Vn = $1500 x (0.8)”. 


The depreciation formula is: 


F, = P,(1—i)" 


where F, is the future value after n years 
P, is the original purchase price or present value 
2 is the annual depreciation rate as a decimal 
n is the number of years. 


Example 10 ™)) Self Tutor 


Photocopiers depreciate in value by 15% per year. 
Suppose a photocopier was purchased for $18 500. 


ἃ Find the value of the photocopier after 5 years. 


Ὁ By how much has its value depreciated? 
Depreciation is 


Py -- Fy 
P, = 18500 Now F, =P, (1—i)" 


i = 0.15 ᾿Εν = 18500( -- 0.15)" 
n=5 = 18500(0.85)° 
~ $8208.55 
Depreciation = $18 500 — $8208.55 = $10 291.45 


EXERCISE 18E 


1 Acar was purchased for $32 500, and its value depreciated annually by 16%. Find the value of the 
car after 10 years. 


2 A motorbike was purchased for £8495, and its value depreciated at 12% each year. 
a Copy and complete the following table: 


Depreciation or annual 
Number of years owned P Value after n years 
loss in value 


0 - £8495 

1 £1019.40 £7475.60 
2 

3 

4 
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Ὁ The motorbike is used for a delivery service, and so the depreciation each year can be claimed 
as a tax deduction. How much can be ‘claimed’ during the 4th year? 


ς Find the value of the motorbike at the end of the 8th year. 


3 Kevin bought a truck for $38500. It depreciated at a rate of 20% p.a. 


ἃ Find the truck’s value after 3 years. Ὁ By how much has it lost value? 


4 A cabin cruiser was bought for €120000 in April 2005, and was sold for €45 000 in April 2013. 
Find the annual rate of depreciation of the boat. 


An exponential equation is an equation in which the unknown occurs as part of the index 
or exponent. 
For example: 2%” =8 and 30x 3*=7_ are both exponential equations. 


To solve exponential equations, we try to write both sides of the equation with the same base. We can 
then equate indices. 


If a® =a*, then z=k. 


Example 11 κ() Self Tutor 


Solve for z: 
ἢ ΞΞ 


2 =e 
jr — 9° 
σφ τεῦ {equating indices} xa—2=-2 {equating indices} 
P= 


Example 12 ™)) Self Tutor 


Solve for z: 


a 6x3" =54 


a 6x37 =54 one) nel 


35. - ἐμ ταὶ Cams = [2.5 5 
5 2ΞῸῚ 


οΖα--2 ee οϑα--Ἱὶ 


x=2 {equating indices} 25 —2=3x—1 {equating indices} 


—2+1= 8. —22 
. cS] 
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EXERCISE 18F 


1 Solve for z: 


es Ὁ 37 =9 ¢ 27 =8 d 57=1 

ε 3: --ἰ [δ --ἰ 25 --- - h 57+? = 25 

Ι get =i j 3:-:-- & k 2%-1=— 39 | 3l-22 — Bs 

πὶ 4+ — 1 n 9-3 =3 ο (4)" °° =2 p (i)° *=9 
2 Solve for z: 

a 5x 2" -- 40 b 6x 271+? = 24 ς 8χ(:) -- 12 

d 4x57 -- 500 ε 4x3" =2 f 7x (4) =63 

g 22-5¢ 4. h 5°71 = (-:}" i 95-2-- 15 

j 2x 42-* —8 k 38+ xg-# = (1)7" | gr°-2r _g 


3 Consider the rabbit population described on page 394, which is given by the function 
P= 100 x 2° after t months. How long will it take for the rabbit population to reach 3200? 


4 Solve for z: 


᾿ 425.-1 7 ge b Q5@ 7 onl—a ; 45 7 ρου ΕἸ 
35 " 55-4 " 9xr+2 7 Qx 
52. --ὃ Ν 951-22 ᾿ 4: Ν ρα ᾿ 4:--- f g2x _ 5195.- 1 
1255 5α:--Ἐ2 82---α- ο72--α 41--Ξ2ὰ 


INVESTIGATION 5 


Consider the exponential equation 3” = 6. We cannot easily write 6 as a power of 3, so we cannot 
solve this equation by equating indices. However, since 31 = 3 and 32 = 9, the solution for x 
must lie between 1 and 2. 


GRAPHING 


We can solve this equation graphically using either a PACKAGE 


graphics calculator or the graphing package. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
What to do: 
1 Draw the graphs of y= 3% and y=6_ on the same Casio fx-CG20 
set of axes. 
1=3*(x, | 


2 Find the coordinates of the point of intersection of the 
graphs. 


3 Solve for x, rounded to 3 decimal places: 
a 3%=10 ΝΞ ΕΞ... = 100 
α 25 = 12 ε 57 = 40 [7 Ξ-.42 
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The logarithm of a positive number is the power that 10 must be raised to in order to obtain the 
number. 


For example, we know that 1000 = 10°. Since 10 must be raised to the power 3 to obtain 1000, the 
logarithm of 1000 is 3. We write log 1000 = 3. 


Similarly, 7 =107', so log(z) =-1. 


TTR re) Vey enn = N OF LOGARITHMS 


It is easy to take modern technology, such as the electronic calculator, for granted. Until electronic 
computers became affordable in the 1980s, a “calculator” was a profession, literally someone who 
would spend their time performing calculations by hand. They used mechanical calculators and 
technology such as logarithms. They often worked in banks, but sometimes for astronomers and 
other scientists. 


The logarithm was invented by John Napier (1550 - 1617) and first 
published in 1614 in a Latin book which translates as a Description of 
the Wonderful Canon of Logarithms. John Napier was the 8th Lord of 
Merchiston, which is now part of Edinburgh, Scotland. Napier wrote 
a number of other books on many subjects including religion and 
mathematics. One of his other inventions was a device for performing 
long multiplication which is now called “Napier’s Bones”. Other 
calculators, such as slide rules, used logarithms as part of their design. 
Napier also popularised the use of the decimal point in mathematical 
notation. John Napier 


In Napier’s time, mathematicians did not use the same notation a? for indices, nor did they make 
use of the general concept of a function as described in this course. It was therefore impossible 
for Napier to explain logarithms as we have done. Instead, Napier’s definition was based on the 
continuous movement of two points. 


To enable people to actually use logarithms, he 


Gr. 9 F calculated tables of numbers by hand to seven places 
9 = 

min| Sinus | | Loparithoni | Differcnrie | logarithm: ΕΠ Sinus | of decimals. This took him many years of work. 
σ 1564345 | | 18551174 | 18427293 1358 876883 | co : : 

: | Ἄχ ΕἾΡΕΙ i8aohs8s | 124343 287 420 |<> 0 find the logarithm of a particular number, you 
ee ΠΟΤ ΤΤΓ ΙΡΥΤοσος BETTE τ ἦν, would look it up in the table. Although this seems 
: | 1578709 ἀτρὰ ΤΉ 223732] [2871050] 56. awkward to us, it is much quicker to use tables than 
Φ | ushis81) ταις | 18314933 | 126661) foN7ai37}s4 calculate multiplication, division, and square roots 
- 1584453 18423451) 182963241 127127 93736971 53 

ἃ | 1587325] | 18405341 | 18277747 | 175941 fo873216]52 by hand. 


9 [| 1590197 1B58ya6s 18359203 ΒΗ eas τι 
9306 1536922 18240692 t28531 ‘ ᾿ : 
In| 1s9soqs ἢ [18351214 | 18322213] ἀφοῦ!) }891827]49 Logarithms were an extremely important 


1698812 18333237 | 18203765 129472 O871362 - Ξ 
5 eal 18315294 18185351 139943 | | 9870897 # development and they had an immediate effect 
14| 1604555 | { 18247384] 18166969 | 830415} | 9870431 | 46 : ; ᾿ 
ΣΞΕΠΕΕΤΙΣΣΙΕΙ ΙΗ ΗΤΙ ὑπ πΡΩ ἐμ, the seventeenth century scientific community. 


Johannes Kepler used Napier’s tables to assist 
with his calculations. This helped him develop his laws of planetary motion. Without logarithms 
these calculations would have taken many years. Kepler published a letter congratulating and 
acknowledging Napier. Kepler’s laws gave Sir Isaac Newton important evidence to support his 
theory of universal gravitation. 200 years later, Laplace said that logarithms “by shortening the 
labours, doubled the life of the astronomer’’. 


404 EXPONENTIAL FUNCTIONS AND LOGARITHMS (Chapter 18) 


The logarithms of values such as 1000 and τ; can be found by hand because it is easy to write these 
values as power of 10. The logarithms of most values, however, can only be found using a calculator. 


For example, using a calculator we can see TI-84 Plus 


that log 47 + 1.672. 


This means that 101-072 = 47. 


ΕΙΣ τὰν; 

1. ΒΞ ΡΈΕΙ 
16"1.6°2 

46, 95941056 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


EXERCISE 18G.1 


1 Without using a calculator, find: 


a log100 Ὁ log 100000 ς log (τ) d log10 
e log0.0001 f logl g log /10 ἢ log 10./10 
2 Use your calculator to find, rounded to 3 decimal places: 
a log 28 Ὁ logd ¢ log 300 Before calculating these 
d log0.4 e log800 f log 90 values, try to estimate 
᾿ what the answer will be. 
g log0.07 h log 4000 i log(—6) 


3 a Use your calculator to find log 70. 
Ὁ Hence, write 70 as a power of 10. 


4 Explain why it is impossible to find the logarithm of a negative 
number. 


5 Copy and complete: 


a logz is positive if x is ...... Ὁ logz is negative if x is ...... 


LOGARITHM LAWS 


In the following Investigation, we will discover some logarithm laws which can be used to simplify 
logarithmic expressions. 


INVESTIGATION 6 


What to do: 
1. ἃ Use your calculator to find: 
i log2+log6 li log12 fii log 7+ log9 iv log63 
v log5+ log 11 vi log55 vii log4+log8 vili log 32 
Bb Use 10°° 250 and 1 ~8 to: 
i find log50 li find logs 
lili. write 400 as a power of 10 iv find log 400. 


¢ Copy and complete: log(ab) = loga ...... log b. 
2 ἃ Use your calculator to find: 
i log15—log3 li log5 lili log 56 —log8 iv log7 
v log2—log13 vi log (4) vii logll—log7 viii log (+) 
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b Use 107472150 and 10°77 36 to: 
i find log 150 li find log6 
lili. write 25 as a power of 10 iv find log 25. 


¢ Copy and complete: log (=) OU Geo: log 6. 


3 ἃ Use your calculator to find: 


i log(2°) li 3log2 iii log(7*) iv 4log7 

ν log(6~) vi —2log6 vii log(5—°) viii —3log5 
b Use 10°? ~4 τὸ 

i find log4 li write 64 as a power of 10 lii find log 64. 


¢ Copy and complete: eyes ere 


You should have discovered the following logarithm laws 
which are true for all positive values of a and ὁ: 


These laws are 
closely related to 
the index laws! 
ὁ log(ab) = loga+logb 
e log (=) = loga — logb 


ὁ log(a”) =nloga, where n is real. 


Example 13 
Simplify, without using a calculator: 


a log2+log7 Ὁ log6—log3 


log 2 + log 7 b log 6 — log 3 
= log(2 x 7) = log ($) 
= log 14 = log 2 


EXERCISE 18G.2 


1. Write as a single logarithm in the form log k: 


a log6+log5 Ὁ Ιορ 10 -- log2 ς Ιορ τῇ - log (:) 
d 2log2+log3 e log5 —2log2 f + log 4 — log 2 
g log2+log3+log5 ἢ log 20 + log(0.2) i —log2—log3 


j 3log (4) k 4log2+3log5 | 6log2 —3log5 
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2 Without using a calculator, simplify: 


log ὃ b log 9 ‘ log 32 a log 5 

log 2 log 3 log 64 ἴοι (:) 

log(0.5) f log 125 g log 2° h log 4 
log 2 log (3) Ιορ ὃ log 24 


3 Without using a calculator, show that: 


a log V5 = 4 log5 b log V2 = 4 log2 ς log (-) =—$1og3 


4 a Use a calculator to find, rounded to 3 decimal places: 
i log5 ii log 5000 
Ὁ Use the logarithm laws to show that log 5000 = log 5 + 3. 


Use the logarithm laws to show that log 10” = a. 


6 Write as a single logarithm: 
a 2+ log6 Ὁ 1-—log2 ς log80—-1 
d 1+2log5 ς 2log30—-—2 f 3+log2+log7 


7 ἃ Use a calculator to find, rounded to 3 decimal places: 
i log13 ii log (+5) iii log 250 iv log (535) 
Ὁ Use the logarithm laws to show that log (=) = — logz. 


Alog /8 — 3 log(5) 
3 - 6 log /5 


Simplify without using a calculator: 


Click on the icon to print a set of game squares, and cut them out. ΤΡ τος 


Arrange the squares into ἃ 4 x 3. rectangle so that adjoining edges have the 
same value. 


Global How do we measure the magnitude of an earthquake? 
context 


aN 
= \ 
Ἔν 


Viatnematics 1S a powerTul tool fo Se be) 


Oommunicating, Applying mathemat 
[ere ΕΝ ν᾽ ΕΝ 
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USING LOGARITHMS TO SOLVE EXPONENTIAL EQUATIONS 


We cannot solve exponential equations such as 2” = 7 by writing both sides with the same base, but 
we have seen that we can solve these equations graphically. Another option is to take the logarithm of 
both sides of the equation, and then apply the logarithm laws to find the solution. 


Example 14 ™)) Self Tutor 


Solve for z: Pett 


9% Ὁ Casio fx-CG20 
log 7 | 


“loge — leet {taking the log of both sides} 
log 2 — log 7 { log(a”) = nlog a} 
_ log7 
log 2 
* £22.81 {technology} 


EXERCISE 18G.3 


1 Solve for x using logarithms, giving answers to 4 significant figures: 


ἃ 2} τὶ b 27=10 ¢ 27 = 400 
d 3° = 0.0075 ς δ = 1000 f 6° = 0.836 
1.15 -- 1.86 h 1.255 = 8 i 0.877 = 0.001 
Ι Ὁ =021 κ 1.085” = 2 | 0.997” = 0.5 
2 Solve for z: 
ἃ ὅχ2 --τῷὸ b 4x 5% = 1200 ¢ 80x 1.17 = 90 
d 30x 0.97 =15 e 200 x 0.5% = 30 f 60 x 0.995 = 50 


3 The weight of bacteria in a culture ἐ hours after it has been 
established, is given by W = 2.5 x 1.03’ grams. 
At what time will the weight reach: 


a 4 grams Ὁ 15 grams? 


4 A cube of ice has sides of length 5 cm. As it melts, its volume decreases by 15% each minute. 
a Write an exponential function for the volume V cm? of the block of ice after ¢ minutes. 
Ὁ Find the volume of the block of ice after 2 minutes. 
¢ How long will it take for the volume of the block of ice to reduce to 50 cm?? 


5 Answer the Opening Problem on page 388. 


LOGARITHMS IN OTHER BASES 


In the definition of logarithm we have used so far, we consider the power that 10 must be raised to in 
order to obtain a given number. More completely, this is called a logarithm in base 10. 


However, we can also talk about logarithms in bases other than 10. 
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The logarithm in base a of ὃ is the power that a must be raised to in order to get ὁ. 
It is written log, ὃ. 
For logarithms in base 10, we have seen that 1000 = 10°, so log 1000 = 3. 


Using logarithms in base 2, we can see that 8 = 2°, so logs ὃ = 3. 


Example 15 ™)) Self Tutor 


a Write an equivalent logarithmic statement for 2° = 32. 


Ὁ Write an equivalent exponential statement for log, (2) =—l. 


a From 25 -- 32, we deduce that log,32=5. 


Ὁ From log, (+) = —1, we deduce that 771 = ἢ. 


EXERCISE 18G.4 


1. Write an equivalent logarithmic statement for: 
a 2°=8 Ὁ 37=9 ς 5 t=: d 2° =32 


- 1 - 1 ΜΒ 
ἃ 70 ΞΞ1 ι89.1--- g 2°=4 h 23 -- ν2 


2 Write an equivalent exponential statement for: 


a log), 1000 = 3 Ὁ log, 16 -Ξ 4 If no base is specified, 
1\ 7 it is assumed we are 
¢ logs (3) = d log, 1=0 working in base 10. 


e log. (45) = —2 f log, (45) =2 


g log100=2 h log 725=4 


») 
™)) Self Tutor To find log, ὃ. 
write b with base a. 


3 Write 125 with base 5, and hence find log; 125. 


4 Write 3 with base 6, and hence find log, (35). 


5 Find: 
a logs9 Ὁ log, 64 ¢ log, /2 d log, V2 
e ἴορς ὃν f log, 1 4 log8 h logs (=) 


i loB 1 (3) j log 5 (<5) k logs (<5) | logs (<5) 
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REVIEW SET 18A 


Consider the function (5) ΞΞ 3 -- 1. Find: 


ἃ [{(0] b f(3) ¢ f(—1) df (22) 
Use technology to help sketch the following on the same set of axes: 

S09 =2. 77 By 16" cy = 05" 
Use transformations to sketch the graph of: 

a y= —-3* Ὁ y=27+4+5 


The weight of a radioactive substance remaining after t years is given by 
W = 1000 x (0.98), grams. 


ἃ Find the initial weight present. 
Ὁ Find the weight after: 

i 10 years fi 50 years iii 100 years. 
¢ Graph W against ἐ using a and Ὁ only. 


£120 000 is invested at 7.4% p.a. compound interest for 5 years. 


a Find the future value of the investment. Ὁ How much interest is earned? 
Solve for x without using a calculator: 
oe S162 1 (a ys 


gr+2 971-22 


d 8x2zti=4 @ 3x 253-* = 15 po aa | ἃ τὸς 
g3—x 322 


The population of a colony of seals after t years is given by P= 50 x 3°. 
a Find the population after 2 years. 
Ὁ How long will it take for the population to reach 4050? 


a Use your calculator to find log δύ. b Hence, write 80 as a power of 10. 
Without using a calculator, find: ἃ log (+5) b log 100/10 
Without using a calculator, simplify: 

a log4+log2 Ὁ log45 —2log3 = = 


Danielle writes an online blog. The number of 
people following her blog after t weeks is given by 
ΜΞ τ δ 


ἃ How many people are following Danielle’s blog: 


CONGRATULATIONS 


Phiten oe Rane 
ili after 8 weeks? —_— 
Ὁ Sketch the graph of N against t. 


¢ How long will it take for Danielle’s blog to have 
200 followers? 


a Write -π as a power of 5. Ὁ Hence, find log; -π-. 
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REVIEW SET 18B 


1 


10 


a Explainwhy f(x) -- 55 2 [5 an exponential function. 


Ὁ What transformation can be applied to y=5* to obtain y= f(x)? 
Suppose P(#)=2x37*. Find: 


a P(0) Ὁ P(2) ¢ P(x+4) 
Sketch the graph of: 
a υ Ξ2 S75 4 


Find the range of the function y = 3” — 2. 


Kelly has started taking Spanish lessons. The number 
of Spanish words she knows after n weeks is given 
by W(n) =2 x 1.9". 


a How many Spanish words does Kelly know: 


MUCHO ENORME 
_\_ PROFESOR: 


Ζ 


i before she starts the lessons 
li after 3 weeks 
lili after 5 weeks? 


Ὁ Sketch the graph of W against n. 


A new caravan worth $15 000 depreciates at 16% p.a. 
Find the caravan’s value in 5 years’ time. 


Use your calculator to find log 700, rounded to 2 decimal places. 
Find x without using your calculator: 
δ.» 105 e/a ape anaes Yeas 
Write as a single logarithm: 
a 5 log 25 + log 11 Ὁ 2+ log4 ¢ ὃ --Ἰορ 5 -- ἰΙορ ὃ 
ἃ Use your calculator to find the value of (log 5)2 + Ἰορ 50 x log 2. 
Ὁ Prove this result algebraically by simplifying (1+log5)(1—log5) in two different ways. 


Solve using logarithms: 

Bia — 9 B. 200 x G67 = 10 
Find: 

a log, νῷ Ὁ log, (<5) 


Deductive geometry 


Circle theorems 
Further circle theorems 
Geometric proof 

Cyclic quadrilaterals 


Contents: 
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OPENING PROBLEM 


Market gardener Joe has four long straight 
pipes of different lengths. He places the 
pipes on the ground, and joins them with 
rubber hose to form a garden bed in the shape 
of a quadrilateral. A sprinkler which casts 
water in semi-circles of diameter equal to the 
length of a pipe is placed at the midpoint of 
each pipe. 


not watered Joe draws a rough sketch of the watering 
system, and decides that his sprinklers will 
water the whole of the garden. His son 
Clinton is sceptical of his father’s idea, and 
draws his own sketch which suggests that 
there will be an unwatered patch in the 


Joe’s sketch Clinton’s sketch centre. 


Things to think about: 


ἃ By drawing an accurate diagram of this situation, can you determine whether Joe or Clinton is 
correct? 


Ὁ Can you prove that your answer is true using geometric theorems? 


The geometry of triangles, quadrilaterals, and circles has been used for at least 3000 years in art, design, 
and architecture. Many amazing discoveries have been made by mathematicians and non-mathematicians 
who were simply drawing figures with rulers and compasses. 


In geometry, we use logical reasoning to prove that certain observations about geometrical figures are 
true. We do this using special results called theorems. 


CIRCLE THEOREMS 
You should be familiar with the following circle theorems: 
Name of theorem Statement | Diagram 


Angle in a semi-circle | The angle in a semi-circle is a 
right angle. 


Chords of a circle The perpendicular from the 
centre of a circle to a chord 
bisects the chord. 
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Name oftheoren | ____Statomen 


Radius-tangent | The tangent to a circle is OAT = 90° 
perpendicular to the radius at 
the point of contact. 


Tangents from an | Tangents from an_ external 
external point point are equal in length. 


Two useful converses are: 


e If line segment [AB] subtends a right 
angle at C, then the circle through A, B, 
and C has diameter [AB]. 


e The perpendicular bisector of a chord of a 
circle passes through its centre. 


Example 1 ™)) Self Tutor 


Find x, giving brief 
reasons for your answer. ὥς : τς 
ABC measures 90 {angle in a semi-circle} 


(c+10)+32+90=180 {angles in a triangle} 


᾿ς 45 - 100 = 180 
ὦ a ΞΞΞῚ ΝΠ) 
<= 20 


EXERCISE 19A 


1. Find 2, giving brief reasons for your answers: 


a b ς 
= yr 
Ρ» ae 
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Example 2 ™)) Self Tutor 


2 Find a and ὃ in the following figures: 


3 a Finda. 


Ὁ Hence, find the diameter of the circle. care) 


A circle is drawn, and four tangents to it are constructed as 
shown. 
Deduce that AB + CD = BC + AD. 
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5 The chord [AB] is equal in length to the 6 [AB] is the perpendicular bisector of the 
radius of the circle. Find the length of chord [CD]. 
[XY]. Find the diameter of the circle. 


7 A circle touches the three sides of the 8 A circle is inscribed in a right angled 
triangle as shown. Find the radius of the triangle. The radius of the circle is 3 cm, 
circle. and [BC] has length 8 cm. 


Find the perimeter of the triangle ABC. 
Ax 


Before we can explore additional circle theorems, we need some more terminology for describing the 
parts of a circle. 


Any continuous part of a circle is called an are. τ - 
If the arc is less than half the circle, it is called 
a minor are. 
. ι. a ς 
If the arc is greater than half the circle, it is called Β 
a major arc. 
a minor arc BC a major arc BC 


A chord divides the interior of a circle into two regions called 
segments. The larger region is called a major segment, and the 
smaller region is called a minor segment. 


major segment 


minor segment 


In the diagram opposite: 
e the minor arc BC subtends the angle BAC, where A is on /\ 
the circle 
e the minor arc BC also subtends angle BOC at the centre of 


. a 
the circle. co \\ 
" C 
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INVESTIGATION 1 


The use of the geometry package is recommended, but this Investigation can also be done using a 
ruler, compass, and protractor. 


Part 1: Angle at the centre theorem 


Draw a large circle with centre O. GEOMETRY P 
Mark on it points A, B, and P. PACKAGE 
Join [AO], [BO], [AP], and [BP]. 
B 
Measure angles AOB and APB. 
What do you notice? 
A 


Repeat the above steps with another circle. 


Copy and complete: 
“The angle at the centre of a circle is ...... the angle on the circle 
subtended by the same arc.” 


Part 2: Angles subtended by the same arc theorem 


Draw a circle with centre O. GEOMETRY 


ι 
Mark on it points A, B, C, and Ὁ. PACKAGE 
Join [AC], [BC], [AD], and [BD]. 
D 
Measure angles ACB and ADB. 
What do you notice? B 
Repeat the above steps with another circle. A 


Copy and complete: 
“Angles subtended by an arc on the circle are ...... in size.” 


Part 3: Angle between a tangent and a chord theorem 


Draw a circle and mark on it points A, B, GEOMETRY 
and C PACKAGE 


Draw tangent TAS at A, and join [AB], 
[BC], and [CA]. 


Measure angles BAS and ACB. 
What do you notice? 


Repeat the above steps with another circle. 


Copy and complete: 
“The angle between a tangent and a chord at the point of contact is 
ene to the angle subtended by the chord in the alternate ......” 
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From the Investigation you should have discovered the following theorems: 


Name af theorem Statement 


Angle at the centre | The angle at the centre of a AOB = 2 x ACB 
circle is twice the angle on the 
circle subtended by the same 
arc. 


Angles subtended | Angles subtended by an arc on ADB = ACB 
by the same arc the circle are equal in size. 


Angle between a The angle between a tangent BAS = ACB 
tangent and a chord | and a chord at the point of 
contact is equal to the angle 
subtended by the chord in the 
alternate segment. 


Note: e The following diagrams show other cases of the angle at the centre theorem. 
These cases can be shown using the geometry package. 


GEOMETRY 


ά PACKAGE 


e The angle in a semi-circle theorem is a special ZN 
case of the angle at the centre theorem. 
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Example 3 ™)) Self Tutor 


a Obtuse AOB = 360° — 250° —_ {angles at a point} 
-- AOB = 110° 
Pee i) {angle at the centre} 
. £=00 
b ABD = 36° {angles on the same arc} 


and BDC=ABD {equal alternate angles} 
. ΦΞ 86 


EXERCISE 19B 


1. Find, giving reasons, the value of a: 


Example 4 ™)) Self Tutor 


[AT] is a tangent to the circle. Find z. 


CAT = 2° {equal alternate angles} 
- ABC = CAT = 2° {angle between a tangent 
and a chord} 
᾿ς £+2+50=180 {angles ina A} 
up — ea 


τς τ ΞΞ 


In each diagram, C is the point of contact of tangent [CT]. Find x, giving reasons: 


B C T 
A B B 
T 
Α 
C 
> T 
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IC PROOF 


The circle theorems and other geometric facts can be formally proven using mathematical tools we 
already possess, such as the isosceles triangle theorem and congruence. 
Example 5 ™)) Self Tutor 


Use the given figure to prove the 
angle in a semi-circle theorem. 


Let PAO=a° and PBO=0°. 
Now OA=OP=OB {equal radii} 


Δὶς OAP and OBP are isosceles. 


- OPA=a° and BPO=b° {isosceles As} 
Now a+(a+b)+b= 180 {angles of AAPB} 
2a + 2b = 180 
a+b=90 


So, APB is a right angle. 


EXERCISE 19C 


1. In this question we prove the chords of a circle theorem. A 


a For the given figure, join [OA] and [OB], and classify 
ΔΟΑΒ. 


b Apply the isosceles triangle theorem to triangle OAB. . 
What geometrical fact results? 
B 
2 P In this question we prove the angle at the centre theorem. 


a Explain why As OAP and OBP are isosceles. 


Ὁ Find the measure of the following angles in terms of 


a and b: 
; i APO ii BPO iii AOX 
\ / iv BOX v APB vi AOB 


A B ς What can be deduced from Ὁ v and b vi? 
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3 In this question we prove the angles subtended by the same D 
arc theorem. 
a Using the results of 2, find the size of AOB in terms 
of a. 


C 
Ὁ Hence find the size of ACB in terms of a. aw) 
A 
B 


¢ State the relationship between ADB and ACB. 


4 In this question we prove the angle between a tangent and a 
chord theorem. 
a We draw diameter [AX] and join [CX]. 
Find the size of: i TAX ii ACX 
b If TAC — a, find in terms of a: 
i CAX ii CXA iii CBA 

ς State the relationship between TAC and CBA. 
Example 6 ™)) Self Tutor 
A\ABC is isosceles and is inscribed in a circle. 
[TC] is a tangent to the circle. 
Prove that [AC] bisects BCT. 

A dh Q,=aQ2 ~~ {tangent and chord theorem} 
\) and ag=a3 {isosceles A theorem} 
an 1 ΞΞ (ἡ 
SV So, [AC] bisects BCT 
C 0, isects ; 
Bee 
5 C [AB] is a diameter of a circle with centre O. 
[CD] is a chord parallel to [AB]. 
A Prove that [BC] bisects DCO. 


D 
B 


6 [AB] is the diameter of a circle with centre O. X is a point on 
the circle, and [AX] is produced to Y such that OX = XY. 
a If XYO= a, find in terms of a: 
i XOY ii AXO iii XAO 
iv XOB v BOY 
Ὁ What is the relationship between BOY and YOX? 
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7 Revisit the Opening Problem on page 412. Consider the two B C 
semi-circles in the figure alongside. 
a Determine the measure of BXA and BXC. 
Ὁ What does a tell us about the points A, X, and C? 


¢ Do the two illustrated sprinklers water all of the area on 
one side of the diagonal [AC]? A 


d Will Joe’s four sprinklers water the whole garden? 
Explain your answer. D 


8 P is any point on a circle. [QR] is a chord of the circle parallel to the tangent at P. Prove that 
triangle PQR is isosceles. 


9 Two circles intersect at A and B. 10 Two circles intersect at A and B. [AX] and 
Straight lines [PQ] and [XY] are drawn [AY] are diameters as shown. Prove that 
through A to meet the circles as shown. X, B, and Y are collinear. 


Show that XBP = YBQ. 


11. Triangle ΡΟΝ is isosceles with PQ = PR. Q 
A semi-circle with diameter [PR] is drawn to cut 
[QR] at X. x 


Prove that X is the midpoint of [QR]. 


12 Brigitta notices that her angle of view of a picture on a wall 
depends on how far she is standing from the wall. When she 
is very close to the wall, the angle of view is small. When she 
moves backwards so that she is a long way from the wall, the 
angle of view is also small. 


It becomes clear to Brigitta that there must be a 
point P in front of the picture at which her angle of 
view is greatest. The position of P can be found by 
drawing the circle through A and B which touches the 
‘eye level’ line at P. 

Prove this result by choosing any other point Q on the 
‘eye level’ line, and showing that this angle must be 


eye level less than APB. 


picture 


B 
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Suppose we are given two points A and B, and 
we must draw a circle passing through these points. 
There are infinitely many circles that we can draw. 


If we are given three points A, B, and C which are 
not collinear, there is a unique circle which passes 
through the points. 


If we are given four points A, B, C, and D, no three 
of which are collinear, there may or may not be a 
circle which passes through the points. To see this, 
we draw the unique circle which passes through A, 
B, and C. The fourth point D may or may not lie on 
this circle. 


Four points are said to be concyclic if a circle can 


be drawn through them. GEOMETRY 
PACKAGE 

If four concyclic points are joined to form a convex 

quadrilateral, then the quadrilateral is called a cyclic 

quadrilateral. 


In the following Investigation we will discover an important property of cyclic quadrilaterals. 


TASC ale), 2 


This Investigation can be done using a compass, ruler, and protractor, or you can use GEOMETRY 


ae PACKAGE 
the geometry package by clicking on the icon. og 
What to do: x 
1. Draw several circles, and on each circle draw a different { 
cyclic quadrilateral with vertices A, B, C, and D. Make sure 
the quadrilaterals are large enough for you to measure the : 
angles with a protractor. 
A 
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2 Measure all angles to the nearest degree, and record your results in a table like the one following. 


PRINTABLE 
QUADRILATERALS 


3 Write a sentence to summarise your results. 


From the Investigation you should have discovered the following theorem: 
OPPOSITE ANGLES OF A CYCLIC QUADRILATERAL THEOREM 


The opposite angles of a cyclic quadrilateral 
are supplementary. 


a+ (@=180° and 6+¢@= 180° 


Example 7 


Find x given: 


The angles given are opposite angles of a cyclic quadrilateral. 
. 4΄- (α -ἰ 36) = 180 
2x + 36 = 180 
ἘΠ ἘΞ 
ΞΕ 


We can use the angles subtended by the same arc theorem to discover A 
another property of cyclic quadrilaterals. 


For the cyclic quadrilateral ABCD, notice that DAC = DBC. 


The converses of these two properties give us two useful tests for determining whether a quadrilateral is 
cyclic. 
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TESTS FOR CYCLIC QUADRILATERALS 


A quadrilateral is a cyclic quadrilateral if one of the following is true: 


e one pair of opposite angles A np if a+ 6 = 180° then 
is supplementary ABCD is a cyclic 
quadrilateral. 
D C 


If a= then ABCD is 
a cyclic quadrilateral. 


e one side subtends equal 
angles at the other two 
vertices 


Example 8 ™)) Self Tutor 
Triangle ABC is isosceles with AB = AC. X and Y lie on [AB] and [AC] respectively such that 
[XY] is parallel to [BC]. Prove that XYCB is a cyclic quadrilateral. 
A\ABC is isosceles with AB = AC. 
Let CBX =a 
BCY =a {equal base angles} 
and BXY =180°—a  {co-interior angles} 
BXY + BCY = 180° 


XYCB is a cyclic quadrilateral {opposite angles are supplementary} 


EXERCISE 19D 


1. In this question we prove the opposite angles of a 
cyclic quadrilateral theorem. 


a For the given figure, find: 
i DOB in terms of a 
ii reflex DOB in terms of b. 


Ὁ Hence, show that a+b = 180. 
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2 An alternative method for establishing the opposite angles 
of a cyclic quadrilateral theorem is to use the figure 
alongside. Show how this can be done. 


3 Find 2, giving reasons: 


tangent 


rectangle E 80° 
i «δὸς 


5 A parallelogram is inscribed in a circle. Prove that the parallelogram must be a rectangle. 


6 OABC is a parallelogram. 
A circle with centre O and radius [OA] is drawn. D 
[BA] produced meets the circle at D. 
Prove that DOCB is a cyclic quadrilateral. A 


13 
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[AB] and [AC] are chords of a circle with centre O. X and 
Y are the midpoints of [AB] and [AC] respectively. Prove 
that OXAY is a cyclic quadrilateral. 


C 


ABCD is a cyclic quadrilateral, and X is any point on diagonal [CA]. [XY] is drawn parallel to 
[CB] to meet [AB] at Y. [XZ] is drawn parallel to [CD] to meet [AD] at Z. Prove that XYAZ is a 
cyclic quadrilateral. 


ABC is an isosceles triangle with AB = AC. The angle bisectors at B and C meet the sides [AC] 
and [AB] at X and Y respectively. Show that BCXY is a cyclic quadrilateral. 


The non-parallel sides of a trapezium have equal length. Prove that the trapezium is a cyclic 
quadrilateral. 


[AB] and [CD] are two parallel chords of a circle with centre O. [AD] and [BC] meet at E. Prove 
that AEOC is a cyclic quadrilateral. 


[RX] is the bisector of angle QRT. 
Prove that [PX] bisects angle QPS. 


Two circles meet at points X and Y. Line segment [AXB] meets one circle at A and the other at B. 
Line segment [CYD] meets one circle at C and the other at D. Prove that [AC] is parallel to [BD]. 


INVESTIGATION 3 


What to do: 


1 Consider three points A, B, and C. Explain how 


fs 


DEMO 


to use a ruler and geometrical compass to locate 
the centre of the circle passing through A, B, 
and C. Clearly state any geometrical theorems 
you have used. Be ο 
Check your construction by drawing the circle. 


Draw any triangle PQR with sides between 6 cm and 10 cm. P 
Label any points X, Y, and Z on [PR], [PQ], and [RQ] 
respectively. 
ἃ Use 1 to accurately construct circles through: 
i PX, and Y li Q, Y, and Z Y 
iii R, X, and Z. R 
Ὁ What do you notice about the three circles? Ζ Q 
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3 Repeat 2 with a different acute-angled triangle. 


4 Use cyclic quadrilaterals to prove that the result you have found is always true. 
Hint: Do not draw all three circles on your figure. 


AT AS) 8 7. 


1 Find the value of a: 


2 [AB] and [AC] are tangents to the circle. 
Find an equation connecting a, 6, and γ. 


3 Find the value of z: 


(x +14)° 


& [ΑΒ] and [CM] are common tangents to two 
touching circles. Show that: 


a Mis the midpoint of [AB] 
b ACBisa right angle. 
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5 p X The circle alongside has diameter [AB], and P is another 


point on the circle. The angle bisector of PAB meets the 
B circle at X. Show that the tangent at X is parallel to [PB]. 


(4) 


6 O is the centre of the circle alongside. The chords 
[AC] and [BD] are perpendicular. 
Show that a+ (= 180°. 
Hint: Join [BC]. 


7 ἃ Copy and complete: “The angle between a 
tangent and a chord through the point of 
contact is equal to ...... ἡ 


Ὁ Two circles intersect at points P and Q. A line 
segment [APB] is drawn through P, and the 
tangents at A and B meet at C. 

i Let ABC =a and BAC = β. 
Write expressions for PQB, PQA, and 
AQB in terms of α and β. 


li Hence, show that ACBQ is a cyclic 
quadrilateral. 


8 P V [PV] is a tangent to the circle, and [QT] is parallel to [PV]. 


ANN Prove that QRST is a cyclic quadrilateral. 


4. 


REVIEW SET 19B 


1 Find the value of z: 


a b ς 
ὌΝ Ὺ 150m 
G xem --------»- 
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8 In the figure alongside, [XT] and [XP] are tangents. 
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Find the value of z: 


Find the length of the diameter of the 4 |[AB| is the diameter of a circle with 
circle below. centre O. 
(a +16)° - [AC] and [BD] are any two chords. 
Show that BDO = ACD. 
(22 - 20)" (y+ 94)" 2 C 
A B 
ZS 
(y — 22)" 


A, B, and C are three points on a circle. The bisector of angle BAC cuts [BC] at P, and the 
circle at Q. Prove that APC = ABQ. 
[QP] and [QR] are tangents to a circle. S is a point on 
the circle such that PSR and PQR are equal, and both are 
double PRS. 
Let PRS be a. 
ἃ Find, in terms of a: 
i PSR ii POR 
iii PRQ iv QPR 
Ὁ Use triangle PQR to show that a = 30°. 
¢ Find the measure of ORS. 
d What can you conclude about [RS]? 


7 [AB] is the diameter of a circle, and C and D are two other points on the circle. [AC] and 


[BD] meet at E, and [AD] and [BC] meet at F. Show that points C, D, E, and F form a cyclic 
quadrilateral. 


Prove that: 
a BTXP is a cyclic quadrilateral 
Ὁ [PT] bisects angle CTX. 
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OPENING PROBLEM 


Tennis player Bradley tosses the ball in the air before 
he serves it. The ball’s height above the ground 
t seconds after it is tossed is given by the function 
H(t) = —5t? + 6¢+2 metres. 


Things to think about: 
a How high was the ball when it was released? 


Ὁ What was the maximum height reached by the tennis 
ball? 

¢ Bradley hits the ball when it is 3 metres above the 
ground, and on its way down. How long after Bradley 
releases the ball does he hit it? 


In this chapter we consider relationships between variables which are quadratic in nature. These 
relationships can be described algebraically using quadratic functions. 


'UNCTIONS 


A quadratic function is a relationship between two variables which can be written 
in the form y=aax?+ba+c_ where x and y are the variables, and a, ὃ, and c 
are constants, a # 0. 


Using function notation, y=ar*+br+c canbewrittenas f(r) =ar*+br+e. 


FINDING y GIVEN x 


For any value of x, the corresponding value of y can be found by substitution into the function equation. 


Example 1 ™)) Self Tutor 


Suppose y= 222 - 4: --5. Find the value of y when: 


a When zx =O, Ὁ When z=3, 
y = 2(0)* + 4(0) —5 y = 2(3)? + 4(3) —5 
-- 0- 0 -- ὅ -- 18 - 12 -- ὅ 
= 25 


FINDING z GIVEN y 


When we substitute a value for y, we are left with a quadratic equation which we need to solve for x. 
Since the equation is quadratic, there may be 0, 1, or 2 possible values for 2. 
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Example 2 ™)) Self Tutor 


Suppose y=2*—6x2+8. Find the value(s) of x for which: 
ἃ y=15 b y=-1 


a When y= 15, 
α΄ —62+8=15 
- φ΄ὸ--βα --7-0 
(x+1)(2 -- 7) Ξ 0 
τ eo 1 ρος Li ee, 


Example 3 ™)) Self Tutor 


A stone is thrown into the air. Its height above the ground is given by the function 
h(t) = —5t? + 30t+ 2 metres, where t is the time in seconds from when the stone is thrown. 


How high is the stone above the ground after 3 seconds? 


a 
Ὁ From what height above the ground was the stone released? 
ς 


At what times is the stone 27 m above the ground? 


h(3) = —5(3)? + 30(3) +2 Ὁ The stone was released when t = ( 5. 
= —45+90+2 Now h(0) = —5(0)? + 30(0) - 2 =2 
= 47 ., the stone was released from 2 m 
the stone is 47 m above the ground. above ground level. 
When h(t) = 27, 
—5t? + 30t + 2 = 27 
—5t? + 80ὲ — 25 = 0 
᾿ς #-6t+5=0 
(ἐ -- 1)( -- 58) =0 
pb — Or 0 
the stone is 27 m above the ground after 1 second and after 5 seconds. 


EXERCISE 20A 


1 Which of the following are quadratic functions? 


ἃ ψ-- 155 -- 8 b ν--ξυ- 6 ε 3y+ 277 -—7=0 d y= 152° + 27 — 16 
2 For each of the following functions, find the value of y for the given value of z: 

a y=2*4+5x2—14 when zr=2 Ὁ y=22774+9r when x=-—5 

¢ y=—227+32-—6 when x=3 d y=42*+7r+10 when x=-2 
3 State whether the following quadratic functions are satisfied by the given ordered pairs: 

a y=627 —10 (0, 4) Ὁ υ--252- δ. -- 8 (4, 9) 

ς υ----4:2 τ θα (—3, --4) d y=—7r*+9r+11 (—1, —6) 


e y= 32" —1lz+20 (2, —10) f y=—327+27+4+6 (3, 4) 
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4 For each of the following quadratic functions, find the value(s) of « for the given value of y: 
a y=27+6r+10 when y=1 Ὁ y=27+5r+8 when y=2 
¢ y=2*—5x2+1 when y=-3 d y=32* when y=-3 

5 Find the value(s) of x for which: 
a f(x) =327—3x2+6 takes the value 6 
Ὁ f(z) 
ς f(x) = --21: -- 18. -- 3 takes the value —4 
d f(x) =2x27-—10xr+1 takes the value —11 


x) = a2? —2x—7 takes the value —4 


' Its height after t seconds is given 


6 An object is projected into the air with a velocity of 80 ms— 
by the function h(t) = 80 — 5t? metres. 


a Calculate the height of the object after: 


i 1 second ii 3 seconds iii 5 seconds. 
Ὁ Calculate the time(s) at which the height of the object is: 
i 140m ii Om. 


ς Explain your answers in part Ὁ. 


7 A cake manufacturer finds that the profit from making x cakes per day is given by the function 


P(x) = —$2? + 36x — 40 dollars. 
a Calculate the profit if i 0 cakes ii 20 cakes are made per day. 


Ὁ How many cakes need to be made per day to achieve a profit of $270? 


HISTORICAL NOTE 


Conic sections are curves which can be obtained by cutting a 
cone with a plane. The Ancient Greek mathematicians were 
fascinated by conic sections. 


The name parabola comes from the Greek word for thrown 
because when an object is thrown, its path makes a parabolic 
arc. 


There are many other examples of parabolas in everyday life. 
For example, parabolic mirrors are used in car headlights, 
heaters, satellite dishes, and radio telescopes, because of their 
special geometric properties. 


You may like to explore the conic sections for yourself by 
cutting an icecream cone. Cutting parallel to the side produces 
a parabola, as shown in the diagram. 
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The simplest quadratic function is y =x’. Its graph can be drawn ch] | AT 7141 


from a table of values. 1} 0ὔῦὃΞξὑΡ Ρ 1 iS 

ΒΝ 111 ΓΗ. 
pt Tt | 
FN [yt | Ft 


PLY 
| NIT | A 


We can see that the graph has a minimum turning point at (0, 0). eee 
We call this the vertex of the parabola. A Ee 


Example 4 


Consider f(x) = 274+ 25 -- 8 
Now, f(—3) = (—3)* + 2(—3) -- 8 
=9-6-3 
= 


We can do the same for the other values of z: 


EXERCISE 20B.1 
1. Using a table of values from x = —3 to x =3, draw the graph of: 
ἃ y=2*—-27+8 Ὁ f(x) =—-a74+2r+1 ¢ y= 2.2 +32 
ἃ y=-—227+4 Σ y=xr?+24+4 f f(x) =—2?+42r-—9 
Use the graphing package or a graphics calculator GRAPHING 


PACKAGE 


ἘΑ 


2 ἃ Use tables of values to graph ᾧ -- 2.2 --χ« --83 and υ-- --α 25 -- 8 on the same set 
of axes. Hence find the values of x for which 227 — x -- 3 = —x? + 27 +3. 
Ὁ Solve algebraically: 227 —27 —3 = —a7 4+ 22 - 3. 


to check your graphs. 


) 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


USING TRANSFORMATIONS TO GRAPH QUADRATICS 


By observing how a quadratic function is related to f(x) = 27, wecan transform the graph of y = x 


to produce the graph of the function. 


2 
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INVESTIGATION 1 


In this Investigation we consider different forms of quadratic GRAPHING 
: : : PACKAGE 

functions, and how the form of the quadratic affects its graph. 

You can use either the graphing package or your graphics 

calculator to draw the graphs. 


) 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Part 1: Graphs of the form  y = x* +k 
What to do: 


1 Graph the two functions on the same set of axes, and observe the coordinates of the vertex of 
each function. 
ay=a2* and y=2*+2 Ὁ y=c2" and y=2*-2 
¢ y=a2* and y=2*+4 d y=2 
2 What effect does the value of k have on: 
ἃ the position of the graph b the shape of the graph? 


3 What transformation is needed to graph y=a*+k from ᾧ -- «22 


Part 2: Graphs of the form  -- (x — h)? 
What to do: 


1 Graph the two functions on the same set of axes, and observe the coordinates of the vertex of 
each function. 
ἃ y=2? and y=(x- 2)? Ὁ y=2" and y=(zr+2)? 
¢ y=ax* and y=(r—4) d y=2? and y=(r+4)? 
2 What effect does the value of h have on: 
ἃ the position of the graph b the shape of the graph? 


3 What transformation is needed to graph y=(x—h)? from y=2?? 


Part 3: Graphs of the form y = (ὦ —h)?+k 
What to do: 


1 Graph the two functions on the same set of axes, and observe the coordinates of the vertex of 
each function. 
ἃ y=2? and y=(xr-2)7+3 Ὁ y=27" and y=(r+4)?-1 
¢ y=x* and y=(2—5)?-2 d y=2? and y=(r4+1)7+5 


2 Copy and complete: 


e The graph of y=(x—h)*+k_ is the same shape as the graph of ...... 


ὁ The graphof y=(x—h)?+k_ is found by translating y=? ...... units horizontally 


ὁ The vertex of the graph of y=(x—h)*+k ἰδ αἱ (......, ......). 
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Part 4: Graphs of the form y—=az?, a0 
What to do: 


1. Graph the two functions on the same set of axes, and observe the coordinates of the vertex of 
each function. 


2 2 2 2 


a y=" and y= 2." Ὁ y=27 and y = 4." ¢ y=a2? and y= $a 


2 2 12 
5D 


2 


d y=2? and y=-2z? @ y=2* and y = —22” f y=a? and y=— 


2 These functions are all members of the family y= az?. What effect does a have on: 
ἃ the position of the graph Ὁ the shape of the graph 


¢ the direction in which the graph opens? 
Part 5: Graphs ofthe form y= a(x—h)*+k, a0 
What to do: 


1 Graph the two functions on the same set of axes, and observe the coordinates of the vertex of 
each function. 


ἃ y=22? and υ--2(: -- 1)2- 8 b y=-2? and y=—(r+2)*-1 
ς y= 32? and υ-- ξ(α -- 3)2-- 2 d y=-—32* and y=-—3(x+1)?+4 
2 Copy and complete: 


e The graph of y= a(x—h)*+k_ has the same shape and opens in the same direction 
as the graph of ...... 


e The graph of y = a(x —h)? +k _ is found by translating y = az? ...... units 


From the Investigation you should have discovered the following important facts: 


e Graphs of the form y—=2*+k_ have the same shape as the graph of y = 2”. 
The graph of y=? is translated through € to give the graph of y=27+k. 


e Graphs of the form y=(xz—h)? have the same shape as the graph of y = 2”. 


The graph of y = x” is translated through ( 4 to give the graph of y= (a —h)?. 
ὁ Graphs of the form y=(x—h)?+k_ have the same shape as the graph of y = 2. 


The graph of y=? is translated through τ to give the graph of y=(r—h)? +k. 


k 
The vertex is shifted to (h, k). 


e If a>0, y=aa? opens upwards. SO 


If a<0, y=az? opens downwards. {\ 
If a<-l or a>1, then y=aa’ is ‘thinner’ than y = 2’. 


If -l1<a<1, a0, then y=az’ is ‘wider’ than y = 2’. 
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a>0O hy vertical translation of & units: 


if k>O it 
“<0 | It goes up 


if k<0OQ_ it goes down 
1 ΞΞ ΤῈ —h)*+k 


horizontal translation of A units: 
a<-—l or a>1, thinnerthan y=27 


if h>Q_ it goes right 
-l<a<1, a¥40,  widerthan y=2" if h<0O_ it goes left 
Example 5 ™)) Self Tutor 
Sketch each of the following functions on the same set of axes as y = 2”. 
the coordinates of the vertex 


In each case state 
a y=27+3 
a We draw y = x? 


then translate it 
3 units upwards. 


We draw y = x” 
3 units to the left. 


then translate it 


vertex (—3, 0) 
The vertex is at (0, 3). The vertex is at (—3, 0). 
EXERCISE 20B.2 


1 Sketch each of the following functions on the same set of axes as 


GRAPHING 


y=x*. Use 
: PACKAGE 
a separate set of axes for each part, and in each case state the coordinates of the 
vertex. 


a y=2*-3 b y=27-1 ε y=27+2 
d y=27-5 @ y=2?4+5 


a ἢ 

f y=2"-35 

Use a graphics calculator or graphing package to check your answers 
Sketch each of the following functions on the same set of axes as 


2 
,=f7". 
axes for each part, and in each case state the coordinates of the vertex 

a ν-ῷι- 3) 


δ y=(xr+1)? ¢ υ-ε(α -- 2)2 
d υν--(ι -- 5): e y=(r+5)? 


f y=(e-3) 
Use a graphics calculator or graphing package to check your answers 


Use a separate set of 
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Example 6 ™)) Self Tutor 


Sketch each of the following functions on the same set of axes as y = 2%. In each case state 


the coordinates of the vertex. 
a y=(x—2)74+3 b y=(r4+2)?—-5 


a We draw y = σ΄, then translate Ὁ We draw y = σ΄, then translate 


it 2 units to the right and 3 units it 2 units to the left and 5 units 
upwards. downwards. 


y = (x + 2)" - 


The vertex is at (2, 3). The vertex is at (—2, —5). 


3 Sketch each of the following functions on the same set of axes as ᾧ -- «7. Use a separate set of 
axes for each part, and in each case state the coordinates of the vertex. 
ἃ y=(x-1)7+3 δ y=(rx-2)*-1 ς y=(r+1)*+4 
d y=(r+2)*-3 e y=(r+3)?-2 f y=(r#-—3)74+3 


Use a graphics calculator or graphing package to check your answers. 


Example 7 ™)) Self Tutor 


Sketch y=? ona set of axes and hence sketch: 


a y= 327 b y= —327 


a y=32? is ‘thinner’ than y = 2”. 


Ὁ y=-—3x? has the same shape as 
y = 3x7, but opens downwards. 


4 Sketch each of the following functions on the same set of axes 85. y = 2”. GRAPHING 
Comment on the shape of the graph, and the direction in which the graph opens. PACKAGE 


_ 6.2 ΒΕ 2 _ 1,2 
a y=or Ὁ y= --ὅ.: ς y= 5 


α y = --[ 3 @ y= —4z’ f y = 4x? 


Use a graphics calculator or graphing package to check your answers. 
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Example 8 ™)) Self Tutor 


Sketch the graph of y = —(x -- 2)2 —3 from the graph of y = x”, and hence state the 
coordinates of its vertex. 


y= ~(a —2)?-3 


reflect in horizontal translation vertical translation 
X-axis 2 units right 3 units down 


We start with y =x’, then reflect it in the x-axis 


to give y= --«2. 


2 


We then translate y = —a* 2 units to the right 


and 3 units down. 
The vertex of y=—(x—2)*-—3 is (2, —3). 


5 Sketch each of the following functions on the same set of axes as y= 27. In each case, state the 


coordinates of the vertex. 


a y=—(x-1)74+3 6b y=227+4 ¢ y=—(x—2)*+4 
d y=3(r4+1)?—-4 ε y=3(r+3) f y=—-$(r+3)?+1 
9 y=-2(r+4)*+3 ἢ y=2(r4—3)*+5 i y=3(x—-—2)?-1 


Use a graphics calculator or graphing package to check your answers. 


6 Match the following quadratic functions | RA | lA AYRE | | og 


with their graphs: | ANB) VA | AT | A 
a y=—(r+2)?-3 PTI TWAT | AT TTT 
; FT IMITATE IN | YT [| 
ν- (ας -- ὃ)" +2 PTT NA TT ΝΖ 

y = 2a +3)? +2 i AX 


y = —(x — 3)? +2 
y=—3(@+2)*—-3 
y =(4#+3)*+2 


COMPLETING THE SQUARE 


Suppose we want to graph the quadratic function y=2*—4x2+1. This function is not written in the 
form y=(x—h)*+k, but we can convert it into this form by completing the square. 


Consider y= a2" —4e+1 
 y=o?—4e42? +1-27 
--------΄᾿ so 


- y= (x-2)*-3 


So, the graph of y= 2?—4x2+1 can be found by 
translating y = x? 2 units to the right and 3 units 


downwards. 
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Example 9 ™)) Self Tutor 


Write y=2*+2r+5 inthefom y=(r—h)* +k. 
Hence sketch y= 22+22+5, stating the coordinates of the vertex. 


y=a? +2245 
y =o? +2¢4174+5-1° 
y=(x+1)*+4 


translate translate 
1 unit left 4 units up 


The vertex is at (—1, 4). 


EXERCISE 20B.3 


1. Write the following quadratics in the form y= (x —h)? +k. ΘΡΑΡΗΙΗΟ 
Hence sketch each function, stating the coordinates of the vertex. 
a y=2*?4+274+4 Ὁ y=2* -—62+4+3 
ς y=2*+4r-1 ἃ νυ--α --2᾽: τῦ 
@ y=x*-—22 f y=r* +52 
4 y=r?+5r-—3 ἢ y=2? —32+3 i y=a2*-—5r+2 


Use a graphics calculator or graphing package to check your answers. 


2 Write the following quadratics in the form y=a(x —h)? +k. 
Hence sketch each function, stating the coordinates of the vertex. 


ἃ y=27*+10r+8 Ὁ y=-—7*+2+4+6 ε y=327 — 62 — 24 
d y=-227+62r+8 @ y= 277 -—82-3 f y=—327 -- θα -- 2 


Use a graphics calculator or graphing package to check your answers. 


| INTERCEPTS 


e An az-intercept of a function is a value of x 
where its graph meets the x-axis. 
x-intercepts are found by letting y be 0 in the 
equation of the function. 


the 
x-intercepts 


\ 


the y-intercept 
e Ay-intercept of a function is a value of y where 
its graph meets the y-axis. 
y-intercepts are found by letting x be O in the 
equation of the function. 
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INVESTIGATION 2 
What to do: 


1 For each of the following quadratic functions, use a  GRARRING 
graphing package or graphics calculator to: 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


i draw the graph ii find the y-intercept 
lili find any x-intercepts. 


ἃ ῃυ-οα-- 3. -- 4 Ὁ y=—27+227+8 ¢ y= 2." -- 35 
d υ--- -2χ2 - 2. -- 8 @e y=(x-—1)(x -- 3) f υ-- --(ἡ -- 2)(α -- 3) 
4 -- 3(5 -- 1)(5 -- 4) ἢ υ--2(. -- 2)? i υ-- -3(4 -- 1) 

2 ἃ State the y-intercept of a quadratic function in the form y= ax? + δα +e. 


State the x-intercepts of a quadratic function in the form: 
i y=a(xz—a)(x — βῚ ii y=a(x—a)? 


THE y-INTERCEPT 


y=az*+br+c 


For a quadratic function in the form y=az* + δα - ς, 
the y-intercept is the constant term c. 


Proof: 
If ¢=0 then ῳ -- α(0)2 - δ(0) +c 
oc 
THE x-INTERCEPTS 


For a quadratic function in the form y = a(x — a)(x — 8), 
the x-intercepts are a and 9. 


Proof: 


If y=0 then α(α -- α)ί(α -- β) = 0 
᾿ς c=a or @ {since ἃ Ὁ) 


x-intercepts are therefore easy to find when the quadratic is in factorised form. 


Example 10 ™)) Self Tutor 


If a quadratic function has 
only one x-intercept then its 
graph must touch the x-axis. 


Find the x-intercepts of: 
ἃ y=2(2 -- 3)(4+2) 


When y= 0, b When y=0, 
2(. — 3)(2# +2) =0 —(x —4)* =0 
τ ΞΕ 9 OF cr =-—2 Pte 4 


the x-intercepts are 3 ., the x-intercept is 4. 
and —2. 
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FACTORISING TO FIND z-INTERCEPTS 


For any quadratic function of the form y—=ax*?+bxa+c, the x-intercepts 
can be found by solving the equation ax? +br+c=0. 


You will recall from Chapter 11 that quadratic equations may have two solutions, one solution, or no 
solutions. These solutions correspond to the two x-intercepts, one x-intercept, or no x-intercepts found 
when the graph of the corresponding quadratic function is drawn. 


υ υ υ 
L « 
ΜΗ 
two x-intercepts one x-intercept no x-intercepts 
Example 11 ™)) Self Tutor 
Find the x-intercept(s) of the quadratic function: 
a y=2*-6r+9 b y=-2?-274+6 
a When y=0O, When y=0O, 
«" —62+9=0 -α' —£+6=0 
᾿ς (2-3)? =0 . g+2—6=0 
ἢ £=3 ἐς (ὦ -- 3)(5 —2) =0 
the x-intercept is 3. “, ©=—dor2 
the x-intercepts are —3 and 2. 
EXERCISE 20C.1 
1. For the following functions, state the y-intercept: 
a y=2?+324+3 Ὁ y=27-—52r4+2 ς f(x) =227+72 -- 8 
d y=32*-2+4+1 e f(x) =—a2?+3r+6 f y=-2277+5-2 
g y=6-2-2° ἢ f(x) =8+ 25 -- 32? Ι y=5a—a27-2 
2 For the following functions, find the x-intercepts: 
ἃ y=(xe-—3)(r+4+1) Ὁ f(x) = --Ἕὦ — 2)(x — 4) ¢ y=2(r2+3)(4+4+ 2) 
d y= -3(a£ — 4)(5 — 5) e y=2(4+3)? f f(x) = —5(2 -- 1): 
3 For the following functions, find the x-intercepts: 
a y=27-9 Ὁ y=25-77 ¢ y=2*-62 
d f(x) =27+72r+10 e y=2r*+2-12 f y=4r-2? 


g§ y=-—2z?-6r—-8 h f(x) -Ξ --2.2 -- 4. -- 2 i y= 4χ"-- 241 + 36 


Example 12 ™)) Self Tutor 


Use the quadratic formula to find the x-intercepts of the quadratic function y= x? — 2x — 5. 


When y =O, 
ΞΟ -—-5=0 

2+ ,/(—2)2 — 4(1)(—5) 
ce 

2(1) 
pes 2+ ν4- 20 
2. 

2s: 24 
2 

2- 2ν 8 
cL ΞΞ 5 


r=1+VV6 


the x-intercepts are 1+ /6 and 1— V6. 


L 


Use the quadratic formula to find the x-intercepts of the following functions: 
y=2*—4r+1 y=a*+4r—3 y= —27+6r —4 
f(x) = 32? — 7x -- 2 f(x) =227 -—x-5 f(x) = —42? + 9x — 3 


Example 13 ™)) Self Tutor 


Sketch the graphs of the following functions by considering: 
the value of a the y-intercept the x-intercepts. 
y=2* -- 25 -- 8 y = --δΣδ(α -- 1)(x -- 2) y = 2(x — 3)? 


y= 27 —22—3 
a=1 whichis > 0, so the 1 
parabola opens upwards. 


When x=0, y=-3 
the y-intercept is —3. 


When y=0O, 
α΄ —22-—-3=0 
ἦς, (α -- 8γ(. -- 1)ΞΞ 0 
ΠΡ ΞΕ ΠΟ Πρ ἜΞΞΕΞΕῚ 


the x-intercepts are 3 and —1. 


y = —2(2+1)(a% — 2) 
a=-—2 whichis < 0, so the When 2 — 0. 
parabola opens downwards. { \ y = —2(0+ 1)(0 — 2) 
=-2x1x-2 
= 4 
the y-intercept is 4. 
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iii When y=0, 
—2(x+1)(a — 2) =0 
. £=-l or t=2 
the x-intercepts are —1 and 2. 


¢ y= 2(x -- 3)? 
i a=2 whichis > Ὁ so the LS 
parabola opens upwards. 


li When +=0, y=2(0—3)? =18 
the y-intercept is 18. 
lii When y=0, 2(. -- 3) =0 
. £=3 
the x-intercept is 3. 
There is only one x-intercept, which means 
the graph touches the x-axis. 


5 Sketch the graph of the quadratic function which has: 
a «x-intercepts —1 and 1, and y-intercept —1 
Ὁ x-intercepts —3 and 1, and y-intercept 2 
¢ «-intercepts 2 and 5, and y-intercept —4 
d «x-intercept 2 and y-intercept 4. 


6 Sketch the graphs of the following quadratic functions by considering: 


i the value of a ii the y-intercept iii the x-intercepts. 
a y=x2?—-47+4 Ὁ f(x) Ξ (“ -- 1)(5 -- 3) ς y=2(x2 +2)? 
d f(z) Ξ --(α -- 2)(4 - 1) ς y=—3(4+1)? f y=—-—3(r -- 4)(5 -- 1) 
4 υ-Ξ- 2(. --Ξμ 3)(5 - 1) h υ----2.2 - 35 -ἰ ὅ i f(x) = -α + 8x -- 10 
ACTIVITY 
Click on the icon to practise matching a quadratic function with its graph. ΤΕ pte 
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THE DISCRIMINANT AND THE QUADRATIC GRAPH (EXTENSION) 


In Chapter 11, we saw that the discriminant of the quadratic equation az? + δὰ +c = 0 is 
A = b* — 4ac. We used A to determine whether the equation has real solutions. 


We can therefore use A to determine how many x-intercepts a quadratic function has. 


For a quadratic function f(x) =ax?+ba-+c, we consider the discriminant A = b? — 4ac. 


e A>O e A=0 e A<0 
υ υ υ 
« HF ΜΗ 
two x-intercepts one x-intercept no zx-intercepts 


Example 14 ™)) Self Tutor 


Use the discriminant to determine the relationship between the graph and the x-axis: 


a y=2’?—524+3 Β y=-327+2-2 


Soa) boo πὴ Ξ- 1 GH 1 2 
A = b* — 4ac Kh Ξ —Anc 
= (--ὅ)" — 4(1)(3) = 1° — 4(—3)(—2) 
ΞΞ.11 = —23 
Since A> 0, the graph cuts Since A «0, the graph does not 
the x-axis twice. cut the x-axis. 


EXERCISE 20C€.2 
1. Use the discriminant to determine the relationship between the graph and the x-axis: 
ἃ y=x*-22-7 b y=27* —324+6 ¢ y= —a*+4r7—-2 
d y=x2?—-107+25 Σ y=327+2 f y= —227 +1227 — 18 


2 Consider the quadratic function y = 2x7 — 8. -ἰ 14. 
a Write the function in the form y= (a —h)? +k. 
Ὁ Hence, sketch the function. 
¢ How many z-intercepts does the function appear to have’? 
d 


Use the discriminant to check your answer to ¢. 


3 Consider the quadratic function y= 2? + 25 +5. 
a Write the function in the form y= (x —h)* +k. 
Ὁ Hence, sketch the function. 
¢ How many z-intercepts does the function appear to have? 
d 


Use the discriminant to check your answer to ¢€. 
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4 Match each description of a quadratic function f(x) =ax?+ba+c_ with its graph: 
aa=1l1, A=7 Ὁ a=-2, A=0 ς a= 


d a=-1, A=11 e a=-%, A=- 


6 
A | y | B : y ς : y 
L ΜΗ 4 
D | | : y E y F : y 
Μη Υ Μ" 
5 ἃ Determine the relationship between y= a? —4x2+c and the z-axis for the case where: 
i c=3 li c=4 lili c=5. 


Ὁ Using technology, sketch each of the graphs in a on the same set of axes. 


6 Consider a quadratic function y = αὐ δα Ἐπ where a>0O and c <0. Explain why the 
graph must cut the x-axis twice: 


8 by considering the graphical significance of a > 0 and c<0 


Ὁ using the discriminant. 


The graphs of all quadratic functions 
are symmetrical about a vertical line 
passing through the vertex. This line 
is called the axis of symmetry. 


The equation of a vertical 
line has the form x = k. 


υ axis of symmetry 


If the graph has two wz-intercepts, 
then the axis of symmetry is midway 
between them. 


Example 15 ™)) Self Tutor 


Find the equation of the axis of symmetry The x-intercepts are 2 and 6, and 4 is 
for the quadratic graph below. midway between 2 and 6. 


The axis of symmetry is x = 4. 
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If the quadratic does not have any x-intercepts, or if we do not know the x-intercepts, we can use the 
rule below to find the axis of symmetry: 


: : ; —b 
The equation of the axis of symmetry of y=aar?+ba+c is x= ὌΝ 


Proof: 


Example 16 )) Self Tutor 


Find the equation of the axis of symmetry of y = 227+ 35 -- 1. 


ΞΡ + Sr 41) has a —=2. b=3,) c= 1 
Rie? foe ἘΠ. 
λό ν «ἢ 


the axis of symmetry has equation x = —3. 


EXERCISE 20D 


1. For each of the following graphs, find the equation of the axis of symmetry: 
a 
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2 For each of the following quadratic functions, find the equation of the axis of symmetry: 


ἃ y=(ax—2)(a4 -- 4) Ὁ υ-- --(ὦ -- 1)(5 -- 5) ς y=2(x+3)(z -- 3) 
d υ--χία -- δ) ς τ----83Ξ(4. - 4): f ᾧ -- 4(5 -- 6)(5 -- 9) 
3 Determine the equation of the axis of symmetry for the following quadratic functions: 
a y=27+47r+1 b y=227-6274+3 ¢ f(x) =32*+4r-1 
d y=-—2*? —474+5 @ y= —277+57r+1 f f(x) = $2? -10r+2 
4 y= ἐχ5 45 h f(x) = 100. -- 4.2 ἱν---“9- 805 
C—O 
The ἘΠ: or ITA TE point = the quadratic oe y _ vertex 
y = αὐ + bx + c 15 the point at which the function 
has: 


e amaximum value for a < 0 a 5 OF 


e aminimum value for a> 0 νι} ; 


; ; —b 
Since the vertex lies on the axis of symmetry, its x-coordinate will be os 
a 


The y-coordinate can be found by substituting this value for x into the function. 


Example 17 >) Self Tutor 
Consider the quadratic function y = —x? + 2. -Ὁ 3. 


Find the axes intercepts. Ὁ Find the equation of the axis of symmetry. 
Find the coordinates of the vertex. 


Sketch the function, showing all important features. 


ty hens: — 0 — ¢ When z=1, 
the y-intercept is 3. y = —(1)* + 2(1) +3 
When y=0, —2?+27+3=0 
z* — 22 —3=0 =4 


(x — 3)(x+1)=0 , the vertex is (1, 4). 
ἜΣ ΞΘ ΓΤ 


the x-intercepts are 3 and —1. 


the axis of symmetry is x= 1. 


450 QUADRATIC FUNCTIONS (Chapter 20) 


EXERCISE 20E 
1 F h of the followi tic functions: 
or each of the following quadratic functions Theat we called the 
i Find the coordinates of the vertex. maximum turning point 
ii Determine whether the vertex is a maximum or the minimum turning point, 
or minimum turning point. depending on whether the graph 
iii Find the range of the function. opens downwards or upwards. 
a y=2*—4r+2 Β y=27+27-3 
¢ f(x) = 227 +4 d y=-—327+1 
ὲ υ----α -- 4. -- 4 f y=27*-102+3 
Ox 
2 For each of the following quadratic functions: 
i Find the axes intercepts. 
ii Find the equation of the axis of symmetry. 
iii Find the coordinates of the vertex. 
iv Hence, sketch the graph of the function. 
a υ--α΄-- 2. -- Ὁ υ--4:-- 77 ¢ ᾽πε 835 
d f(r) =277+47+4 e y=r*+3r-4 f y=-—a?+2r-1 
§ υ--2υ2 δ. -- 8 h f(x) = --ὃ8ὃ..2 --41 4 i y=2*-—6r+3 


Example 18 ™)) Self Tutor 
Consider the quadratic function y = 2(5 — 2)(a+ 4). 
Find the axes intercepts. Ὁ Find the equation of the axis of symmetry. 
Find the coordinates of the vertex. 
Sketch the function, showing all important features. 


When ἀξ y=2x —2x4—>—16 ¢ When xz=-l, 
the y-intercept is —16. y = 2(--1 — 2)(-1 +4) 
When y=0, 2(: -- 2)(“ -- 4), =0 =2 X33 Xs 
f= 2 OF) f= —4 =-—18 
the x-intercepts are 2 and —4. .. the vertex is (—1, —18). 


The axis of symmetry is halfway between 
the x-intercepts, and —1 is halfway between 
2 and —4. 


the axis of symmetry is x ΞΞ --ἴ. 


y = 2(5 — 2)(x +4) 
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3 For each of the following quadratic functions: 


i Find the axes intercepts. 

ii Find the equation of the axis of symmetry. 
iii Find the coordinates of the vertex. 
iv Hence, sketch the graph of the function. 


a f(x) =2(x -- 2) b y= 2(zr — 3)" ς ψ- -(ὦ -- 1)(α -Ἡ 3) 
d υ----2(« -- 1) e [(«) Ξ- --δ(α -- 2)(. -- 2  γν-:2(1.-Ἡὄ 1)(5 -- 4) 


The process of finding the maximum or minimum value of a function is called optimisation. 


For the quadratic function y= ax? + ba +c: 


e If α 0, the minimum value of y e If α «0, the maximum value of y 
b b 
occurs when 2 = ——. occurs when zx = ——. 
2a 2a 


Optimisation is a very useful tool when looking at such issues as: 


e maximising profits e minimising costs e maximising heights reached. 


Example 19 κ() Self Tutor 


The height of a rocket t seconds after it is fired upwards is given by 
H(t) = 100¢ — 5¢* metres, ¢ > 0. 


How long does the rocket take to reach its maximum height? 


Find the maximum height reached by the rocket. 
How long does it take for the rocket to fall back to earth? 


a H(t) = 100¢ — δέ’ 
H(t) = —5¢? + 100¢ 
Now a@=-—9d5_ which is < 0, so the shape of the graph is TON 
The maximum height is reached when ¢ = τῶν Ξ τα οὐ 10 
2. 2Σ1(--5) 
the maximum height is reached after 10 seconds. 
b H(10) = 100(10) — 5(10)? 
= 500 
the maximum height reached is 500 m. 
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¢ The rocket falls back to earth when A(t) = 0 
—5t? + 100t = 0 
—5t(t — 20) = 0 

* ¢=O0or 20 


the rocket falls back to earth after 20 seconds. 


EXERCISE 20F 
1. The height of a ball ¢ seconds after it is kicked upwards is given by H(t) = 20¢ — 5t? metres. 


a How long does the ball take to reach its maximum height? 
Ὁ Find the maximum height reached by the ball. 
¢ How long does it take for the ball to hit the ground? 


2 A manufacturer finds that the profit €P from assembling x bicycles per day is given by 
P(x) = —ax* + 50x — 200. 
a How many bicycles should be assembled per day to maximise the profit? 
Ὁ Find the maximum profit. 
ς 


What is the loss made if no bicycles are assembled in a day? Suggest why this loss would be 
made. 


3 The driver of a car travelling downhill applied the brakes. The speed of the car, ¢ seconds after the 
brakes were applied, is given by s(t) = —6t? + 12- 60 kmh7!. 
a How fast was the car travelling when the driver applied the brakes? 
Ὁ After how many seconds did the car reach its maximum speed? 
ς Find the maximum speed reached. 


4 The hourly profit obtained from operating a fleet of n taxis is 
given by P(n) = 120n — 200 — 2n? dollars. 
a What number of taxis gives the maximum hourly profit? 
Ὁ Find the maximum hourly profit. 


¢ How much money is lost per hour if no taxis are on the 
road? 


5 The temperature 7'°C in a greenhouse ¢ hours after 7:00 pm 
is given by T(t) = 4t?-—6t+25 for t < 20. 
a Find the temperature in the greenhouse at 7:00 pm. 
Ὁ At what time is the temperature at a minimum? 


ς Find the minimum temperature in the greenhouse for 0 < ἐ < 20. 


6 Answer the questions posed in the Opening Problem on page 432. 
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7 Infinitely many rectangles may be inscribed within the A 
triangle ACE shown. One of them is illustrated. - 
Suppose EF = x cm. 
a Show that triangles ΑΒΕ and ACE are similar. ate : 
Ὁ Show that BF = 2(1— 2) cm. | [rem ς΄ 
¢ Show that the area of rectangle BDEF is given by E D " 
A=-—22?+2z2 cm’. —— 2em —————> 


di Find ἃ such that the area of the rectangle is 
maximised. 
ii What is the maximum area? 


REVIEW SET 20A 


1 For the quadratic function y= χα —3x—15, find: 
a the value of y when x = 4 Ὁ the values of x when y = 3. 


2 Sketch each of the following functions on the same set of axes as) y = 27: 


A y= ὅτ" b y=(r-2)7+1 ¢ y=—(r+3)* -2 
3 ἃ Write the quadratic y=2*—4r+10 inthe form y=(xr—h)* +k. 
Ὁ Hence sketch the function, stating the coordinates of the vertex. 


4 Find the z-intercepts of: 


ἃ y=52(r+4) b y= 27" +62 — 56 
5 Find the equation of the axis of symmetry for: 
a b 
a ae 
o by 
6 Consider the quadratic function y = --2(5 —1)(#+3). 
ἃ Find the: 
i direction the parabola opens ii y-intercept 
iii <x-intercepts iv equation of the axis of symmetry. 
Ὁ Sketch the function, showing all of the above features. 
7 Find the vertex of each of the following quadratic functions: 
ἃ υ--α΄ --8. --8  υ- --452- 4. -- 8 
8 Consider the function y = x7 -- 2. -- 15. 
ἃ Find the: 
i y-intercept li «-intercepts 
lili. equation of the axis of symmetry iv coordinates of the vertex. 


Ὁ Sketch the function, showing all of the above features. 


454 


9 
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A vegetable gardener has 40 m of fencing to enclose a rectangular 
garden plot where one side is an existing brick wall. Suppose the nee 
plot is x m wide as shown. 
a Show that the area enclosed is given by 
A= -—227+402 πιῶ. 
Ὁ Find x such that the vegetable garden has the maximum 
possible area. 


brick wall 


¢ Find the maximum possible area. 


10 Determine the relationship between the graph and the z-axis for: 


a y=2* —27+3 Ὁ υ----2.2- 5. -- 8 ¢ μ-εδ52 -- 10. -- ὅ 


REVIEW SET 20B 


Find the values of x for which f(x) =2*+2-— 12 takes the value 30. 
Determine whether the ordered pair (2, 5) satisfies the quadratic function 
f(x) = 2? —32+8. 


2 


Draw the graphs of y=2* and y=(x+2)?+5_ on the same set of axes. 


Use the quadratic formula to find the x-intercepts of: 
ἃ ῃ-- 352 --α« -- ὅ Ὁ y=—77+27+6 
Draw the graph of y = 3(x -- 2)2, showing the axes intercepts and the coordinates of the 
vertex. 
Determine the equation of the axis of symmetry for the following quadratic functions: 
a f(x) =(#+3)(x — 5) Ὁ f(x) = 327 —5xr+2 


a Find the vertex of the quadratic function f(x) = —a? + 45 — 7. 

Ὁ Hence, find the range of the function. 
Consider the quadratic function f(a) = (a —1)(a — 4). 

a Find f(-1). b Find the axes intercepts. 

¢ Find the equation of the axis of symmetry. 

α΄ Find the coordinates of the vertex. 

e Sketch the graph of y= f(x), showing all of the above features. 
Suppose f(x) =(x+2)(x+6) and g(x) = —x? — 8x — 20. 

a Find the axes intercepts of each function. 

Ὁ Show that the two functions have the same vertex. 

¢ State the range of each function. 

d Sketch the functions on the same set of axes. 
Suppose a quadratic function y=ax?+bxr+c has c=0. Explain why the graph must cut 
the x-axis at least once: 

ἃ by considering the graphical significance of c = 0 


Ὁ using the discriminant. 
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OPENING PROBLEM 


A steamroller has a spot of paint on its roller. As the 
steamroller moves, the spot rotates around the axle. 


Things to think about: 
a How does the height of the spot above ground 
level change over time? 
What would the graph of the spot’s height over 
time look like? 


& = 
um ' Wi 
“y iy SS παππσσ 


paint spot 


Ὁ Suppose the roller has a radius of 1 metre. 
How would this be shown in the graph? 

¢ Suppose the roller completes one full revolution 
every 10 seconds. 
How would this be shown in the graph? 

d Can we use a function involving a trigonometric ratio to determine the height 
of the spot over time? 


DEMO 


In this chapter we extend our knowledge of trigonometry. We will consider the trigonometric ratios of 
angles of any size, and we will see how the trigonometric ratios are used in trigonometric functions 
which model real world situations. 


Instead of using degrees, there is another way of measuring angle size. We can use radians which relates 
to the arc length around a circle. 


Suppose a sector of a circle has angle 0. 


If the angle @ is small, then the arc length will be small 


: arc length 
compared to the radius. ai 
radius 
If the angle @ is large, then the arc length will be large compared 
to the radius. 
arc length 
radius 
᾿ length 
We can use the ratio —— as a measure of an angle’s size. 
radius 
. length 
If the arc length is equal to the radius, then the ratio — 
raqaius 


is equal to 1. 


We define the angle size in this case to be 1 radian, 
written 1°. 
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In the case of a complete circle, the ratio 
arc length 2π7 


= 27. 
radius γ᾽ 
So, a full revolution = 27 radians (3 
360° = 27° 


180° =z° [5 worth remembering. 


In general, we leave off the symbol for radians, so an angle of 7 radians is simply written as 7. 


In higher mathematics, only radian measure is used. It is more convenient, and formulae using radian 
measure are usually simpler. 


For example: A Using degrees, 


arc AB = (<—) x 2πΥ. 
360 


Using radians, 
arc AB = ré. 


B 


Τ᾽ 


DEGREE-RADIAN CONVERSIONS 


e To convert from degrees to radians, 
we multiply by 75. 


e To convert from radians to degrees, 
180 
Ξπὶ 


we multiply by 


Example 1 ™) Self Tutor 


Convert: 
a 150° to radians, in terms of 7 


131.8° to radians, rounded to 3 significant figures 


b 
ς + radians to degrees 
d 


1.237 radians to degrees, rounded to 3 significant figures. 


150° = 150 x —_—° b 131.8° = 131.8 x = radians 


~ 2.30 radians 


α 1.237° = 1.237 x ee degrees 
7 


~ 70.9° 


EXERCISE 21A 
1. Convert to radians, giving your answer in terms of 77: 
a 30° Ὁ 90° ς 60° d 45° e 120° 


f 135° g 10° ἢ 225° i 210° j 315° 
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2 Convert to radians, rounded to 3 significant figures. 


a 66° Ὁ 23° ς 7° d 113.8° ς 217.92° 
3 Convert the following radian measures into degrees: 

a7 Ὁ ς ς τ d + © is 

f = g ὅτ h τ i = j 47 

k = | 2 m 2 n i ο = 


4 Convert the following radian measures into degrees, rounded to 3 significant figures. 
a 1° b 3° ¢ 0.5° α 0.78° Σὲ 2.155° 


5 Copy and complete: 


ἘΠ 0 [15] [135 [180205 [270] 15 [500 
Radians|_| | | | | | | [ 


5 [λέει 0 [50] 0] 90 [130] 150 | 180 [210 200 [ 270] 900 [ 380 360 
Radians|_ {| | | | {| | [| | | | | | 


6 ἃ Show that for @ in radians: 
i the arc length ἰ-- γθ 


ii the sector area A= 2720. 


Ὁ Find the arc length and area of a sector of radius 10 cm and 
angle 3 radians. 


¢ A sector has radius 5 cm and arc length 7 cm. Find its area. r 


In Chapter 12 we used the unit circle to find trigonometric (cos 112°, sin 112°) 
ratios for angles from 0° to 180°. 


We can, in fact, use the unit circle to consider angles 
of any size. 


For any point P on the unit circle which makes an 
angle @ with the positive x-axis: 


e (050 is the x-coordinate of P 
e sin@ is the y-coordinate of P. 


Note that: 
e -l<az<l1 and —1<y<1_ forall points on the unit circle, so 
--Ι1 « ςοϑθ “1 and —1<sin@< 1 forall 0. 


e @ is positive for anticlockwise rotations 
and negative for clockwise rotations. 


Positive 
direction 


« 


Negative 
direction 


Example 2 YAM) 


For an angle of 270°, P is (0, —1). 


cos270° =0 {the x-coordinate of P} 
sin270° = —1 {the y-coordinate of P} 


Example 3 ™)) Self Tutor 


Find the coordinates of P and Q, rounded to 
3 decimal places. 


P is (cos212°, sin212°), which is 
approximately (—0.848, —0.530). 


“0.848048 


Q is (cos(—51°), sin(—51°)), which is momo 
approximately (0.629, —0.777). 0.62932 


-0.777146 
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TAN @ 


Consider the point P(cos@, sin@) on the unit circle, where 
θ is acute. 


OPP 


Using tané= GT in AOPQ, we observe that: 


sin 0 
os 8 
e tan@ is the gradient of [OP]. 


e tan? = 


These facts are true for all angles 6. 


By identifying the point P on the unit circle corresponding to angle 6, we can determine whether cos 0, 
sin @, and tan@ are positive or negative. 


Example 4 ™)) Self Tutor 


For @ = 320°, determine whether cos θ, sin @, and tan @ are positive or negative. 


The point P on the unit circle corresponding to @ = 320° 
is in quadrant 4. 


The x-coordinate of P is positive, so cos @ is positive. 
The y-coordinate of Ρ is negative, so sin @ is negative. 


The gradient of [OP] is negative, so tan @ is negative. 


EXERCISE 21B 


1 ἃ Write down the exact coordinates of points A, B, C, 
and D. 


Ὁ Use your calculator to state the coordinates of A, B, 
C, and D, rounded to 3 significant figures. 


2 Use a unit circle to explain why: 


a cos380° = cos 20° b sin 413° = sin 53° 
¢ sin 160° = sin 20° d cos160° = —cos 20° 
e cos310° = cos 50° f tan 25° = tan 205° 
3 Use a unit circle diagram to find the values of: 
a cosQ° and_ sin0° Ὁ cos90° and sin90° 
¢ cos2a and sin2z d cos450° and 51η 4505 


e cos(— >) and sin(—4) f cos(—180°) and sin(—180°) 
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a Use the unit circle alongside to find the value of: 


1. .cos 243° li sin 243° 
lii cos324° iv. sin 324° 

Ὁ Hence, find the value of: 
i tan 243° ii tan 324° 


5 Determine whether cos @, sin@, and tan @ are positive or negative for: 


a @= 49° Ὁ 0-- 1589 ς θ--2075 d 60-- 296° 
ς θ- 8 f o=2 g 0-- 55 ἢ θ-- ΞΞ 


Use your calculator to check your answers. 


6 The diagram alongside shows the 4 quadrants. 
They are numbered anticlockwise. 


a Copy and complete: 


[Quadrant | Degree measre [Radian measure | ond [| sn@ | tend 


Ὁ Determine the quadrants in which: 
i sin@ is negative ii cos@ is positive 
iii cos@ and sin@ are both negative iv cos@ is positive and tan @ is negative. 


7 Show that tan(180° — θ) = —tané@. 


For any point P(x, y) on the unit circle, 
z*+y?=1 {Pythagoras}. 


Since x=cos@ and y=sin@, we find that for any 
angle 0, (cos@)* + (sin@)? = 1. We commonly write this 
as: 


cos? § + sin? 9 = 1 
If we are given one of the trigonometric ratios cos @ or sin 8, 


we can use this relationship to find the possible values of the 
other ratio. 
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Example 5 ™)) Self Tutor 


Find the possible values of sin@ when cos@ = 4. 
Illustrate your answers. 


cos? 9 + sin? 6 = 1 
1)" 4 sin? =1 
++sin*6=1 

ae sin* 6 = 3 


eth — +¥3 


If we know the quadrant in which @ lies, we can determine the 
sign of the unknown ratio. 


In the diagram alongside, the letters show which trigonometric 
ratios are positive in each quadrant. The ‘A’ stands for all of 
the ratios. 


You might like to remember them using 


All Silly Turtles Crawl. 


Example 6 


Find the exact value of cos@ if sin@ = = and 


cos? 6+ sin?@=1 


*- cos*@+ (3)° ΞΞῚ] 


2 oy = 

cos tae 
ve 
16 


cos @ = Ἐν 


But @ lies in quadrant 2 where cos@ is negative. 


- cos? 6 = 


ἦς, cosé = -τῦ 


EXERCISE 21C 
1. Using a unit circle to illustrate your answers, find the possible values of sin@ when: 
a 6050 = 3 b 6050 = --ἰ δ cosé=1 d οο58θ-ξ 0 
2 Using a unit circle to illustrate your answers, find the possible values of cos@ when: 
ἃ snd=3 Ὁ sinéd=-—-1 ς sindé=0 d sin = —3 
3 Find the exact value of cos@ if: 
a 510 = 5 and 0<@< 4 b sin@ = 5 and 90° «θ « 180° 


ς sin = —4 and T<O< 2 d 51ηθ = - - and 270° < @ < 360° 
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4 Find the exact value of sin@ if: 


a cos = 2 and 0° <@< 90° b 6050 = 1 and St<@< 20 


ς 6050 = —# and oO ἘΞ ἢ α 6050 = -- and 180° «.θ < 270° 


5 Suppose 180° <6 < 270° and sin@=-—38. 


a Find the exact value of cos @. Ὁ Hence, find the exact value of tan 0. 


MULTIPLES OF 45° OR = 
Consider 6 = 45° = 7. 
Angle OPB also measures 45°, so triangle OBP is isosceles. 


we let OB=BP=a 


Now a?+a’*=1? {Pythagoras} 
2. 1 
α΄ -- 5 
a= 75 {since a > 0} 
= i} a 1 ~ 
P is (Te -") where a Nie 


We can now find the coordinates of all points on 
the unit circle corresponding to multiples of 45° 
by using rotations and reflections. 


MULTIPLES OF 30° OR ξΦ 
Consider 6 = 60° = Ξ. Since OA = OP, triangle OAP is isosceles. 


Now AOP = 60°, so the remaining angles are therefore 
also 60°. Triangle AOP is therefore equilateral. 


The altitude [PN] bisects base [OA], so ON = ΕΣ 
IfPis (3,k), then (4)? +k? =1 
k? = 5 
4 


c= v3 {since k > 0} 
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We can now find the coordinates of all points on the 
unit circle corresponding to multiples of 30° by using 
rotations and reflections. 


Summary: 


e If@ is a multiple of 90° or 5, the coordinates of the points on the unit circle involve 0 and +1. 


e If6 is a multiple of 45° or 7, but not a multiple of 90°, the coordinates involve Ws. 


e If @ is a multiple of 30° or 4, but not a multiple of 90°, the coordinates involve ἘΦ and +¥3, 


sin @ 


We can calculate the tangent of any angle @ using tan@ = 9 
cos 


Example 7 ™)) Self Tutor 


Use a unit circle diagram to find sin θ, cos @, and tan @ for: 
ἃ 6=60° δ. 6= τς 


EXERCISE 21D 

1 Use a unit circle to find sin @, cos 6, and tan θ᾽ for: 
a §= 30° Ὁ θ-: 5 Εἰ τοὺ d 0-Ξ-1359 
e θ--Ξ Γ C=i120° g 0-- 270° ἢ d=7 
ig=2% j 6 = 240° k @=+2 | 0=2n 


πὶ 0 -- 300° η θ-- τ ο 6θ-- 95 p 0=3n 
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2 Without using a calculator, find the exact value of: 
Make sure your calculator is 


ἃ sin 45° Ὁ cos*(F) in the correct angle mode. 
ς tan?(Z) d cos*(—2) 
e sin? 150° f tan? 300° 


Check your answers using a calculator. 
.) 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Example 8 ™)) Self Tutor 


Use a unit circle diagram to find the angle between Ὁ and 27 which has a cosine 
of 5 and a sine of Ξ 1 δ᾽ 


Pisat (3, -- 


2) 
Since - and = are involved, the angle is a 
multiple of Z. 


- 2 ATE 
The angle is =. 


5.) 


3 Use ἃ unit circle diagram to find the angle between 0 and 27 which has: 


: _¥3 : 1 : =e : - 
a acosine of 5 and a sine of 5 Ὁ acosine of "ἜΣ and a sine of 5) 
: v3 ΕΣ 15 : eae ΝΕ 
ς acosine of 5 and a tangent of FR d asine of 5 anda tangent of —1. 


A trigonometric function is a function which involves one of the trigonometric ratios. 


{UNCTIONS 


Consider the point P(cos@, sin@) on the unit circle. 


As @ increases, the point P moves anticlockwise around the unit 
circle, and the values of cos @ and sin @ change. 


We can draw the graphs of y=sin@ and y=cos@ by 
plotting the values of sin @ and cos @ against 6. 
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THE GRAPH OF y = sin@ 


The diagram alongside gives the y-coordinates for all points on 
the unit circle at intervals of =. 


A table for sin @ can be constructed from these values: 


The graph of y = sin θ 
shows the y-coordinate 
of the point P as P moves 
around the unit circle 


Once we reach 27, P has completed a full revolution DEMO 
of the unit circle, and so this pattern repeats itself. 


THE GRAPH OF y =cos@ 


By considering the x-coordinates of the points on the unit circle at intervals of 4, we can create a table 
of values for cos 0: 
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EXERCISE 21E.1 


1. Below is an accurate _ of y=siné. 


a Find the y-intercept of the graph. 
Ὁ Find the values of 6 on 0 < θ < 4π for which: 
i sind=0 li sind = --Ἰ iii 51η0 = 4 iv sind = 3 
ς Use the graph to estimate the values of # in terms of 7 on 0 < θ < 4m forwhich 51η0 = 0.3. 


Find the intervals on 0 <@< 4π where sin@ 15: 
i positive ii negative. 
e Find the range of the function. 


2 Below is an accurate αὐδῶ of y=cos8. 


τ νκ: 


ἃ Find the y-intercept of the graph. 
Ὁ Find the values οὔθ on 0 < @ < 4π for which: 
i cosé=0 li cos@=1 iil 6050 = --ἰ iv οο580--- -"- 


J2 
ς Use the graph to estimate the values of Θ᾽ in terms of 7 on 0) < 6 < 4m for which οοβθ -- 0.8. 
Find the intervals on 0 < θ < 4π where cos@ is: 
i positive ii negative. 
e Find the range of the function. 
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USING TRANSFORMATIONS TO GRAPH TRIGONOMETRIC FUNCTIONS 


Once we are familiar with the graphs of y = sin@ and y= cos@, we can use transformations to graph 
more complicated trigonometric functions. 


Before we consider the graphs of these functions in detail, we need to learn appropriate language for 
describing them: 


e A periodic function is one which repeats itself over and over in a horizontal direction. 
e The period of a periodic function is the length of one repetition or cycle. 

e The graph oscillates about a horizontal line called the principal axis or mean line. 

e A maximum point occurs at the top of a crest. 

e A minimum point occurs at the bottom of a trough. 


e The amplitude is the vertical distance between a maximum or minimum point and the principal 
axis. 


oe maximum point 


litud 
ἘΠ πη ΑΧΙΒ ἐπα των 


“4--..Ἅ ὦ... μεο664-- :δ-- -»--: 


minimum point uy 


Instead of using 0, we will now use x to represent the angle variable. This is just for convenience, so 
we are dealing with the familiar function form y= f(z). 


Ror the graphsor y=sing ane (PET TT TT TT pile 
aT CN ΤΙ 


y = COS 2: 


e The period is 27. 
e The amplitude is 1. 


e The principal axis is the line 
y= 0. 


INVESTIGATION 


In this Investigation, we will use technology to draw graphs related to y =sina. ae 


Before you begin, make sure your calculator is set to radians. 


What to do: 


Ί ἃ Use the graphing package to graph on the same set of axes: 
| sins fi y= 2sinz iii y= 5sine 


iv y=-—sinz ν υ Ξε --ἶ βἰπα vi y = —sinaz 
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Ὁ For graphs of the form y= Asinz, comment on the 
significance of: 


i the sign of A ii the size of A, or | Al. 


|A| is the size of A, 
ignoring its sign. 
So, |2| = 2 and 


2 a Use the graphing package to graph on the same set of axes: | ~ 
sie li y=sin2z 
lii yy =sin (52) iv y=sin3z 
Ὁ For graphs of the form y= βῖη Βα, B>O0, what is the 
period of the graph? 


3 a Graph on the same set of axes: 
᾿ ἢ ΞΞδῖη li y=sin(z -- Ξ) 


3 
lil ᾧν =sin(z + 4) 


Make sure your 
calculator is set 


aaa ee = 9 
Ὁ What translation moves y=smnz to ἢ sin(x C’)? to radians. 


ά a Graph on the same set of axes: 
i y=sine li y=sinz+2 
li y—sinxz—2 
Ὁ What translationmoves y=sinz to y=sinx+D? 
¢ What is the principal axis of y=sinz+ D? 


5 What sequence of transformations maps y=sinz onto 
y = Asin B(a —C)+ D? 


From the Investigation you should have observed the following properties about the general sine function 
y = Asin B(x —C)+ D: 


y = Asin B(x —C)+D 


REO TT Pi 


affects affects affects affects 
amplitude period horizontal translation vertical translation 


e The amplitude is | A]. 

ὁ The period is = for B> 0. 

e The principal axisis y= D. 

e y=AsinB(x—C)+D _ where A> 0 is obtained from y=sinz _ bya vertical dilation with 


scale factor A and a horizontal dilation with scale factor =, followed by the translation ΕΝ 


Click on the icon to obtain a demonstration for the general sine function. DEMO 


The properties of the general cosine function y= AcosB(a—C)+D are 
the same as those of the general sine function. 
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Example 9 ™)) Self Tutor 


Sketch the graph of the following for 0 < a < 4m: 
ἃ y=sinz+1 b y=3cosx ε΄ 7 —sin 27 


a Wetranslate y=sinz 1 unit upwards. Ὁ We dilate y=cosaz vertically with 
scale factor 3. 


y = 3cosaz has amplitude 3. 
y=sinz+ 1 


Apr Ὁ 
4? 


‘sy = sing 


We dilate y =sinz horizontally with We translate y=cosx ΞΖ units to the 


scale factor 2. right. 


27 
2 


y =sin2z has period os 


EXERCISE 21E.2 
1. Find the amplitude of: 
a y=4sing Ὁ y=-2cosr+1 ς y = —5sin(x -- ΞῚ) 
2 Find the period of: 
a y=cos3r Ὁ y=5sin4r+2 ¢ y=-—cos(Z) 


3 Find the principal axis of: 
ἃ y=sinz—3 Ὁ y=-—2cosx+5 ς y = 2 5ἰη(α + Ξ) 


4 Sketch the graph of the following for 0 <a « 4π: 


If A < 0, reflect the graph in 


ἃ y=<ssing Ὁ y=sinz—2 the x-axis, then dilate vertically 
¢ y=-—2sinzg d y=sin3z with scale factor | A]. 
e y=sin(>) f y=sin(c—F 


5 Sketch the graph of the following for Ὁ <2 < 4m: 
a y=2cosz Ὁ y=cosz+3 
ς y = -- οοβαὰ α y=cos2z 
Σ y=cos(z 2) f y=cos(#) 
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6 Sketch the graph of the following for 0 « zx < 27m: 
a y=2cosz+1 Ὁ y=sin2r+3 ς y = $cos3x α y=3sin4¢+7 


Sketch the graph of y=6sinx+10 for O<a<4r. 
Find the value of y when x = @. 
Find the maximum value of y, and the values of x at which the maximum occurs. 


Find the minimum value of y, and the values of x at which the minimum occurs. 


Qa ws a 


Example 10 κ() Self Tutor 
The average daytime temperature for a city is given by the function 
D(t) = 5cos(*) +20 °C, where t is the time in months after January. 


a Sketch the graph of D against t for 0 < t < 24. 
Ὁ Find the average daytime temperature during May. 
ς Find the minimum average daytime temperature, and the month in which it occurs. 


For D(t)=5 cos( =) eeu D(t) = 5cos(#4) + 20 
e the amplitude is 5 


e the period is as = 12 months 


6 
e the principal axis is D = 20. 


May is 4 months after January. 

When t=4, D=5 x cos() +20 
= 5 x (—3) +20 t (months) 
=o 

So, the average daytime temperature during May is 17.5°C. 


The minimum average daytime temperature is 20—5= 15°C, which occurs when 
ἐξ oe Over 
So, the minimum average daytime temperature occurs during July. 


8 The temperature inside Vanessa’s house ¢ hours after midday is given by the function 
T(t) = 6sin(S) +26 °C. 
8 Find the: 
i amplitude ii principal axis iii. period of the function. 
Ὁ Sketch the graph of 7 against t for 0 < t < 24. 
c Find the temperature inside Vanessa’s house at: 
i midnight li 2 pm. 
d Find the maximum temperature inside Vanessa’s house, and the time at which it occurs. 


9 The depth of water in a harbour ὁ hours after midnight is D(t) = 4cos(=) +6 metres. 


a Sketch the graph of D against t for 0 < t < 24. 

Ὁ Find the highest and lowest depths of the water, and the times at which they occur. 

¢ A boat requires a water depth of 5 metres to sail in. Will the boat be able to enter the harbour 
at 8 pm? 
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We can simplify trigonometric expressions in the same way that we simplify algebraic expressions. 


For example, just as 25 - 3x = 52x, wecanwrite 2sin@+3sin@ = ὅ51ηθ. 


Example 11 ™)) Self Tutor 
Simplify: 


a 2cosé+5cos@ Ὁ 2sina —7sina 


a 2cos@é+5cos@ = 7cos@ Ὁ 2sina —7sina = —d5sina 
[25 + 5a = 7x} {2x — 7x = —5ax} 


To simplify more complicated trigonometric expressions involving sin θ᾽ and cos θ, we often use the result 
sin? 6 + cos? @ = 1. 


Useful rearrangements of this result are 1-—cos?@=sin?@ and 1-—sin?@ = cos? 86. 


Example 12 ™)) Self Tutor 
Simplify: 
a Asin? 6+ 4cos? 6 Ὁ 3-—-3cos*6 


Asin? 6 + 4cos* 6 b 3 — 3cos* 6 
= 4(sin? θ + cos? θ) = 3(1 — cos? 6) 
a = 3sin* 0 
ΞΕ 


Example 13 ™)) Self Tutor 


Expand and simplify if possible: (cos @ + sin @)? 


We can expand and factorise in 
the same way as normal algebra. 


(cos 6 + sin 6)? 


= cos? 6 + 2cos@sin#@ + sin? 6 
{using (a+b)? =a? + 2ab + 02} 
= cos’ 6 + sin? 6 + 2cos@sin#@ 


—-1+2cos@sin@ 


EXERCISE 21F 

1. Simplify: 
a cos@+cos@ Ὁ 4sin@+ 3sin@ ¢ Asin@ —sin@ 
d 5sin@ — 3sin8 e@ 2cos@ —5cos6@ f 12cos@ —7cos@ 


Simplify: 


5 sin? 6 + 5cos? @ —3 sin? 6 — 3cos? 6 — sin 0 — cos? 6 
2cos? 6+ 2sin*@+41 7 -- 7 51π20θ 6 — 6 cos? 
sin? 6 — 1 6 cos? 6 — 6 7sin’ 6 —7 

Expand and simplify if possible: 
cos (cos 8 — 5) sin 6(4 — sin @) (cos @ + 3)(cos 6 — 1) 
(sin@ + 1)(sin@ — 1) (2+ sin 6)? (sina — 3)? 
(cosa — 4)? (sin d — cos ¢)? —(1 — cosa)? 


Example 14 κ() Self Tutor 


Factorise: 


sin? a — cos? a sin? 6—5sin@+4 


sin? a — cos* a 
=(sina+cosa)(sina—cosa) {a*—b?=(a+b)(a—b)} 
sin’ θ — 5sin@ +4 


= (sin @ — 4)(sin @ — 1) [Ὁ —5e +4= (2 —4)(a ἢ} 
Factorise: 
1 — sin? 4 cos? 6 — sin? 0 cos* 3 — 1 
3sin? 6 — sin B 6 cos ¢@ + 3cos? 4 Asin? 6 — 2sin6 
sin? 6+6sin@+8 cos? 6+ 7cos@ +6 8 cos? a +2cosa —1 
Example 15 ™) Self Tutor 
Simplify: 
3 — 3sin2 0 cos? 0 — sin? 6 
1+sin@ cos -- sin @ 
3 — 3sin? 6 cos? 6 — sin? 0 
1+ sin@ cos 8 — 5100 
 3(1 —sin? 6) __ (cos@ + sin 0)(cos@—sin) ' 
1+ sin 6 (cos8—sin) ; 
_ 3(1+sir)(1 — sin 6) = cos@ + sind 
(+s), 
= 3(1 —sin@) 
Simplify: 
1 — cos’ 0 2 — 2cos’ 6 cos? 6 — 1 
sin? 0 sin 0 sin 0 

1 — cos? a sin? 0 —1 cos α — sina 
1 — cosa sin@+1 cos2 α — sin? a 
cos? @ — sin? 6 sing + cos@ A — Asin? 0 


6050 + sin @ cos? ¢ — sin? d 2cos 0 
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6 By starting with the left hand side, prove the following identities: 
a (cos@+sin6@)? — (cos6 — sin@)? = 4sin@ cos 0 
Ὁ (4sin@ + 3cos6)* + (3sin8@ — 4cos6)* = 25 


1 cos” 6 1 
ς (1—sin8) (1 )= d (1 —) 6 — cos? 6) = sin26 
( sin@) (1+ xy 5 -+ a (cos cos ) sin 
cos 0 1+ sin@ 2 cos 0 cos 8 
1+ sin@ cos 0 cos 0 1 —sin#@ 1+ sin@ 


In this section we will solve equations involving the trigonometric ratios sin@, cos@, and tan. 


To do this we recognise that: 


e if two angles have the e if two angles have the e if two angles have the 
same sine they have the same cosine they have same tangent they are 
same y-coordinate the same «x-coordinate located 180° or 7 apart. 


Example 16 =) Self Tutor 
Solve for 6 on the interval 0 < 6 < 27: 
a sing = ¥3 ς /3tand—1=0 


Ὁ /2cosd=-1 ς V3tand—1=0 


cos§@ = ——- 


If you are required to solve equations over an interval larger than 0 < θ < 27, you will need to add or 
subtract multiples of 27 to the solutions you read straight from the unit circle. 


κ() Self Tutor 


Example 17 
Solve 2cos@—1=0O onthe interval 0<6@< 4π. 


2cos?—1=0 


Syil 
cos@ = 5 


m, the solutions are 6= 7 or =. 


q, the solutions are 


EXERCISE 21G 


Solve for 6 on the interval O < 6 < 27: 


cos@ = 8 sin? = - ἰ tand = V3 
cos @ = 0 tan@d—1=0 2sind = —V3 
/2sind -1=0 2cos9+3=1 /3tand+1=0 


Solve the following equations on the intervals given: 
J2cos€@=1, 0<0<4r 
J/3tand+3=0, 0<0<4r 6siné+ ὃ = 11, 
Acos8+2/3=0, -πεθέπ sinfd+cos@=0, 0<0<6z7 


5sind+2=7, 0<@0<4r 
—r7<d<T7 


Example 18 ™)) Self Tutor 


Solve for @ on the interval 0 <6 < 2π: 


cos? @ = 7 2 sin? 6 = sin#@ 


7 11 
, τοῦ or = 


2 sin? 6 = sind 


2 sin? 6 —sin@ =0 


᾿ς sin@(2siné@ — 1) =0 
asain — Vor - 


6=0, =, ott, or 2π 


Solve for 8 on the interval 0 <6 < 27: 


sin’ 0 = 4 tan? @ = 3 cos? 8 + cos@ = 0 


2sin? 6 — /3sind = 0 2cos? 6 —cos?—-1=0 sin? @ — cos? 6 = 0 
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For any given angle 6: 


e the negative of 0 is —0 


NEGATIVE ANGLE FORMULAE 


In the unit circle alongside, P’ corresponds to the 
angle --Θθ. 
P’ is 


(cos(—@), 5Β1η{(-- 6 }} .... (1) 


However, P’ is a reflection of P in the z-axis, 
so P’ has the same x-coordinate as P, and the 
negative y-coordinate to P. 

P’ 15 (cos6, —sin@) 


. (2) 


Comparing (1) and (2) gives: 


cos(—0@) = cos@ 


e the complement of θ is > -- Θ. 


P(cos8, sin@) 


> P’(cos(—@), sin(—6@)) 


sin(—@) = —sin@ 


COMPLEMENTARY ANGLE FORMULAE 


υ 


Ρ' Yr 


a 
i 


90° — @ 
is shaded 


(cos8, sin@) 


Tr 


Comparing (1) and (2) gives: 
cos(90° — 8) = sin@ 


sin(90° — Θ) = cos@ 


Example 19 


Simplify: 
a 5sin@ — 2sin(—@) 


5sin -- 2sin(—6@) b 
= 551ηθ — 2|--- 5Β1η θ] 
= ὅ51η0 + 251η0θ 
= 7sin@ 


4 cos 8 — cos(—6@) 
= 4cos@ — cos 
= 3cos@ 


Consider P’ on the unit circle, which corresponds 
to the angle (90° — @). 


P’ is (cos(90° — @), sin(90° -- Θ)) .... (1) 


But P’ is the image of P under a reflection in the 
line y = x. This transformation interchanges 
the coordinates of P. 

P’ is (sin 6, cos@) 


. (2) 


Ὁ 4cos@ —cos(—@) 


4cos(> — 0) — 3sin0 
= 4sin@ — 3sin0 


= sin8 


ADVANCED TRIGONOMETRY (Chapter 21) 477 


EXERCISE 21H 
1. Simplify: 
a 2sin@ + sin(—@) Ὁ 3sin(—@) -- 5110 ς 4ς050- 2cos(—6@) 
d 8sin@ -- 8 51η(--θ) ς cos*(—a) f sin*(—a) 


4 cos(—a) cosa — sin(—aq) sina 


2 Prove that tan(—0@) = -- [δὰ for all 0. 

3 Simplify: 
a 4cos@ — 2sin(90° — @) Ὁ 2cos(—) — 5sin(90° — θ) 
ς 3cos(90° — θ) — sind d 2sin(—0@) — 7cos(F — @) 
e 6sin@ + cos(> — θ) f 3sin(> — 0) +4cosé 


4 What is the relationship between tan(90° —@) and tang? 


5 Consider the following ‘proof’? of the complementary angle 
formula sin 6 = cos(90° — @): 


In the triangle alongside, sin@ = ° and cos (90° — 6) = : 
Cc C 


᾿ς sin@ = cos (90° — 6) 
Explain why this ‘proof’ is not acceptable in general. 


If A and B are any two angles, then: 


cos(A + B) = cos Acos Β — sin Asin B 
cos (A — B) = cos AcosB+ sin Asin B 
sin(A + B) = sin Acos B+ cos AsinB 
sin(A — B) = sin Acos B — cos Asin B 


These are known as the compound angle formulae. 


Proof: 


Consider the points P(cos A, sin A) and 
Q(cos B, sinB) on the unit circle, so P(cos A, sin A) 


POQ= Α -- Β. Q(cos B, sin B) 
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Now PQ= \/(cos A — cos B)? + (sin A — sin B)? {distance formula} 
(PQ)? = cos* A — 2cos Acos B + cos* B + sin? A — 2sin Asin B + sin? B 
= cos* A+sin* A +cos* B + sin? B — 2(cos Acos B + sin Asin B) 
= 1+1- 2(cos Acos B + sin Asin B) 
= 2—2(cosAcosB+sin Asin Β) .... (1) 


But, by the cosine rule in APOQ, 
(PQ)? = 17 + 12 — 2(1)(1) cos(A — B) 
= 2 -- 2οοξ(α -- Β) .... (2) 

᾿ς cos(A -- B) = cos AcosB + sin Asin B {comparing (1) and (2)} 
From this formula the other three formulae can be established: 
cos(A + B) = cos(A — (—B)) 

= cos Acos(—B) + sin Asin(—B) 

= cos Acos B + sin A(— sin B) { cos(—@) =cos@ and 

= cos Acos B — sin Asin B sin(—@) = — sin 0} 
sin(A — B) = cos(Z — (A -- B)) 

= cos(($ — A) + B) 

= cos($ — A)cos B — sin(} — A)sinB {sin(} —@)=cos@ and 

= sin Acos B — cos Asin B cos(5 — θ) = sin 6} 
sin(A + B) = sin(A — (--Β)) 

= sin A cos(—B) — cos Asin(—B) 

= sin Acos B — cos A(— sin B) 

= sin Acos B+ cos Asin B 


Example 20 ™)) Self Tutor 
Expand and simplify: cos(a@ + 90°) 


cos(a + 90°) 
= cosa.cos 90° — sina sin 90° 
= cosa X Ξ x 1 
= —sina 


EXERCISE 211 
1. Check that each compound angle formula is correct for A= 90° and B= 305. 


2 Expand and simplify: 


ἃ sin(90° + a) Ὁ cos(270° + 2) ς sin(180° — A) d cos(a+ 5 

e sin(z+ 2) f cos(6 — 2) g sin(#+ Zz) ἢ cos(=—a 

i sin(# + 4) j cos(> + ¢) k sin(#t + ΟἹ Ι cos(A — 5 
3 Simplify using the compound angle formulae in reverse: 

a cosAcosB+sin Asin B Ὁ sinacos @—cosasin 3 

¢ cosMcos N —sinM sin N d sinC cos D+ cosC'sin D 


ς 2sinacos@ — 2cosasin f sinasin @ — cosacos GZ 


ADVANCED TRIGONOMETRY (Chapter 21) 479 


4 The double angle formulae are: e sin2A =2sinAcosA 
ὁ (0524 = cos? A — sin? A 
2tan A 
1 —tan? A 
a Use the compound angle formulae to prove the double angle formulae. 
3 


Ὁ If sina=¢ and cosa = —4, find: i sin2a li cos 2a iii tan 2a. 


e tan2A = 


5 Use the compound angle formulae to find the exact value of cos15°. 


6 Illustrated is a unit circle diagram where OP and 00 make 
angles of B and A respectively. 
a Find OP and OO. 


Ὁ Use the scalar product of two vectors to establish that 
cos(A — B) = cos Acos B + sin Asin B. 


A AS) ΚΣ 7 


1 Convert to radians in terms of 7: a 15° b 224° 
2 Convert to degrees: oo b = 
3 Find the possible values of sin@ if: ἃ cos@= 5 Ὁ cosé = --ἰς 
4 Without using a calculator, find the exact value of: 
a cos’ 135° Ὁ tan?(+) 
5 Find the amplitude and period of: 
a y=5cos2z7+3 b y = —4sin (x — 60°) ς y =—4oos (=) --ἴ 
6 Simplify: 
2 , 
= 9 cos* θ — 2cos@ sin @ cos 6 
ἃ 4-- 208" - cos? -- 4 : τ 5.) 


7 The fraction of the Moon which is illuminated each 


night is given by the function 
M(t) = ξ οοβ( 53) +5, where t is the time in days 
after January Ist. 


a Sketch the graph of MW against ἐ for 
τοῦ, 
Ὁ Find the fraction of the Moon which is 
illuminated on the night of: 
i January 6th li January 21st lili January 27th iv February 19th. 


¢ How often does a full moon occur? 
d On what dates during January and February is the Moon not illuminated at all? 
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8 Expand: 
a sin 6(sin@ — 3) Ὁ (cos +5)? 
9 Solve for @ on the interval 0 <6 < 2π: 
ἜΤΕΙ b 3tan?0=1 ¢ 6cosé —3V3=0 


REVIEW SET 21B 


1 Find: 
8 the exact coordinates of P 


Ὁ the approximate coordinates of P, rounded to 
3 significant figures. 


2 Foe 1g — x, determine whether cos 9, sin, and tan @ are positive or negative. 


Find the possible values of cos@ if: 


a sind = —~z and TL OK = b sin = —3 and 22 <@< 2π. 


& Use a unit circle diagram to find the angle between 0° and 360° which has a sine of 5 and a 


tangent of FR. 


5 Sketch the graph of the following for 0 <a < 4m: 


a y=4sinz Ὁ y=2coszr-—3 ¢ y=sin(z — 5) 
6 Factorise: 
a Asin? 6 — 12sin0 Ὁ cos” 6 — 3cos6 — 18 


7 As the tip of a windmill’s blade rotates, its height above ground is 
given by H(t) = 10cos(=) +20 metres, where ¢ is the time in 
seconds. 

a Sketch the graph of H against t for 0 <t < 36. 

Ὁ Find the height of the blade’s tip after 9 seconds. 

¢ Find the minimum height of the blade’s tip. 

d How long does the blade take to complete a full revolution? 


8 Simplify: 

a 7cos@ — 4cos(—6) Ὁ sin®(—¢) ¢ 2sin(—@) + 5cos(F — 8) 
9 Solve for @ on the interval 0 <6 < 4π: 

a 2cosé=-1 b /3sin9 —cosé =0 ¢ 4cos* 6 —2cosé =0 


10 Expand and simplify: 
a cos(0+7) Ὁ sin(270° — ¢) ¢ tan(a+ 2) 


Inequalities 


Interval notation 
Linear inequalities 
Sign diagrams 
Non-linear inequalities 


Contents: 


ἃ 
Ε 
ς 
D 
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In this course so far, we have mostly dealt with equations in which two expressions are separated by the 
equality sign =. 


In this chapter we consider inequalities in which two expressions are separated by one of the four 
inequality signs <, <, >, or 2. 


OPENING PROBLEM 


: : 2 
To solve the inequality :- «1, Trent performs these 
Μη 
Steps: 


la 
zr+3 
2x<x2+3 {multiplying both sides by (x + 3)} 
“Ὁ {subtracting x from both sides} 
His friend Donna notices that « = —4 does not satisfy the 
inequality, since AGO) aya = 8, which is not < 1. 
—4+3 —1 


They concluded that there is something wrong with Trent’s solution. 


Things to think about: 
a At what step was Trent’s method wrong? 


Ὁ Is there an algebraic method which gives the correct solution to this inequality? 


In Chapter 2, we used interval notation to describe a set of numbers. 


For example, the set of real numbers from The filled circle shows 


1 to 4 inclusive can be represented by ee that 4 is included. 


{er|l<a<4, xeER} «_titTiriwtiity, 
-10 123 45 62 


the set of all such that x 1s real. 


If it is not stated otherwise, we assume we are dealing with real x7. So, the set can be represented simply 
as {z|1l<a< 4). 


Example 1 =) Self Tutor 


Draw a number line graph to display: 
a {x|—-2<2< 3} ee ΟΡ 37] ΞΕ τ 
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SQUARE BRACKET NOTATION 


An alternative to using inequality signs is to use square bracket notation. 


The endpoints of the interval are written within square brackets. The bracket is reversed if the endpoint 
is not included. 


e [a,b] represents the interval {7 |a< a < b} <<; = 
e ja, ὑΪ represents the interval {x |a< <a <b} —— 
ὁ ja, 0] represents the interval {x |a<a <b} <—— = 
e ja, b| represents the interval {x | a <a <b} ——_—— 
For intervals which extend to infinity, we use the symbol oo. 
<=, + We always use an ‘outwards’ bracket for infinity. So, [2, co| 


represents the interval {x | x > 2}. 
In square bracket notation, we use the union symbol U to replace ‘or’. 


So, for {x|1<a2<3 or x>5} wewouldwrite [{1, 3[ U[5, oof. 


Example 2 ™)) Self Tutor 


Use square bracket notation to describe: 


EXERCISE 22A 


1. Draw a number line graph to display: 


ἃ {x|z> 4} Ὁ {x|x<-5} ἐ {1|-2<2<3} 
a {7|\0<2< 7} ἃ {z|x<1 or α 5 8) Ε Τὰ] ὧν ἃ Ὁ) 
g (--Ἰ, 6] h ]4, 9] i [--5,0] 
j ]2, 8 κ [5, cof | ]--οοὐ, 6] 
πὶ |--3, oo| n [0, 4 U[7, cof ο |—co, 2/| U[5, 11] 
2 Use interval notation to describe: 
a ο-...... b <—____0 
—_——_—_— —_—__ 
ς 4 Π -.... d =—_® ο--- -"ν- 
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e <0 o———> f o——_—_——-e 
<._ OTTSSSSSSSSC(O]| “= | ᾽᾽;, 
—] 1 i 0 4 ; 
g¢ «----ο o——_—_—-e h e——___“—-e o———> 
a, ee, ee,  ν ee: es ere a7 
—2 1 4 χ --2 1 τ r 


3 Write these number sets using square bracket notation: 


a {x|-l<a2<6} Ὁ {x|0<2< 5} 
ς {x|-4<2<7} d {r|4<2< 8} 
e {x|x>-—-7} f {x|x<0} 
δ 17/427 of > 5} ἢ {x|x2<-3 or 5» 4} 
{e|-l<a2<l1 or x22} j {(1|:«-4 or 2<2<7} 
k o_O | eo © 
.τ᾿----.» «| rd ὃ -ς-ςἕ 
3 8 x —2 rd x 
m ο..--.». n _m ——o 
<$$$__|__________» <$£$___|___________, 
5 x —2 + 
o «- ὁ ο-------- Ὁ Ρ ὁ ο------» 
——<—<$<$—— es Oe ὠς“ ee, 
2 3 5 1 —4 1 1 x 
q <+—e o> r «-- ὁ ο-------» 
ορορρορᾳ8ἋἝὋἋὋ π -ππ-πὉτ’ τὰ Sl ΄πΠἝτ 
-2 2 -ὃ 10 μ 


4 Display each set on a number line graph, and hence describe using a single interval: 
ἃ 47 |eo>3 U Ve wr < 7} b {x|i<r<9U-1l<zr<4} 
ε {x|z<3N0<2<7} d {t|i<r<9N -1l<a«< 4} 


Linear inequalities take the same form as linear equations, except they contain an inequality sign instead 
of an ‘equals’ sign. 


2x <7 and 3x+5 2-10 are examples of linear inequalities. 


RULES FOR SOLVING LINEAR INEQUALITIES 


Notice that Boo Bnd Ὁ; 
and that —3<2 and 2>-3. 


This suggests that if we interchange the LHS and RHS of an inequality, then we must reverse the 
inequality sign. > is the reverse of <, and 2& is the reverse of <. 
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You may also remember from previous years that: 
e If we add or subtract the same number to both sides, the inequality sign is maintained. 
For example, if 5>3, then 54+2>3-442. 


e If we multiply or divide both sides by a positive number, the inequality sign is maintained. 
For example, if 5>3, then 5x2>3-x 2. 


e If we multiply or divide both sides by a negative number, the inequality sign is reversed. 
For example, if 5>3, then 5x-1<3~x-1. 


The method of solving linear inequalities is thus identical to that of linear equations, with the exceptions 
that: 


e interchanging the sides reverses the inequality sign 


e multiplying or dividing both sides by a negative number reverses 
the inequality sign. 


We should not multiply or divide both sides of an inequality by an expression involving the variable, 
unless we are certain that the expression is always positive or always negative. This is the mistake which 
Trent made in the Opening Problem. 


Example 3 κ() Self Tutor 


Solve for x and graph the solution: 


{adding 4 to both sides} 
{dividing both sides by 3} 
If c=1 then 3x-—-4=3x1-—-4=-1 and -1<2 V 
6 3-27<7 


Notice the reversal of the 


-2. <4 {subtracting 3 from both sides} inequality sign when we 


«> -—2 {dividing both sides by —2, divide both sides by —2. 


so reverse the sign} 


Check. If x=3 then 3-22 =3-2x3=-3 
and - «7 V 


EXERCISE 22B 
1. Solve for x and graph the solution: 
a 32+2<0 Ὁ 52-T7T>2 ¢ 2-3r21 
d 5-2zr< 11 ς 2(3. -- 1) «4 f 5(1-32) ὃ 
2 Solve for x and graph the solution: 
ἃ 7 22 --Ἰ Ὁ -13< 3242 ¢ 20> --ῦσ 
d -324-32 e 3<5-2z f 2 « 5( -- “) 
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Example 4 ™) Self Tutor 
Solve for x and graph the solution: ὃ -- ὅσ >2x%+7 


Ww 
On 
8 

+ 
~] 


{subtracting 2” from both sides} 


- τὰ Ν᾿ 


{subtracting 3 from both sides} 


« 
ΜΗ 
Μη 
Wb 


Δ Eo 


{dividing both sides by —7, so reverse the sign} 


3 Solve for x and graph the solution: 
a 342+2>2-5 Ὁ 27-3<5r-7 ¢ 5-2r%>27+4 
d 7-3r<5-2 ς 352 -- 2» 2(. -- 1) -- δα 1 -- (ὦ -- 3) >2(4+5)-1 


e Try to solve the quadratic inequality «2 - 5a « 14. 
e Can you solve quadratic inequalities in the same way you solve quadratic equations? 


To solve non-linear inequalities, we do not usually need a complete graph of a function. We only need 
to know when the function is positive, negative, zero, or undefined. A sign diagram enables us to do 
this. 


A sign diagram consists of: 


e a horizontal line which represents the x-axis 


e positive (+) and negative (—) signs indicating where the graph is above and below 
the x-axis respectively 


e critical values, which are the graph’s x-intercepts, or where it is undefined. 


Consider the graph: 


We use a solid line to 
indicate where the 
function is zero, and a 
dashed line to indicate 
where the function is 
undefined. 


The corresponding sign diagram is: : ©=2 


Further examples are: 


Notice that: 


e A sign change occurs about the critical value for single factors such as (x+2) and (x#-—1), 


indicating cutting of the x-axis. 


e No sign change occurs about the critical value for squared factors such as (x—1)?, indicating 


touching of the x-axis. 


Example 5 


Draw a sign diagram for: 
(x + 5)(ax — 2) 


(2 + 5)(a2 — 2) has critical values —5 
and 2. 


We try any number > 2: 
When zx = 10, 
(s+ 5) ΞΖ), =15 x8 > 0. 


The factors are single so the signs 
alternate. 
The sign diagram is 


™)) Self Tutor 


3(22 + 1)(4—2) 


3(2x+1)(4—2) has critical values -- ὦ 
and 4. 


When zx = 10, 
3(22 + 1)(4 -- “) =3x 21x -6 «0. 


The factors are single so the signs 
alternate. 
The sign diagram is 


Example 6 


Draw a sign diagram for: 


—(a +2)? 


—(ax + 2)2 has critical value —2. 


When x= 10, —(x + 2)? = —12? < 0. 


A squared factor indicates no change of 
sign about the critical value. 
The sign diagram is 


EXERCISE 22C 


Draw a sign diagram for these graphs: 


υ 


™)) Self Tutor 


is zero when x2=3 and 
z+1 


undefined when «w= --. 


When zx = 10, 


Since (x—3) and (x+1) are 
single factors, the signs alternate. 
The sign diagram is 
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2 Draw a sign diagram for: 


a (1: -- 3)γ(α -- 1) Ὁ «(ax -- 4) ς σία -- δ) 
α -- (ὦ -- 2)(x -- 3) ς (3. -- 1)(4 -- “) f (ὃ -- σ)( -- 25) 
g x*—16 h 1-2’ i 2.1 -- 2? 
j σ΄ --41-3 k 2-- 1852 | -αὐ +27 +424 
m 352 - 8. --8 n 2- 2. -- 4.2 o —10r7+9r+9 
3 Draw a sign diagram for: 
ἃ (« -- 1)2 b (1.4) ς —(x+3)? 
α - (ὦ -- 2)? e (32-1)? f x?-6r+9 
g —x?-4r-4 h —2*+27-1 i -4.2- 4: --Ἰ 
4 Draw a sign diagram for: 
᾿ “-Ὁ 1 b x—1 ὲ 2ῳ -ἰ ὅ 
x—2 2 2-2 
d 35 — 1 . στ 4 f 2x 
4 --Ἴ΄ 95 -- 2 1--α 
(2 -- 2). 32 , “(1 Ὁ 2) 
3 z+1 7 (x + 3)? 4--α 
_ _ 2 
Ϊ (α -- 3)(5 - 4) κ 5--α 1 2 1 
2—2 α2ὦ--α --2 -- 
a? - 25 -- 8 «2.1 a? —62+9 
eS Bes ῃ--... ο---- 
“-Ὁ 1 x? --25. -Ἰ 2x2 -- χα --8 


Example 7 
Given the sign diagram alongside, use interval 


notation to describe where the function is: 
a »0 6b >0 


The function is > 0 where 1<a2<3 or z>6 
whichis τ 7: 1.1... νος SOP. go> 0]: 


The function 15 >0O where l1<2x<3 or x26. 


We do not include 3 here because the 
function is undefined at 2 = 3. 


Using interval notation, thisis {z|l<a2<3 or x26}. 


5 Use interval notation to describe where the functions with these sign diagrams are: 


i >0 i >0 ii <0 iv <0. 
eo. -, + | = +) = + ς -i+t+, + ,- 
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To solve non-linear inequalities, we use the following procedure: 


e Make the RHS zero by shifting all terms to the LHS. 
e Fully factorise the LHS. 
e Draw a sign diagram for the LHS. 


e Determine the values required from the sign diagram. 


Example 8 κ() Self Tutor 


Solve for x: 
a z*+52< 14 


a? δα «14 
a? +52—14<0 {making RHS zero} 
ον (x+7)(x4 -- 2) <0 {fully factorising LHS} 


Sign diagram of LHS is 


The inequality is true for —7 «« < 2. 


pone A ade 
a? +4¢+4>0 {making RHS zero} 
(x +2)* >0 {fully factorising LHS} 


Sign diagram of LHS is 


The LHS is always > 0, so the inequality is true for all real x. 


EXERCISE 22D 


1 a Drawa sign diagram for x? +2 -- 6. 
Ὁ Hence, solve for z: 
i χα -6»0 li 27+2-—62>0 ii 27+2-6<0 iv «7?+2-6<0 


2 Solve for z: 


a («—1)(a4—3) <0 Ὁ (274+3)(4-—2) >0 ¢ («©+1)(a-—2)>0 
d (1+5)? <0 e x*—-27>0 f 477+27 <0 

g α «16 h 327 < 12 Ι 27+47-5>0 
j δ... k 2*-—47+4<0 | 2*+32 < 28 

m 327 -—62+3>0 n 277-5< 32 ο 327 > 2(r+ 4) 

p 4<527+8r 4 6(." +2) «175 r 952 «125 -4 
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Example 9 ™)) Self Tutor 


Solve for z: 


35; + 2 — (x -- 4) τ 
x—A 


2x +6 = 


x—4 
Sign diagram of LHS is 


«ἢ ὲ r 
Ι -» ὃ .- > -2 k 
A ! 3a +17 1l-—z πρὸς 


4 Find the domain of these functions: 
a f(x) = /2(ax -- 2) Ὁ f(x) = V2? — 3x ¢ f(x) = (ὦ - 1)(5 -- 3) 
_ 1 r)= 7 — 
ae ee er e f(x) f f(z) 


Check your answers using the graphing package. 


στε 3 
ι-- Ἰ 


στ ϑ GRAPHING 
= PACKAGE 
z+ -- 4 


5 Find the values of m for which the quadratic function f(x) = ma? + [m+ 83]. -- Ἰ: 


a does not cut the x-axis Ὁ touches the z-axis ¢ cuts the z-axis twice. 


REVIEW SET 22A 


1. Draw a number line graph to display: 
a {x|x>-—-3} Βυ ἘΠ 7 =< 10} ε |0, 9] 


2 Solve for x and graph the solution: 
a 52-—11>-7 Ὁ 9< 4-27 


3 Solve for z: 
a 4r-1>2+9 Ὁ 5(1-—2) < 4(. -- 8) 
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4 Draw a sign diagram for: 


a (x +4)(x -- 1) b —x? +22 +15 - 
5 Describe where the function with sign diagram 3 - ie, ee 
alongside is: —1 6 x 
a >0 b >0 ς «0 α <0 
6 Solve for x: 
a (x+2)(4+6) <0 Ὁ σ΄ 52 > 36 ¢ 22*-15< Τὰ 
7 Solve for x: 
8, πὶ ἢ Eee Si σέων ἘΠ 
2 “- 1 


8 Solve the inequality in the Opening Problem on page 482. 


REVIEW SET 22B 


1 Write these number sets using square bracket notation: 


a {x|-2<2< 8} Bono. | a Vor 4 ge} 
o_O d -«---...... -͵Ὁ OE 
eS [1 ΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞ Ξ Στξε: 
πε 3 a 


3 Solve for x, and graph the solution: 


a 3(2r+1)>4 Ὁ 40«Τ- 35 
4 Draw ἃ sign diagram for: : 
a —2z(x+9) Ὁ 2x? - 10. +32 ς = ae 
oe 
5 Solve for z: 
a 7x —2 > 2(1 - 8) b —x? —27+35>0 ς πως Τ᾿ Ἢ 
6 Describe where the function with sign diagram Saal = el δος τ δ 
alongside is: —6 π΄ ie 
a >0 Ὁ 50 ¢ <0 d <0 
7 Solve for a: 
a (+5)(6—2) <0 ae aeRO 
= τ Φ. 1 


8 Find the domain of these functions: 


a f(x) = ντί -- 4) δ᾽ Oo ————— 


“OX τίνι" 
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Bivariate statistics 


Contents: Scatter plots 


Correlation 
Measuring correlation 
Line of best fit 


A 
B 
ς 
Ὁ 


494 BIVARIATE STATISTICS (Chapter 23) 


OPENING PROBLEM 


The relationship between the height and weight of members of a football team is to be investigated. 
The raw data for each player is given below, with heights in cm and weights in kg. 


1 106 


93 


95 
86 
8) 
92 


Things to think about: 
ἃ Which is the dependent variable? 
Ὁ How could we display this data? 
¢ Does an increase in the height of a player generally cause an increase or a decrease in their 
weight? 
How can we indicate the strength of the linear relationship between the variables? 


e How can we use this data to estimate the weight of a player who is 200 cm tall? How reliable 
will this estimate be? 


We often want to know how two variables are associated or related. We want to know whether an 
increase in one variable results in an increase or a decrease in the other. We call this bivariate statistics 
because we are dealing with two variables. 


To analyse the relationship between two variables, we first need to decide which is the dependent variable 
and which is the independent variable. The value of the dependent variable depends on the value of the 
independent variable. 


Having made this decision, we can then draw a scatter plot dependent variable 
to display the data. The independent variable is placed on the 
horizontal axis, and the dependent variable is placed on the vertical 
axiS. 


independent variable 


PLOTS 


In the Opening Problem, we measured the height and weight of each 
football player. 


We suspect that the weight of a footballer is dependent on his height, 
so we place height on the horizontal axis and weight on the vertical 
aXxIS. 


The data from each individual footballer is then displayed as a point 
on the scatter plot. 


height 
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Example 1 κ() Self Tutor 


This scatter plot shows the ages 
and work done by 5 employees. 
a Which person is the oldest? 
6 Who has done the most work? 
¢ Who has done the least work? 


E has the largest value on the age axis. 

*. E 1s the oldest. 

B and E have the highest values on the work done axis. 
‘. Band E have done the most work. 

A has the lowest value on the work done axis. 

“ΠΑ has done the least work. 


EXERCISE 23A 
1. Liesl measured the height and weight of eight objects 


| | ΒΒ del | 
ΡΝ The results are shown in the scatter plot TT ipl Plt Pl 
a Which object is the lightest? et tf fel | dal 
6 Which object is the tallest? ett] Et ΕΒ 5 8 
ς Which two objects are the same height? [911 
Pea Sees 
Prt tt yy yy 
pt tty Fy 


' ium teatime: CPL 
a Who has received the most hours of training? 
Ὁ Who is the least productive? 
ς Are there employees with equal productivity? 
d 


Do you think that the training given to the employees 
has been worthwhile? Explain your answer. 


3 Peter’s soccer team played seven games during an 
end-of-season carnival. The results of the games are 
displayed in the scatter plot. 


a In which game did the team score the most goals? 

Ὁ In which game did the team concede the least goals? 
¢ How many of the games ended in a draw? 
d 


How many games did Peter’s team win? 


J 
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+ Siramons wee askedhow σιν [Sent OTR TST TT 
lived from school, and how long it 
took them to travel to school. The Distance to school (km) 8 {5} 2/12] 6 | 4 
results are shown in the table. Travel time (min) 


a Draw a scatter plot to display the data, with distance on 
the horizontal axis. 

6 Which student lives furthest from the school? 

Which student took the least time to travel to school? 


One of the students walks to school. Which student do 
you think it is? Explain your answer. 


In this case time is the 
dependent variable because 
the travel time depends on 
the distance to school. 


Qa 


Correlation is a measure of the strength of the relationship or association between two variables. 


We can use a scatter plot to describe the correlation between two variables. 


Step 1: Look at the scatter plot for any pattern. 
For a generally upward shape, we say that the 
correlation is positive. 


As the independent variable increases, the dependent 
variable generally increases. 


For a generally downward shape, we say that the 
correlation is negative. 

As the independent variable increases, the dependent 
variable generally decreases. 


For randomly scattered points with no upward or 
downward trend, we say there is no correlation. 
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Step 2: Look at the spread of points to make a judgement about the strength of the correlation. 
These scatter plots show strength classifications for positive relationships: 


moderate 


Step 3: Look at the pattern of points to see if the relationship is linear. 
The relationship is approximately linear. The relationship is not linear. 


Example 2 ™)) Self Tutor 


Alexander researched the elevation above sea level and mean annual temperature of 12 cities around 
the world. The results are given in this table. 


Hrevaton ταῦ | 600 | 850] 150] 300] 00 [200 [500 [550 [750 [80 [300 | 50 
mamta] «|= [=| [> [| [|=] 
temperature (°C) 


a Draw a scatter plot of the data. 
Ὁ Describe the relationship between elevation and mean temperature. 


Ὁ There appears to be a moderate 


ee νὰ ἢ zz negative linear correlation between 
i elevation and mean temperature. 
ΠΩ TE tT Ed What factors other 
Pf tf ty Py fey than elevation affect 
the mean annual 
et ttt] yt ey temperature of a city? 
Lest 


200 400 600 800 1000 
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EXERCISE 23B 


1. For each of the scatter plots below: 


i state whether there is positive, negative, or no association between the variables 
ii decide whether the relationship between the variables appears to be linear 
iii describe the strength of the association (zero, weak, moderate, or strong). 


2 Copy and complete the following: 
ἃ If there is a positive association between x and y, then as x increases, y ...... 
Ὁ If there is a negative correlation between JT’ and d, then as J’ increases, d ...... 
c If there is no association between two variables then the points on the scatter plot are 


3 Acclass of 15 students was asked how many text messages they had sent and received in the last 
week. The results are shown below: 


_ Sudent | A|B/C|DIE|F/|G/H|1|J|K|LIMINI0O | 
Messogessen|5 [Ὁ [12 Ὁ [17 15 [10 4] 818 55 17] 0 6 [1 
Messeges eoened| 8 ἢ Ὁ 1 15 ΤΊ 19 [1| 8 1 Τ 15 115 51 [16] τῇ 6 [πὸ 


ἃ Draw a scatter plot of the data. 


Ὁ Describe the relationship between messages sent and messages received. 


4 ἃ 10 students were asked for their exam marks in Physics and Mathematics. Their percentages 
are given in the table below. 


Sudem{A|B/C/D/E|F|G|H|1| J | 
Piysies | [| 45 [00 [τὸ [τὸ [ξ [τὸ [ὅδ [05 


_Maths_| 68 | 70 | 50 | 65 | 60 | 72 | 75 | 40 | 45 | 80 | 


i Draw a scatter plot of the data, with the Physics marks on the horizontal axis. 
ii Comment on the relationship between the Physics and Mathematics marks. 
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Ὁ The same students were asked for their Art exam results. Their percentages were: 


Sudent| A|B|C|DIE|F/G{H| 1] s 


__ Art| 75 | 70 | 80 | 85 | 82 | 70 | 60 | 75 | 78 | 65_ 


Draw a scatter plot to see if there is any relationship between the Physics marks and the Art 
marks of each student. 


5 The following table shows the sales of hot drinks in a popular cafe each month, along with the 
average daily temperature for the month. 


a Draw a scatter plot of the data, with the independent variable temperature along the horizontal 
axis. 


Ὁ Comment on the relationship between the sales and the temperature. 


Simple observation of the points on a scatter plot is a fairly inaccurate way to describe the strength of 
correlation between two variables. Instead, we can calculate Pearson’s correlation coefficient. This 
gives us a numerical value between —1 and 1 which measures the strength of correlation between two 
variables. 


Consider a set of n data given as ordered pairs (21, y1), (X2, yo), (3, Y3), «+s (Lns Yn)s 
where & and ¥ are the means of the x and y data respectively. 


ΣΙ — τίν — 9) 
ἘΣ 27 a) 


Pearson’s correlation coefficient is r= 


where } > indicates the sum over all the data values. 


You are not required to learn this formula, since we usually use technology to 
find the value of r. 


) 


GRAPHICS 
CALCULATOR 


The values of r range from —1 to +1. INSTRUCTIONS 


The sign of r indicates the direction of the correlation. 


e A positive value for r indicates the variables are positively correlated. 
An increase in one of the variables will result in an increase in the other. 


e A negative value for r indicates the variables are negatively correlated. 
An increase in one of the variables will result in a decrease in the other. 


The size of r indicates the strength of the correlation. 


e A value of r close to +1 or —1 indicates strong correlation between the variables. 


e A value of r close to zero indicates weak correlation between the variables. 
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Some examples of scatter plots with their corresponding values of r are given below. 


POSITIVE CORRELATION 


r=+1 


NEGATIVE CORRELATION 


Example 3 


Four students were asked how many children and 
pets were in their household. The results are shown 
in the table alongside. 


Draw a scatter plot for the data. 

Find the correlation coefficient r without using technology. 

Is the data positively correlated or negatively correlated? 
Describe the strength of the correlation between the variables. 


err | 
jL__rumiber fein 
0 2 3 4 


1 


-. are el oo 
b CFF --------.-..-- — 


ee {πε ἘΠ et) Ξ 
ἜΝ ong ρῶν. 


~ 0.982 


¢ r>0O, so the data is positively correlated. 
d_ r isclose to 1, indicating a very strong correlation between the variables. 
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COEFFICIENT OF DETERMINATION r? 
Another commonly used statistic which describes the strength of the association between two variables 


is the square of Pearson’s correlation coefficient r. 


This value, r?, is known as the coefficient of determination. Since —1<r<1, 0<r? <1. 


The following table is a guide for describing the strength of linear correlation using the coefficient of 


determination: 


Example 4 ™)) Self Tutor 


At a father-son camp, the heights of the fathers and their sons were measured. 


a Draw a scatter plot of the data. 


Since r? > 0, it does 
not show the direction 


of correlation. 


Ὁ Calculate the coefficient of determination r? for the data, and interpret its value. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Ὁ Using technology, r? + 0.683. 
TI-nspire 


Casio fx-CG20 
LinRegMx a,b,1: CopyVar stat. RegEgn fl: ὦ * 
"Title" "Linear Regression (mx+b)" 
"RegEqn" "m*x+b" 
a 1.1119 
mel «ag “29.919 
0.683236 
0.826581 
y=axtb a Ee 


There is a moderate positive correlation between the father’s height and the son height. 
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EXERCISE 23¢C 


1 The correlation coefficient for a set of bivariate datais r ~ 0.812. 
a Are the variables positively correlated or negatively correlated? Explain your answer. 
b Find the coefficient of determination r? 


¢ Describe the strength of the correlation between the variables. 


2 Five students each took 10 shots at a netball goal. The table 


alongside shows how many times each student scored a goal, Set ΕΕΕΈΕΕΕΙΣ 


and how many times they missed. 
Miss 1) 4 
a Draw a scatter plot of the data. 5 ΕἾ ΕῚ 


Σ α -- σ)ίῳ -- Ὁ) 
Σ (ὦ - 2)? Dy -- 9)? 


ς Describe the correlation between the variables. Explain why this must be the case. 


Ὁ Find r using the formula) r = 


3 For each of the following data sets: 


i Draw a scatter plot of the data. 


You can use your 
calculator to draw 
scatter plots. 


ii Use technology to find r and r?. 
iii Describe the linear correlation between X and Y. 


Δ [Χ]11234|8 6 
Υ]᾽ 8328} 5)9]6 κε 
ΧΙ 83.8.56} 19[10[16 
Yar} 12 16] 6 1110] 4 


GRAPHICS 
CALCULATOR ψ 
INSTRUCTIONS 


ΒΝ 5818) 419} 18 


4 Students were asked to measure their height in centimetres and their shoe size. The results are 
recorded in the table below: 


_ Shoe size | 6.5} 45 | 4 | 55] 6 155] 6 ὅδ᾽ ὅδ᾽) 5 | 5 | ὅδ᾽ 


a Construct a scatter plot of the data. Ὁ Calculate r and r?. 


¢ Describe the relationship between height and shoe size. 


5 The scores awarded by two judges at a diving competition are shown 
in the table. 


Conpetion[ PT OTR] S[T[U[VIW[X[v 
hedge [5 6589 1|25} 156 s 


ndge® 16 [7 [8595] «1 [rls [7 [es 
a Construct a scatter plot of the data, with Judge A’s scores on the 
horizontal axis, and Judge B’s scores on the vertical axis. 


Ὁ Calculate r and r?. 


ς Describe the correlation between the judges’ scores. 
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6 A basketballer takes 20 shots from each of ten different positions marked on the court. The table 
below shows how far each position is from the goal, and how many shots were successful: 


Position [ΑΒ ΟΕ ΕΙ[6]ΙΗ [11 


__suceesvudstos [17] 6 1 Ἰοῦ 5.1 8. [1168 [π}9΄ 


ἃ Draw a scatter plot of the data. Ὁ Will r be positive or negative? 
¢ Calculate r and r?. α΄ Describe the correlation between these variables. 
7 Jane wanted to see whether there was any correlation between the length of a movie, and its 


performance at the box office. She selected 10 movies, and recorded their lengths and box office 
takings. 


Draw a scatter plot of the data. 


Does there appear to be a strong correlation between the variables? Explain your answer. 


Calculate r and r?. 


Ω. ὦ σ' ὦ 


Describe the relationship between the variables. 


ACTIVITY 


Do people with long surnames generally have long first names as well? 


In this Activity we will investigate whether there is a relationship between the length of a person’s 
first name and surname. 


What to do: 
1 Count the number of letters in your first name and surname. 


2 Asaclass, predict the nature of the correlation between the /engths of first names and the lengths 
of surnames. 


3 Use the names of each student in your class to create a scatter plot. Which is the independent 
variable? 


4 Calculate r and r?. 


5 Describe the correlation between the lengths of first names and the lengths of surnames. 


If there is a strong linear correlation between two variables x 
and y, then it is reasonable to draw a line of best fit through 
the data. 


We can find the line of best fit: 


e by eye e using linear regression. 


The line of best fit can be used to estimate y for any z. 
- ᾿ “ is line of best fit 
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LINE OF BEST FIT BY EYE 
For a bivariate data set involving x and y, we use these steps to find the line of best fit by eye: 


Step 1: Find the means % and ¥ of the x and y values respectively. 
Step 2: Plot the mean point (Z%, Y) ona scatter plot of the data. 


Step 3: Draw a line through the mean point which fits the trend of the data and which has about 
as many points above the line as below it. 


Example 5 ΠΡ Self Tutor 


On a hot day, six cars were left in the sun in a car park. 
The length of time each car was left in the sun was 
recorded, as well as the temperature inside the car at the 
end of the period. 


— car FA BI CIDIETIF 


Calculate % and 7. 
Draw a scatter plot of the data. 
Plot the mean point (Z, 7) on the scatter plot. Draw a line of best fit through this point. 
Predict the temperature of a car which has been left in the sun for: 
i 35 minutes ii 75 minutes. 


90+5+25+40+15+4+45 _ 47+ 28+ 36+ 424 34+41 | 


6 


a == a, | = 38 


an point (3 


30 35 40 60 70 75 80 


qd tit When τὸν y= 40. 
The temperature of a car left in the sun for 35 minutes will be approximately 40°C. 

Wy When ἢ = 15. y= op. 
The temperature of a car left in the sun for 75 minutes will be approximately 55°C. 
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INTERPOLATION AND EXTRAPOLATION 


Given a bivariate data set, the data values with 
the lowest and highest values of x are called the 
poles. 


upper pole S 


line of 
best fit 


If we use values of x in between the poles 
to estimate y, we say we are interpolating 
between the poles. 


If we use values of x outside the poles to 
estimate y, we say we are extrapolating outside 
the poles. extrapolation : interpolation : extrapolation 


As a general rule, it is reasonable to interpolate 
between the poles, but unreliable to extrapolate 
outside them. 


In Example 5 above: 


e The estimate in d i is an interpolation, so we would expect this estimate to be reliable. 


e The estimate in d ii is an extrapolation, and therefore may not be reliable. We cannot assume that 
the linear trend shown in the data will continue up to a time of 75 minutes. 


EXERCISE 23D.1 


1 Consider the bivariate data alongside. 2] 5 Π|10] 2] 13] 6. 
5. Find 7 andy. wry s Psp 5 [18΄ 


Ὁ Draw a scatter plot of the data. 

¢ Does the data appear to be positively correlated or negatively correlated? 

d Plot the mean point (7%, 7) on the scatter plot, and draw a line of best fit through this point. 
ε 


Estimate the value of y when x = 8. 


2 The table alongside shows the percentage of unemployed ἘΠ ΡΕΕΣΞΙ en es 
adults and the number of major thefts per day in eight ἐλ ὙΠ (Ὁ; 


large cities. 


a Find the mean unemployment percentage 7 and the 
mean number of thefts 7. 


Calculate r for this data. 
Draw a scatter plot of the data. 


Plot (%, ¥) on the scatter plot. 


_Unemployment (%)_ 
7 
6 
10 
8 
9 
6 
3 
7 


A 
B 
ς 
D 
E 
" 
G 
H 


Draw the line of best fit on the scatter plot. 


Ψ 808 Qa CF 


Another city has 15% unemployment. 
i Estimate the number of major thefts per day for that city. 
ii Comment on the reliability of your estimate. 
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3 Each month, an opinion poll shows the approval rating of the Prime Minister and the Opposition 
leader. The approval ratings for the last 10 polls are shown below: 


wm [97 [85 ὅτ [35 [as [oo [a2 [ar [a [ao 


a Calculate % and 7. 


Draw a scatter plot of the data. Plot the mean point (%, 7) on the scatter plot, and draw a 
line of best fit through this point. 


ς In a new opinion poll, the Prime Minister’s approval rating is 50%. Estimate the approval 
rating of the Opposition leader. 


4 A café manager believes that during April the number of people wanting dinner is related to the 
temperature at noon. Over a 13 day period, the number of diners and the noon temperature were 
recorded. 


nber of diners wy | ὅδ [70 | Τῇ 1 81} 77 5 | 75 57 [91] 75 | 96 857 85 


a Find the mean point (Z, 7). 
Calculate r? for this data, and interpret this value. 


Draw a scatter plot of the data. Plot (2, 7) on the scatter 
plot, and draw a line of best fit through this point. 
d Estimate the number of diners at the café when the 
temperature is: 
ἱ 210 ς li 14°C. 
e Comment on the reliability of your estimates in d. 


LINE OF BEST FIT USING LINEAR REGRESSION 


The problem with drawing a line of best fit by eye is that the answer will vary from one person to 
another, and the line may not be very accurate. Instead, we can use a method called linear regression. 


Linear regression is a formal method of fitting a line which best fits a set of data. 


This line of best fit is called the least squares regression 
line. It is the line which makes the sum of the squares of the 
distances d’?+d/+d/+.... as small as possible. 
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We use a graphics calculator or the statistics package to STATISTICS 
so" PACKAGE ~~ 
find the equation of the least squares regression line. 


GRAPHICS 
CALCULATOR 
INSTRUCTIONS 


Once we have found the equation of the least squares regression line, we can estimate y for any x by 
substituting the value of x into the equation. 


Example 6 ™)) Self Tutor 


The annual income and average weekly grocery bill for a selection of families is shown below: 


Income (@ thousand dollars) | 55 8625 47 | 60 | 64] 42] 50 
Grocery bly dlls) | 20 [ 907 0 [60 τοῦ | 250 τ΄ [350 


Construct a scatter plot to illustrate the data. 
Use technology to find the least squares regression line. 


Estimate the weekly grocery bill for a family with an annual income of $95 000. Comment 
on whether this estimate is likely to be reliable. 


income ($ thousands) 


TI-nspire 
*Unsaved ν΄ 
LinRegMx x,y, 1: Copy Var stat. Regign fl: ste Ὁ 


LinearReg(ax+b "Title" "Linear Regression (mx+b)" 
a =4.17825196 di "RegEqn" "m*x+b" 
-56.694686 "τὴ" 4.17825 
“or -56.6947 
0.800746 
es 0.894844 
y=ax+b "Oo" 


Using technology, the line of best fitis y = 4.18” — 56.7 

When x=95, y = 4.18(95) — 56.7 = 340 

So, we expect a family with an income of $95000 to have a weekly grocery bill of 
approximately $340. 

This is an extrapolation, however, so the estimate may not be reliable. 
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EXERCISE 23D.2 


1. For each data set: i draw a scatter plot of the data 
ii find the equation of the least squares regression line. 


a [a] 3/5] 6] 9 | 13] 15 | 18 | 20, 
ca Ps far far fis Pre [5 ae 


b | #| 16] 6 | 11} 8 [14] 24] 2 [1419 
15 | 30 | 20] 26 | 17] 9 | 35 | 10] 7 


2 Tomatoes are sprayed with a pesticide-fertiliser mix. The table below gives the yield of tomatoes 
per row of bushes for various spray concentrations. 


Draw a scatter plot of the data. 
Find the equation of the least squares regression line. 
Interpret the y-intercept of this line. 


Ώ. αἱ σ᾽ a 


Use the equation of the line to predict the yield if the spray 
concentration was 7 mL. 
Comment on whether this prediction is reasonable. 


3 A group of friends competed in a fun-run. The table below shows how long each friend spent 
training, and the time they recorded for the fun-run. 


imran tine (y mints) | 60 ΤῈ [a7 | | 55 1 87 [72 Τ5 [007 657 wo 


Draw a scatter plot of the data. 


Find r and r?. 


Find the equation of the least squares regression line. 


Interpret the gradient of this line. 


ec aa CO a 


Another friend of the group trained for 30 hours. 
i Use the least squares regression line to estimate his fun-run time. 
ii Comment on the reliability of your estimate. 


4 The yield of cherries from an orchard each year depends on the number of frosty mornings. The 
following table shows the yield of cherries from an orchard over several years with different numbers 
of frosty mornings. 


a Produce a scatter plot of Y against n. 
Ὁ Find the linear model which best fits the data. 
¢ Estimate the yield from the orchard if there are 31 frosty mornings in the year. 


α 
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Copy and complete: 
“The greater the number of frosty mornings, the ...... the yield of cherries.” 


5 Carbon dioxide (COz2) is a chemical linked to acid rain and global warming. The concentration of 
COz in the atmosphere has been recorded over a 40 year period. It is measured in parts per million 
or ppm found in Law Dome Ice Cores in Antarctica. 


Let t be the number of years since 1960 and C’ be the (Ὁ. concentration. 


b 
ς 
α 
e 


Draw a scatter plot of C’ against t. 

Describe the correlation between C and t. 
Obtain the linear model which best fits the data. 
Estimate the CO, concentration for 1987. 


If (Ὁ. emission continues at the same rate, 
estimate the concentration in 2020. 


6 Paul researched the first 6 games of the 2012 Twenty20 Cricket World Cup. For the team which 
batted first, he recorded their score after 10 overs, and their final score. 


Ω. ὦ σ' a 


Draw a scatter plot of the data. 
Describe the correlation between the variables. 
Find the equation of the least squares regression line. 


Predict the final score for a team which scores 60 runs in the first 10 overs. How reliable is 
your prediction? 


Global What is a dollar worth to you? 
context 


click here 


Using a model to represent relationships can help 


ἜΝ “i ᾿ j 1° : 
᾿ς ἐδ make predictions. 
Fy ᾿ 1] 7 ee 


Fairness and developme 


Glodal context: 
33 Key concept: Relationships 
WY Toye es ttern 
Sreynarenlevencercinvercmmmave)oyaalercmment-lsnloesraiace 


contexts 


᾿ } ? sa fe a i lon | 17 9 CO A 4: 1 ΒΈΕΨΕΥ ary ale 14 7 ann 
acnes to learning: ( ὉΙΠΊΠΊΙΠΙΟ Δί τ 1] 0 Faye) Ὁ ial : Re SCalC | iF | Ϊ 11 1k Ing 
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AT AS) ΕΣ ey 


1 The scatter plot shows the number of defective items made 
by each employee of a factory, plotted against the employee’s 
number of weeks of experience. 

Describe the correlation between the variables. 


defective items 


2 Five hockey clubs were surveyed on their players’ 
average hours of general fitness training, and the 
number of injuries to players during matches. 


ἃ Which club had the lowest number of injuries? 


Ὁ Which club’s players had the lowest number of 
hours of fitness training? 


¢ Write a sentence describing the general trend of 
the graph. 


to? co 22h lb. 7: 8.5.9 
average hours of fitness training 


3 Sam and Richard competed in a series of 8 chess 
games. The table below shows how many pieces 
remained for each player at the end of each game. 


| Sam | 412/612) 4] 1) 5] 7 


Richard] 2} 113/17) 4) 8} 3] 5 | 


a Construct a scatter plot of the data. 
Ὁ Calculate r and r?, and interpret these values. a 


& Following an outbreak of the Ebola virus, a rare and deadly haemorrhagic fever, medical 
authorities begin taking records of the number of cases of the fever. Their records are shown 
below. 


Daw cherub O23 [*[ [6] 7] 5 {Ὁ [Ὁ] π| 


[Diagnosed caer [spa [sat [wo ors 125} τὸν [55 


a Produce a scatter plot of d against n. 


b Plot the point (7, d) on the scatter plot, and draw the line of best fit by eye. 


¢ ἰ Use the graph to predict the number of diagnosed cases on day 14. 
li Is this predicted value reliable? Give reasons for your answer. 
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5 The whorls on a cone shell get broader as you go from the top of the shell towards the bottom. 
Measurements from a shell are summarised in the following table: 


Postion Foor 1 1 35 1|5757τ8 
Σ 


35 


a Obtain a scatter plot of the data. 

Ὁ Find Pearson’s correlation coefficient for this data. 

¢ Find the linear regression model which best fits the data. 
d ἰ Ifacone shell has 14 whorls, what width do you expect 


the 14th whorl to have? 
li How reliable is this prediction? 


6 The table below shows the number of games won, and the final position on the ladder for the 
Liverpool football team from 2001-02 to 2012-13: 


Paton 1515} 1|588τ|5 τ 6 15]1τ 


Would you expect x and y to be positively or negatively correlated? Explain your answer. 


Draw a scatter plot of the data. 


Find r and τῶ. 


Use technology to find the equation of the line of best fit. 


ee aa CS ὦ 


Suppose Liverpool wins 22 games next season. Predict their position on the ladder. 


REVIEW SET 23B 


1. This scatter plot displays the land area and population 
of 10 countries. 


ἃ Which country has the smallest population? 

Ὁ Which country has the largest area? 

¢ Which two countries have the same population? 
d 


Which country is the most densely populated? 


land area 
2 number of chapters The scatter plot alongside shows the number of pages 
eB and chapters in the novels on Rashida’s bookshelf. 
C «¢ ἃ Which book has the: 
[ο] 
“0 i most pages li least chapters? 
oF 
oA b Copy and complete: As the number of pages 
ai increases, the number of chapters generally ...... 


number of pages 
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3 Consider the relationship between a number and the number of factors it has. 


Would you expect the correlation between these variables to be: 
i positive or negative li strong, moderate, or weak? 
Explain your answers. 


Copy and complete this table: 


Went Τ1|257157-- ΠΤ as [9 [a 


Number ofreos τη 1 τ [5 {28} {-ἰ | | [115 


Draw a scatter plot of the data. 


Calculate the correlation coefficient r, and coefficient of determination τ. 
Describe the correlation between the variables. 


4 Consider the bivariate data alongside. ΕΠ 11| 7 }]13]3]12] 8. 


a 
b 
ς 
α 


Find 7 and τ' pr τι 159] 5 [55 8΄ 


Draw a scatter plot of the data. 

Does the data appear to be positively correlated or negatively correlated? 

Plot the mean point (2, 7) on the scatter plot, and draw a line of best fit through this 
point. 

Estimate the value of y when «= 5. How reliable is this estimate? 


5 InaLos Angeles shopping mall, David asked 10 people how many coins they had in their wallet 
or purse, and the total value of those coins. 


Nomberfom] SS ΤΕ 7] s]w]?]wyi] eR 


Let n be the number of coins, and v be the value of the coins. 
ἃ 
b 
ς 
α 


Draw a scatter plot of the data. 

Find the equation of the least squares regression line. 
Interpret the gradient of this line. 

Terese has 20 coins in her purse. 


i Estimate the total value of these coins. 
li How reliable is your prediction? 


6 The following table gives peptic ulcer rates per 1000 people for differing family incomes. 


Tacoma (SiO) 7 30 [35 [180 7 857 τῦ τῦ | δ 7 wo [τὸ 


ΟΩ,. ὦ σ᾽ ὦ 


Peptic weer ας τ) ἢ 8.31 11 657 1859 17|8Ὁ 158 1 


Draw a scatter plot of the data. 
Find the equation of the line of best fit for the data. 
Estimate the peptic ulcer rate in families with an income of $55 000. 
Explain why the model is inadequate for families with an income in excess of $120 000. 
Later it is realised that one of the figures was written incorrectly. 
i Which is it likely to be? Explain your answer. 
li Repeat Ὁ and ¢ with the incorrect data value removed. 


Polynomials 


A 
Β 
ς 
ν᾿ 


Polynomials 
Polynomial operations 
The Remainder theorem 
The Factor theorem 


Contents: 
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OPENING PROBLEM 


To determine whether 7 is a factor of 56, we divide 56 by 7. The result is exactly 8. Since there is 
no remainder, 7 is a factor of 56. 


Things to think about: 
a Can we perform a similar test for algebraic factors? 
Ὁ How can we divide 2? —42774+27r+3 by « -- 32 


¢ Can we determine whether x—3 isa factor of 2° —4a?7+2x+43 without performing a 
division? 


A polynomial is a function that can be written as the sum of terms using non-negative integer powers 
of the variable. 


For example: 


p(x) = 3a7+5a—4 and g(x) =—2’ + 5a*+ 62 are polynomials. 


1 
e f(x) --3. :.,«Ξ2ῷ [5 not ἃ polynomial as the index in the second term is not an integer. 
e g(x) =3*%+6z_ is not a polynomial because one of the terms has « as the index. 
( 


e h(x) = 2. —x+32z7! is not a polynomial because the last term has a negative index. 


The degree of a polynomial is the highest power of the variable. 


The simplest polynomials are described in the following table: 


ath x0 [το] linear 


We have previously 
studied linear and 
quadratic functions 
in detail. 


ax* + ba? +cx*+dr+e, a#0 


The term without the variable is called the constant term. 


So, the polynomial f(x) = 25 — 7x? +3x—5_ has degree 3, and constant term —5. 


EXERCISE 24A 
1. State whether the following functions are polynomials. If they are not, give a reason. 
a f(x) =327+2 Ὁ g(x) = 3x + $2? ¢ h(x) = 25 — 42? —7 


3 
2 f r(x) =5a* —x—-5a? 


d p(x) = —82° — 7155. +1 ς q(x) = 42° + 25 
2 Find the degree of the following polynomials: 

a f(x) -- 3.3 —27+7r—-2 Ὁ g(x) =2-—a2+ 42? 

¢ p(x) = $2*-2° +6 d g(x) = («+ 5)(a — 4) 


e r(x) = (224+ 1)(a — 2)(a +3) f s(x) = (x* — 5)(x? + 22 — 7) 
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3 Find the constant term in the following polynomials: 
a f(x) =92* -- 13.5.95 -α -- 4 Ὁ g(x) =6—24+ 327 -- 2° 
¢ p(x) = (x —3)(x +4) d q(x) = 2(2+6)(x — 2) 


ADDING AND SUBTRACTING POLYNOMIALS 


To add or subtract polynomials, we simply collect like terms. 


Example 1 ™)) Self Tutor 
Let p(x) =2°+2x7-—4r+3 and q(x) =5a7+2—-2. 
Find: 

a p(x) + q(x) Ὁ p(x) — g(x) 


p(x) + q(x) 
= 7° +277 —4r4+3 
8... ἢ eae 
--χϑ τ τγ͵χὴ-- 3.1. 1 
b = p(x) -- q(x) 
= 2° + 2χ" — 45 + 3 — [δα  α — 2] 
= 7? + 277 —47 +3-—527-—274+2 
= 7° — 3277 —5a +5 


Use brackets around 
subtracted expressions. 


MULTIPLYING POLYNOMIALS 


Multiplication of polynomials uses the same techniques as algebraic expansion. 


e To multiply a polynomial by a constant, multiply each term by the constant. 


e To multiply two polynomials, we multiply each term of the first polynomial by each term of the 
second polynomial, and then collect like terms. 


Example 2 ™)) Self Tutor 


If P(x)=27+42r—-—5 and Q(x) = 855 — 62? -- 2, find: 
a 2P(z) Ὁ —4Q(z) ς 3P(xr) + 2Q(z) 


a 2P(x) = 2(x? + 4a — 5) Ὁ —4Q(z) = —4(32° — 6x? — 2) 


— 2.2 + 84 — 10 = —127° + 2477 +8 


¢ 3P(x) + 2Q(x) = 3(a? + 45 — 5) + 2(3.5 — 6x? — 2) 
= 377 + 127 —15+ 62° — 1207 —4 
— 6x? — 9x? + 1227 — 19 
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Example 3 ™) Self Tutor 


If p(x) =22°—27+6 and g(x)=2?-—32+4, find p(x)q(z). 


p(x)q(x) = (2a° — x* + 6)(a* — 3x + 4) 
= 22° (a2? — 32 + 4) — α΄ (Ὁ — 32 + 4) + 6(z? — 35 + 4) 


= 27° — 624+ 82° 
— # + 32° —4" 
S60 = (Be ΕΣ 
= or ΕἸ ee ee 


EXERCISE 24B.1 


1. For each of the following pairs of functions, find: i p(x) + q(x) ii p(x) — q(x) 
a p(x)=27+1, g(x) ΞΞ 2.2 - 3. -- 4 
Ὁ p(x) =2° -- 452 - 2. --)͵,, g(x) = 2. —2*-27+6 
ς ρ(α)-- --δυῖ --α Ἐπ, g(x) =2° -- 8.2 -- 2. -- 4 
d p(x) = 2.3 -- χαϑ Ὁ Τὰ -- 3, g(x) =8—52 -- 32° 


2 If ρ(α) τε αὐ 3.5-- 2 and q(x) -Ξ --2υ τα 4, find: 
ἃ 3p(z) Ὁ 4q(x) ς —p(x) 
d p(x)  4η(5) ἐ 2p(x) — θα(:) fe 2q(x) — p(x) 


3 Find f(ax)g(x) for: 


a f(x) =32-1, g(x) τε 5 -ὶ 2 
b f(x) =227-2-3, g(x) =2-4 
ς f(x) -Ξ 453 —274+2, g(x) =2?-5r+4 
d f(x) =—-27°+2+7, g(x) =2*+27-52 
4 For p(x) =2*-—32°+4r—1 and q(x) = 22° —327+6, find: 
a 3p(z) Ὁ —5q(z) ¢ 2p(x) + 3q(z) 
ἃ 4q(x) — p(x) e 4p(x) — 2q(2) f p(x)q(a) 


DISCUSSION ij 


Suppose f(z) is a polynomial of degree m, and g(x) is a polynomial of degree n. 
What is the degree of: 


e f(x) + 9(2) e 5f(x) © f(x)g(x)? 


POLYNOMIALS (Chapter 2) 4517 


DIVIDING POLYNOMIALS 


Polynomial division is a more complex operation than multiplication. We use a process similar to the 
long division of integers. 


Consider the long division problem το ᾿ 
Step 1: Find the largest possible multiple of 13 less than or equal to 58. 45 2 
This is 4x 13= 52. Write the 4 above the line. i335 8 7 9 
Step 2: Subtract 52 from 58 to get 6. (δ. 2) | 
Step 3: Bring down the 7 to make 67. 6 7 
Step 4: Go back to Step /, finding the largest possible multiple of 13 less —(6 5) 
than or equal to 67. This is 5 x 13 = 65. 2 9 
Repeat until all the digits have been used. The answer is 452 with (2 6) 
remainder 3, or 4524. 3 
So, 5879 _ io ΠΠΌλΟΥ 
13 13 «— divisor 
quotient 
3 2 
Now consider the division eee 
Φ- 2 
Step 1: Find the multiple of x equal to 32°. This is 872 + do +2 
3.:2(5) = 3x3. Write the 3x? above the line. 2+2/ 3224102? +102 +9 
Step 2: Find 327(a +2) = 353 -- 627. Subtract this —(32° + 627) | 
from 32° + 10a? to get 4.72. An? +102 
Step 3: Bring down the +102 to get 452 + 10z. —(40* + 82) 
Step 4: Go back to Step /, finding the multiple of 2 equal 22 +9 
to 4x”. This is 42(ax) = 45:2. —(2zx + 4) 
So, we find 4a(x +2) = 4.2 + 8x, and we 5 
subtract this from 427+ 10zx to get 2z. 
Repeat until all the terms have been used. The 
answer is 3.2 - 41 -- 2 with remainder 5. 
3 -- 
So, 32° + 10. + 102 - 9 ~— 372 + de 424 5 ence 
r+2 eer gt +: 2 +— divisor 
quotient 


Notice that 


If P(x) is divided by ax+b6_ until a constant remainder R is obtained, then 
" 
ΤῸ ia Q(x) + πε τεΤΣ where αἱ - ὃ is the divisor, 


(Q(x) is the quotient, and 


Ris the remainder. 


P(x) = Q(x) x (ax +b)+ R. 
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eT (ae ™)) Self Tutor 


2..5 —5ae*+a4+7 


Find the quotient and remainder of 7 
iS — 


9.2 + r+ 4 
ea Spe aes 1 ae 7 
—(22° — 6.2) | 


Check your answer by finding 
(252 + 2 + 4) x (x — 3) +19. 


e+ 2 
—(x? — 35) 
de tT 
—(4a — 12) 
19 


the quotient is 2x27+2a-+4, and the remainder is 19. 


In the long division process for integers, we only ever deal with positive multiples. By contrast, for 
polynomial division we sometimes need negative multiples. 


Example 5 ™) Self Tutor 


v4 — 17x? +122 —6 
z+5 


Find 


gt hg ae Ba 8 


faa ei ia ae. 6 
=| πε 5a?) We insert [θα to 
— : fill the empty spot. 
—52° — 17x 


—(—5a? — 2552) 
8x* + 12x 
—(8x* + 405) 
-285 - 6 
-(--285 -- 140) 
134 


The quotient is «3 — 52? + 85 — 28, and the remainder is 134. 


ΒΗ ΩΝ 


et — 17x27 + 122 —6 
2a+5 z+5 


EXERCISE 24B.2 
1 Find the quotient and remainder of: 
2% + δα +6 b 2.2 —32+1 P g* —27+2 
z+4 : -- 2 στ ὃ 
d o? + 3.2 +597+11 ‘ a? + 2.2 — 7α —1 f a? + 42% --21.- 3 


τ - 2 xr—l z+4 
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2 Find: 
a? —4e +5 b 327 +2 —5 ‘ «2 +9 
zr—3 z+1 ῳ -- 2 
d x2? — Or? + 62 — 7 a -- δα -- 4 f Qr4 + 5° + 72 +227 -- 4 
«--4 z+2 z+3 


SYNTHETIC DIVISION (EXTENSION) 


Division of a polynomial by the linear factor x —k can be performed quickly by a process called 
synthetic division. 


For example, consider the division of 2a2°+27+32r+5 by « -- 8. 


Step 1: 3 ii 1 3. OO coefficients of P(x) 


On dividing by x -- 3 


we write 3 here. 


Step 2: Multiply the 
shaded numbers: 


tA eS e—F) § 


Step 3: Repeat the process: 3 
Continue adding 
then multiplying 
by 3 across the 
array. 
Step 4: The numbers along the bottom row are the coefficients of the quotient, and the remainder. 
8...» 
Ἔτσι τϑὴ τ 
ῳ -- ὃ ῳ -- ὃ 


Example 6 ™)) Self Tutor 


—12 


453 - 
ἘΦ Ll J ee (ag Ws 5:29. 
x+1 r+1 


= 4g? — de +9 — 
+1 


EXERCISE 24B.3 


377 +27 —5 
-- 2 


ἃ polynomial division Ὁ synthetic division. 


1 Find using: 
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2 Use synthetic division to find: 


a? —32+5 b a2 +4 ἐ 2. — 22 +4r—3 
x—1 xr+3 x—2 
d 8.95 + 2% — 2 2. — 82+ 10 f at — 5a? + 9x? — 7x 
x+1 στ δ ῳ -- ὃ 


‘THEOREM 


In Example 4 we considered the polynomial P(x) = 2. — 527 + x +7. 


When P(x) was divided by (a — 3), the remainder was 19. 


Notice that P(3) = 2(3)° — 5(3)? +3+7 
= 094-—-45+3+7 
= 19, which is the remainder. 


This result is explained by the Remainder theorem: 


When a polynomial P(x) is divided by (2—k) until a constant remainder R 
is obtained, then R= P(k). 


Proof: When P(x) is divided by (x—k), we have 
EEC) 
z—k 
ας P(x) =Q(x)(x—k)+R 
Letting s=k, P(k)=Q(k)(k-—k)+R 
2, PR) —=O(k) x0- 8 
ame ad (og ed Ν 


= Q(x) + . where ((a) is the quotient. 


Example 7 ™) Self Tutor 
Find the remainder when 22° -- αὐ - 15 is divided by (2 +3). 


Let P(x) = 22° — x? + 15. 
We are dividing by (x +3), so weset k = —3. 


Now P(—3) = 2(—3)* —(—3)* +15 
ΞΞ —54-—9+15 
= —48 


when 25:5 -- αὐ 156 is divided by (x +3), the remainder is —48. 
{Remainder theorem} 


EXERCISE 24C 
1 Use the Remainder theorem to find the remainder when: 
a 3x27—4r+7 is divided by (x — 2) Ὁ 2°+2277-—5r+2 is divided by (x +4) 


¢ 2.3 —7r+13 is divided by (x — 3). 


Use the Remainder theorem to find the remainder when 32° + 10x? - 102+9_ is divided by 
(a +2). Check that your answer is the same as the corresponding result on page 517. 


Example 8 


=) Self Tutor 
Find a given that 27+ ax+7 divided by (x—5) has remainder 12. 


Let P(x) =2*+ar4+7 
Now P(5) = 12 {Remainder theorem} 
(5)° +.a(5) + 7=12 
*. 20+004+ 7=12 
oa = —20 
a=-—4 


Find a given that: 
z*+5a+a_ divided by (ὦ - 1) has remainder —6 
—2x7+ax+8 divided by (x -- 3) has remainder 2 
xz? αὐ -ἰ 35 -- 1 divided by (x+4) has remainder 3. 


Example 9 ™) Self Tutor 
is divided by (“ἢ +3), the remainder is —11. 

When the same polynomial is divided by (x — 2), the remainder is 9. 

Find a and ὁ. 


When 22° +27%+ar+b 


Let P(x) = 2. +227 - αὐ --ὃ 
Now P(-—3)=-11 and P(2)=9 {Remainder theorem} 
So, 2(—3)° + 2(—3)? + a(—3) +b =—11 
—54+18-—3a+6=-11 
—3a+b=25 _..... (1) 
and 2(2)° + 2(2)? + a(2)+b=9 
16+8+2a+b=9 
ἐλ 2a+b=-15 ...... (2) 
Solving simultaneously: 3a—b=—25 {-1x(1)} 
2a+b=-15 {(2)} 
Adding, 


Substituting a = —8 in (2) gives 2(—8)+b=-15 
all 


Find a and 6 given that: 


xz* +ax+b has remainder 4 when divided by (x — 3), and remainder 19 when divided 
by (“ - 2) 


522 POLYNOMIALS (Chapter 24) 


b 2x°+42?+axr+b_ has remainder 20 when divided by (2 -- 2), and remainder 6 when divided 
by (1 τ θ»ω 5) 
ς ax*+2zxr°+ba—8 has remainder 0 when divided by either (ὦ -- 1) or (ὦ - 2). 


The Factor theorem states that: 


For any polynomial P(x), P(k)=0<=(a—k) isa factor of P(z). 


Proof: <> means 
‘if and only if’. 
P(k) =0 = the remainder when P(x) is divided by (2 —k) is 0 


{Remainder theorem} 


ex P(e) a) 


πο. 
(x -- Κ) isa factor of P(z). 


= Q(z J+—, where Q(x) is the quotient 


We can use the Factor theorem to determine whether (x—k) is a factor of a polynomial, without having 
to perform the long division. 


Example 10 ™)) Self Tutor 


Determine whether: 
ἃ (x—2) isa factor of x° +327 —132+6 b (x+3) isa factor of συ — 85 - 7. 


a Let P(r) =2° +327 -- 135 --ὖ 
P(2) = (2)" + 3(2)* — 138(2) + 6 
=8+12-—26+6 
=0 


Since P(2)=0, (ας -- 2) isa factorof 2° - 3." —137+4+6. {Factor theorem} 


Let P(x) =2° —8r+7 3 πὴ 
| Ξ 3 When x” — 8x + 7 is divided 
πο το Go) by (a + 3), ἃ remainder 
= —27+24+7 of 4 is left over. 
= 4 
Since P(—3)40, (5 - 3) is nota factorof « — 82 -ἰ Τ. 
{Factor theorem} 


EXERCISE 24D 
1. Use the Factor theorem to determine whether: 
a (“ -- 1) isa factor of 45" — 7x? + 5x2 —2 
Ὁ (x—3) isa factor of x* — 2° — 4χ2 — 15 
ς (#+2) isa factor of 32° + 527 — θα -- 8 
d (x+4) isa factor of 27° + 627 + 45 + 16. 
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Example 11 ™)) Self Tutor 


Find c given that (x +2) isa factorof «Ὁ +727 + οὐ -- 12. 


Let P(x) = 2° + 7x? + cx -- 12 
Now P(-—2)=0 {Factor theorem} 


(—2)° + 7(—2)? + c(—2) -12=0 
—8+ 28 — 2c—12=0 

oa 

ae — 4 


2 a Findc giventhat (x+1) isa factorof 52° -- 3.2 - οὐ -- 10. 
Ὁ Find c given that (x —3) isa factorof 24 — 2.3 + cx? — 41 + 8. 
Find b given that (w+ 2) isa factor of 2° + bxr° — 22° -- δα - 6. 


3. ἃ Finda and ὁ given that (ὦ -- 1) and (« - 2) are factors of αα3 — 4x? —7xr +b. 
Ὁ Find p and q given that (x +1) and (2-3) are factors of ρα — δ. -- 527+ qr+9. 


4 Consider the cubic polynomial f(x) = x° — 2x? — 23x + 60. 


$99 _. 
a Show that (a -- 3) isa factor of f(z). Ὁ Find a 
“-- 
ς Hence, write f(x) inthe form f(x) = (x—3)Q(a), where Q(x) is a quadratic polynomial. 


d By factorising Q(x), write f(x) in fully factorised form. 


.43.413.4 7 


1 State whether each of the following functions is a polynomial. If it is not, give a reason. 
1 

a f(x) =5a* -- $2? +2 δ g(x) -- 2. --ὅσ 4 Ὁ ς h(x) =32°+2? -7 
2 Given p(x)=527-—2+4 and η(.) =327+7xr—-1, find: 

a p(x) + q(x) Ὁ 2p(x) — q(x) ς p(x)q(x) 
3 Use the Remainder theorem to find the remainder when: 

a x? —4277+5x2—1 is divided by (xz — 2) 

Β 27°+6r7 —7x+12 is divided by (x +5). 


4 For f(x)=2°?—5r2+7 and g(x) = 227+ 4. -- 3, find: 

ἃ f(x) — σία) Ὁ —5g9(x) ς f(x)g(x) 
5 Find the quotient and remainder of: 

2x? + 115 + 18 b a? — 6x* + 10x — 9 
z+3 ᾳ -- 2 

6 Use the Factor theorem to determine whether: 

a (x+1) isa factorof 25: -- 9.2 -- θα: -- 1 

b ( -- 3) isafactorof 2x* — 2.5 -- 4.2 -Ὁ δ. -- 6. 
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2x7 + ka —5 has remainder 3 when divided by (1+ 4). Find k. 
(x -- 2) and (x+3) are factors of az* -- 3.2 -- 11. - δ. Find a and ὃ. 


Suppose f(z) =2°—42?7+32—1 and g(x) =327+2—5. 
ἃ Find: 
AG?) li the degree of g(x) ii f(x) + g(x) 
Ὁ Find the quotient and remainder when f(x) is divided by (x — 3). 
Comment on the connection between your answer and the answer to ai. 


Consider the cubic polynomial f(x) = 2° + 27 — 17. +15. 
a Show that (2+ 5) isa factor of f(z). 
ge? + 4% —177 +15 


Ὁ Find 
e+65 
¢ Hence, write f(x) inthe form f(x) = (1+ 5)Q(x), where Q(x) is a quadratic 
polynomial. 


d By factorising Q(x), write f(a) in fully factorised form. 


REVIEW SET 24B 


State the degree of the polynomial f(x) = (a — 2)(x? +5). 


For f(x)=2?-—4r+5 and g(x) =2?—-62+1, find: 
ἃ f(x) +9(2) Ὁ f(x) — g(x) 
4_ ΤΩΣ 5 es 
hod 6x” + 95 22 
ᾳ--4 
Find the constant term of the polynomial: 
ἃ f(x) = 3:3 —227+2-5 Ὁ g(x) = (a+ 2)(x — 3)(5 — 4) 


Use the Remainder theorem to find the remainder when 2x? — 312 + 5a — 7 is divided 
by (x+3). 


For p(x) = 215 --3.2-Γ1 and q(x) =2°+52—2, find: 
ἃ 5q(z) Ὁ p(x)q(x) 
Find c given that (x -- 2) isa factorof 2° — 224+ cx? — Τα + δα -- 6. 
Use the Factor theorem to determine whether (2 -- 5) is a factor of «συ — 3.2 —1lx—5. 


ax® + δι2 —x-+b has remainder 7 when divided by (x — 1), and remainder —11 when 
divided by (x +2). Find a and ὃ. 
Suppose f(x) = αἰ — 52?+ az? + 45 — 8. 

a (x+1) isa factorof f(x). Finda. 

Ὁ Show that (a -- 2) is also a factor of f(z). 

¢ Show that f(x) = (2+ 1)(x -- 2)(.2 —4x+4) by expanding the RHS. 


d Hence, write f(x) in fully factorised form. 


Introduction to 
calculus 


Contents: Tangents 

Limits 

The derivative function 
Rules for differentiation 
Stationary points 

Areas under curves 
Integration 


The definite integral 


ἝΩ ΠΌΘΟΣ». 
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OPENING PROBLEM 

A sheet of metal 30 cm by 20 cm has squares cut out 

of its 4 corners. The resulting shape is bent along the | uae | 

dashed lines to form an open rectangular dish. 


Things to think about: 


a Can you write a function to describe the capacity 
of the dish? 

Ὁ What size squares should be removed to maximise 
the capacity of the dish? 


20 cm 


Calculus is the branch of mathematics which connects the equation of a function with the gradient of the 
tangent at any point on its graph. Sir Isaac Newton and Gottfried Wilhelm Leibniz were instrumental 
in developing this theory in the 17th century. 


Calculus has two major branches called differential calculus and integral calculus. We use differential 
calculus to find special features of functions, find tangents to curves, and to solve optimisation and rates 
of change problems. We use integral calculus to find areas under curves and volumes of revolution. 


A tangent to a smooth curve at a given point is the straight line which 
best approximates the curve at that point. 


In most cases, we say the tangent touches the curve at the point of contact. 


For example: 
B 
D 
P 
Q 
A C 


(AB) is the tangent to the circle (CD) is the tangent to the 
at the point of contact P. parabola at the point Q. 


For some curves, a tangent may: 


e meet the curve again e cross the curve at the 
at some other point point of contact 


A 
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ESTIMATING THE GRADIENT OF A TANGENT 


To estimate the gradient of a tangent to a curve, we can use this procedure: 


Step 1: Draw an accurate graph of the curve on graph paper. 
Step 2: Draw, as accurately as possible, a tangent to the curve at the given point. 


Step 3: Construct a right angled triangle with legs parallel to the axes, and use it to estimate the 
gradient of the tangent. 


Example 1 ™)) Self Tutor 


Consider the graph of y = x? for x > 0. Estimate the gradient of the tangent to the curve at 
the point (1, 1). 


We draw an accurate graph of y = x”, and we draw 
on it the tangent to the curve at (1, 1). 


We draw a right angled triangle using the point (1, 1) 
and an «x-step of 1. 


The y-step ~ 2. 


the gradient of the tangent ~ = or 2. 


EXERCISE 25A.1 PRINTABLE 
; CURVES 
1 Consider the curve y= —2”. 
Estimate the gradient of the tangent to the curve at the point where: 
21 b r=2 f= 15 


᾿ 4 
2 Consider the curve y= 2 To draw the tangent at a point, 


Estimate the gradient of the tangent to the curve at the point where: it helps to imagine a circle 
with the same curvature as the 
= br=2 ς r=3 curve at that point. The 
3 Consider the curve y= 25. tangent is perpendicular to the 
Estimate the gradient of the tangent to the curve at the point where: circle’s radius at the point. 


2 


4 Consider the curve y= να. 
Estimate the gradient of the tangent to the curve at the point where: 


a zr=1 Ὁ «r=4 ¢ «-—6. 
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USING QUADRATIC THEORY TO FIND THE GRADIENT OF A TANGENT 


For two types of functions we can use quadratic theory to find the gradients of tangents exactly: 
e quadratic functions of the form y=az?+br+c, a0 


e reciprocal functions of the form y= = ἢ = (). 
4 


For these functions, the tangent and the curve meet only once. To find the gradient of a tangent, we first 
suppose the tangent has equation y= ma+k. Using the fact that the tangent and curve only meet 
once, we are left with a quadratic equation which we know has a repeated root. We use this property to 
find m. 


Example 2 ™)) Self Tutor 


Use quadratic theory to find the gradient of the tangent to y = x? at the point (1, 1). 


Suppose the tangent has equation y= ma-+k. 


y=a2? and y=mae+k meetwhen 2? =mzr+k 


z*7—-mxz—-k=0 


This is a quadratic in x with a= 1, b= —m, and c= —k. 
The quadratic equation must have one solution as the tangent 
touches the curve. 


A=0 and the only solutionis «= - 

a 

But the solutionis z=1, so l= ΞΕ τὸ 
ΠΙΞΞ ἃ 


So, the gradient of the tangent at (1, 1) is 2. 


EXERCISE 25A.2 
1. Use quadratic theory to find the gradient of the tangent to y = x? at the point: 
a (2, 4) b (3, 9) 


2 Using Example 2, question 1, and arguments of symmetry, find the gradient of the tangent to y = x” 


at the point: 


a (-1, 1) Ὁ (—2, 4) ς (—3, 9) 
3 Use quadratic theory to find the gradient of the tangent to the curve: 
a y=2?+32 atthe point (0, 0) Ὁ y=2?—2xr+4+1 atthe point (2, 1) 
¢c y= 4. at the point (1, 4) d y= © at the point (2, 3). 
H bj ΜΗ 


4 Explain why the quadratic theory above cannot be used to find the gradient of the tangent to y = 2° 
at the point (1, 1). 
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a saints 


Sir Isaac Newton discovered a method for finding the gradients of tangents which can be used for all 
functions. To achieve this he used the idea of a limit. 


If f(x) can be made as close as we like to some real number A by making «x sufficiently close 
to (but not equal to) a, then we say that f(x) has a limit of A as x approaches a, and we write 
lint fe) =A: 


For example, consider the function f(x) = x*. As x approaches 3 
from the left and the right, f(a) gets closer and closer to 9. 
So, lim x? = 9. 


r—3 


Even if the function f(x) is undefined at 2 =a, we may still be able to find the limit as x — a. 
We are only interested in the behaviour of f(x) as x gets closer to a. 


2 
For example, consider the function f(x) = —. 
4 by 


For «#0, wecanwrite f(x) =72. 


For «=0, f(a) is undefined. However, as x approaches 0 
from the left and the right, f(a) gets closer and closer to 0. 


missing point 


. κα 
So, lim — = 0. 
z—0 ἃ 


In practice, we do not need to graph functions each time to determine limits, and most can be found 
algebraically. 


Example 3 ™)) Self Tutor 


In Ὁ. we can divide 
the numerator and 
denominator by z, 
since we are only 

considering x — 0, 

not 1 = 0. 


Evaluate: 


a lim, (“5 — 1) 


a As ὦ -» 2, 
x approaches 8 
᾿ φῇ —1 approaches 7 


lim, («Ὁ —1)=7 
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EXERCISE 25B.1 
1 Evaluate: 
a lim (x? + 2) b lim (25 — 4) ¢ lim (35 + 5) 
. by aoa 4 . ) 
d lim (ἢ -- 3) e lim f lim (2° + 45 + 2) 
h-0 z—-02+1 z—0 
2 Evaluate: 
2 2 
a lim a(x + 2) b lim = = ς lim ἘΠΈΒΗ 
τ--ῷ 7 xrz—O0 HF h—0 h 
2 
d lim = e lim (->) f lim ee 
z—-0 «ἃ h—0 h z—0 22 
a. a 3. p2 
g in 3h Ah Ν ine r 22 ki h 5hi + 8h 
h—-0 h xr—0 Hy h-—0O h 


GRADIENTS USING LIMIT THEORY 


Suppose we wish to find the gradient of the tangent to a function y = f(x) at a fixed point F. To do 
this, we consider a moving point M on the curve which is close to F, and examine the gradient of the 


line segment [FM] as M gets closer and closer to F. 


υ 
In the diagram, the red line is the tangent to y = f(a) at M(1+h, f(1+h)) 


the point F where «= 1. Ε has coordinates (1, f(1)). 


Let M be a point on the curve close to F. We let M have 
x-coordinate 1+h, soMis (1+h, f(1+h)). 


The gradient of [FM] = fa+h)— fQ) 


{{:Ὲ }}}.--Ὁ 
26 τ)- 
ἢ, 


As ἢ — 0, M gets closer and closer to F. As this happens, 
the line segment [FM] becomes more and more like the 
tangent at F. 


the gradient of [FM] — the gradient of the tangent at F. 
In fact, the gradient of the tangent at F = lim gradient of [FM] 
_ yp, 76) - 70) 
h—0 h 


More generally: 


The gradient of the tangent to the curve y = f(x) 

at the point where x =a is 
fan £ath) - f(a) 
h—0 h 
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Example 4 ™)) Self Tutor 
Find the gradient of the tangent to f(x) =x? at the point (2, 4). 


Let F be the point (2, 4) and M have the x-coordinate 2+h, soMis (2+h, (2+h)*). 


The gradient of the tangent at F 
h—0 h 
(2+h)* —4 


= lim 
h—0 h 


A+ 4h+h* —A 
11] ΞΟ 95 5 ὦ 
h—0 h 
. K(4+h) 
K 


M(2+h, (2+h)?) 


= 11Π| 
h—0 


= lim (4+ h) {as h #0} 
=4 


EXERCISE 25B.2 


1 F(3,9) lies on the graph of f(x) =x?. M also lies on the graph, and has x-coordinate 3+ ἢ. 
a State the y-coordinate of M. 
Ὁ Show that the gradient of the line segment [FM] is 6+ ἢ. 
¢ Hence find the gradient of [FM] where M has coordinates: 
i (4, 16) fi (3.5, 12.25) fii (3.1, 9.61) iv (3.01, 9.0601) 
αὐ Use limit theory to find the gradient of the tangent to f(x) =? at the point (3, 9). 


2 Use limit theory to find the gradient of the tangent to: 
a f(x) =<? atthe point (4, 16) b f(x) =-2° at the point where x =1 


δ΄ f(x) = - at the point where x = 2 d f(x) =<2* atthe point where x = 1. 


3 ἃ Use limit theory to find the gradient of the tangent Gradient of tangent 
to f(x) =a? at the point where x = 1. 


Ὁ Use the previous results to copy and complete the 
table alongside for f(x) = x”. 


2 


c Predict the gradient of the tangent to f(x) = 2~ at 


the point (a, a7). 


For a non-linear curve y = f(a), the gradient of the tangent 
changes as we move along the curve. 


We can therefore write a gradient function which gives the 
gradient of the tangent for any given value of 2. 


This gradient function is derived from f(a), and is called the 
derivative function. It is labelled f’(z). 
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For example, in question 3 of the previous Exercise, you should have observed that for f(x) = x7, the 


2 


gradient of the tangent is always double the x-coordinate. So, for f(x) = 2° we write f’(x) = 2z. 


To find the gradient function f’(a) fora function f(x), 
we use limit theory to find the gradient of the tangent 
to the curve at a general point (2, f(z)). 


F(z, f(x)) 


The gradient of [FM] = Fe +h) σα 


(c+h)—2 
M h, h 
_ fle@+h)—F@) atk Sl) 
h 


the gradient of the tangent at (x, f(a)) 
— jin, Let) - F(z) 
h—0 h 


f(x +h) — f(x) 
a 


The derivative function of y= f(a) is defined by f’(x) = lim 


The process of finding the derivative function is called differentiation. 


When we find the derivative using limit theory, we say we are performing differentiation from first 
principles. 


Example 5 ™)) Self Tutor 


Find the derivative function of f(a) = x”. 


h 
. M(2x+h) 
ΞΞΞ A 6 --::--- - 
h—0 κ 
= lim (2x + h) {as h #0} 


ΞΞ 27 


Substituting a real number a into f’(a) givesus f’(a), which is the gradient of the tangent to y = f(x) 
at the point where x = a. 


Example 6 ™)) Self Tutor 


a Find f'(x) given f(x) =<%. Ὁ Find f’(—1), and interpret your answer. 


a f'(e) = {πὶ Sethi 


ΞΞ lint aa a δε hy’ -- 2" 
h—0 h 
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τὴ τ ϑ 53 
hb h 
Ι; H(4a3 + θα 2} + 4rh? + h3) 
= 1n -_e—— 
h—0 κ 
= lim (42° + 62h + 4ch? + ΗΝ) {as h #0} 


{binomial expansion} 


= 47° 
Ὁ f’(—1) = 4(-1)° 
= —4 


The tangent to f(x) = σ΄ at the point 
where x = —1, has gradient —4. 


gradient = —4 


EXERCISE 25¢ 
1 Find the derivative function of f(x) =z. 
2 a Find f'(x) given f(x) =z". Ὁ Find f’(2), and interpret your answer. 
1 


3 a Find f’(x) given f(x) =-. 


x 


Ὁ Find f’(—1) and f’(3), and interpret your answers. 
Find f’(a) for: i f(rz)=7 li f(r) =-—-4 


What do you suspect is the derivative function of f(a) =c, where c is a constant? 


Cc a 


5 ἃ Find f’(x) given f(x) = 5.2. 


How does your answer compare to the derivative function of g(x) = x7? 


σ 


ς Show that in general, if f(x) =cg(x) where c is a constant, then f’(x) = οσ' (α). 
Hint: lim δ {1} = ς lim g(x). 
6 a Find f’(x) for: 
l f(a) =22° li f(x) = 9a ii f(x) = 227 - 95 
Ὁ Show that in general, if f(x) = g(x) + h(x), then f’(x) = g'(x) +h'(z). 
Hint: lim (f(x) + 9(z)) = lim f(a) + lim g(x). 


7 ἃ Use the previous results to copy and complete the table alongside. 


Copy and complete: 
i fie) =o". hen. ΤΣ) Se 
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There are a number of rules that we can use to differentiate 
functions. These rules allow us to find derivative functions 
without having to use the method of first principles. 


c, a constant 
a 1 0 


cg(x), ca constant 


Some of the rules are shown alongside. 


The last rule tells us that to differentiate a sum or difference, 
we can simply differentiate ‘term by term’. Oe) ane) g (x) +h'(z) 


Example 7 κ() Self Tutor 


Use the rules of differentiation to find f’(x) if: 
a f(z) =2° + 2x? - 3744 b (Gye 


Jz 


f(z) = 2° + 227 — 3244 
of! (x) = 3x? + 2(2x) — 3(1) +0 
= 37° 45 —3 


Example 8 


Consider the curve y = ./x whose graph is drawn 
alongside. 


a Find the gradient of the tangent at the point 
Where <7 — 1) 


Ὁ Find the point on the curve y = \/x at which 
the tangent has gradient <. 


Ὁ If the gradient is 4+, then f’(x) = 
1 


1 
4 
1 
4 


Now [6) = -- =1 


the tangent has gradient 5. When cz =4, y= V4=2. 
So, the point is (4, 2). 
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EXERCISE 25D 
1. Use the rules of differentiation to find f’(a) for f(x) equal to: 
a 7° b x’ ¢ 52° d = 
L 
ς δ. --α f -- 4 «5:41 ἢ 3 
| χ,,.-8 J eee k = ' 22 
L ΜΗ «; 

2 

m 27° n au ο 6,/x p (x+1)(4-2) 
6 L 

es = ee ees 
q 3 2 r Ta s 32° — 22 πν t 3-2 Ξ 
u σία - 1) ν (2: -- 1) 


2 Consider f(x) -- χϑ - 2.2 -- 35: - 1. 
a Find [{[Ἢ(.}. Ὁ Find f(2) and f’(2). 
¢ Copy and complete: 
For f(z) = x° + 2.2 — 3x +1, the gradient of the tangent at (2, ......) is ...... 


3 Find the gradient of the tangent to: 


a f(x) =32? at r=-1 b f(x) == i ΞΘ 

¢ f(x) =2°9+22+1 at r=1 d f(x)=27+7x at r=-2 
2 

e Fo ee ae f f(z) = /Vz+8 at x = 4, 
Μη «; 


4 For the graph of f(x) =a2+ - alongside, 
find the gradient of: 
a line 1 
Ὁ line 2 
¢ line 3. 


5 Find the coordinates of the point(s) on: 
a f(x)=27+4x2+5 where the tangent has gradient 0 
Ὁ f(x) Ξ- νῷ where the tangent has gradient ὦ 


f(x) = αὐ +27 —1 where the tangent has gradient 1 


Ω. 


[(4)-- αὐ --8.:-Ε1 where the tangent has gradient 9 


f(x) = αὐ —6x?+7 where the tangent is horizontal. 
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A stationary point of a function is a point where f’(x) =0. The gradient of the tangent to the 
function at any stationary point is zero. A stationary point could be a maximum turning point, 
a minimum turning point, or a stationary inflection. 


TURNING POINTS 


Consider the function y = f(x) alongside. y= f (x) 
. maximum 
We see there are two turning points at which the tangents are turning point 


horizontal and f’(x) = 0. 


The graph is increasing before the maximum turning point, 
decreasing between the turning points, then increasing after the - 
minimum turning point. ea πριν 
turning point 


The sign diagram of f’(a) is therefore: dbs) ᾿ 4 f(z) 
«; 


STATIONARY INFLECTION POINTS 


In the graph of y = f(x) alongside, the tangent at A is 
horizontal, but A is not a turning point. 


We say that A is a stationary inflection. 


The graph is increasing either side of A, so the sign diagram 


of f’(a) is: ΒΕ 


Stationary point Sign diagram of Τὰ ( x) - 


maximum turning point 


minimum turning point 


stationary inflection 


Example 9 


For each of the following functions: 
i Find f’(x). 
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™)) Self Tutor 


ii Draw the sign diagram for f’(x). 


iii Find the position and nature of any stationary points. 
iv Use technology to help sketch the graph of y = f(z). 


a f(x) =—a° +327 —32+4+5 


f(x) = --ὐ + 8." — 3245 
f'(x) = —32* + 62 — 3 

= —3(x? — 2. + 1) 

= --ϑία -- 1)" 
the sign diagram for f’(x) is: 


b i f(w) =2+—-=049071 
f'(z) =1-92-* 
f(a) =1-5 


x? —9 


=a 
_ (στ 8) -- 8) 
-- = 
the sign diagram for f’(a) is: 


EXERCISE 25E 


1. For each of the following functions: 


i Find f’(a). 


9 


iii The stationary point occurs at x = 1. 
Now /f(1)=4 
there is a stationary inflection 
ran 1.11: 


iii The stationary points occur at ὦ = —3 
and x = 3. 
Now f(—3) ΞΞ-, --ὸ and f(3) =6 
there is a maximum turning point at 
(—3, —6), and a minimum turning 
point at (3, 6). 


ii Draw the sign diagram for f’(x). 


iii Find the position and nature of any stationary points. 
iv Use technology to help sketch the graph of y = f(z). 


a f(x) =2* —47+6 
¢ f(x) =2° — 627 + 125 -- 2 


b f(r) =2° +327 -4 
d f(x) =2° — 327 -- 245 -ἰ ὅ 
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e@ f(x) = 2. — 3.2 —127+5 f f(x) = —x° + 9x? — 275 + 20 


9 f(c)=e+- h f(x) =20+ = 


2 a For the general quadratic function f(x) = ax? + br +c, show that a stationary point occurs 


when x = ——. 
2a 


Ὁ Under what conditions is this stationary point: 
i a maximum turning point ii a minimum turning point? 


Example 10 ™)) Self Tutor 


Square corners are cut from a piece of 12 cm by 12 cm tinplate, which is 
then bent to form an open dish. What size squares should be removed to 
maximise the capacity of the dish? 


Suppose we cut out xz cm by x cm 

squares, so 0 ΚΞ ἃ <6. We use stationary 

Capacity = length x width x depth points to identify 
a (12 ΜΝ 2x)? «7 the maximum and 


= Ν 2 minimum values 
VV = (144 -- Asp -- 4.) Χ κα of functions. This 


V = 144: — 4827 + 42° process is called 


V' (x) -- 144 — 96x + 1277 optimisation. 
= 12(x* — 8x + 12) 
= 12(5 — 2)(x — 6) 
V’'(x) has sign diagram: 
᾿ Ξ γ'() 
L 
0 6 


με--- 12--2. —>|] The maximum capacity occurs 
when x = 2 cm, so we should 


cut out 2 cm squares. 


Two numbers have a sum of 10. Find the minimum value that the sum of their cubes could be. 
4 Answer the Opening Problem on page 526. 
5 A rectangle is positioned on the x-axis under the graph 
of y=9— α΄, as shown. 
ἃ Find the coordinates of point P. 
Ὁ What domain of values can a have? 


¢ Write down a formula for the area of the shaded 
rectangle, in terms of a. 


α΄ Find the maximum possible area of the rectangle. 
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Global Modelling population growth 
context 
Statement of inquiry: Discovering mathematical relationships can lead to a 
better understanding of how populations evolve. 


Global context: Globalisation and sustainability 


Key concept: Relationships 


click here 


Related concepts: NY Foye (=) an (Πδηρο 


Objectives: Κπηονηρ δη6 τπησογβίδπαιηρ, Qxeypavenltvel(erciavarea 
Applying mathematics in real-life contexts 


Approaches to learning: Thinking, Communication 


ER CURVES 


In this section we consider areas of regions bounded by curves. These areas cannot be found using 
standard area formulae. 


However, we can use limits to find these areas. 


The branch of mathematics which deals with this is called integral calculus. 


INVESTIGATION 


Consider the area A between the curve y = x? and the 
x-axis from x =0 to x= 1. The region is shaded in 
the diagram alongside. 


What to do: 
1 Explain why A < $ units”. 
2 Use the graph alongside to explain why 
A < 3 units”. 


3 Subdivide the interval 0 < x < 1 into 3, 4, and then 
5 equal parts, finding an upper bound for A in each 
case. 


4 Consider the upper bounds for A found in 1, 2, and 3. 
These numbers are approaching the actual value of A. 
Can you predict what this is? 


From the Investigation above, you may have guessed that the area between the curve y = x? and the 
x-axis from x=0 to x=1 Is + units”. 


To prove that this is the case, we use our knowledge of limit theory, and also a formula we saw in 
n(n + 1)(2n + 1) 


Chapter 14: 174+ 27437+....4n?= ; 
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Consider a more general case where we want to find the 


2 


area between y = x and the z-axis from x = 0 to 


L = a. 


We subdivide the interval 0 < x < a into n equal intervals 
of width ἢ units, so a= nh. 


We draw rectangular strips on each interval with height 
equal to the value of the function at the right hand side 
of the interval. The sum of the areas of the rectangles will 
therefore overestimate the required area. However, in the 
limit as h approaches zero, the rectangles will give the area 
exactly. 


/ 
V 
Al 


The sum of the areas of the rectangles is h 2h 3h 4h oh 6h 


S = h(h”) + h(2h)? + h(3h)? +.... + h(nh)? 
= (1 + 27 + 37 +.... +7) 


3 
= (=) n(n + 1)(2n + 1) {using formula} DEMO 


n 6 
== (242) (=+*) 
᾿ 6 n n 
a® 1 1 
=< (1+-) (2+ =) 
6 n n 


h 
% 


Now a=nh, so = 
Tr 
as ἢ - 0, re | also. 
7) 
. a® αϑ 
eg ee 


2 


3 
So, the area between y = x and the x-axis from x=0 to x=a, is > units”. 


When a= 1, the area is - units”, as seen in the Investigation. 


EXERCISE 25F 
1 Use the known area formulae to find the shaded area: 
a y b 
y=1 
ZL 


2 Consider the area between y = αὐ and the x-axis from x = 0 
to r= a. 
a Sketch y= α΄ and divide the interval 0 < x <a into 
n equal intervals. Draw rectangular strips on each interval 
with height equal to the value of the function at the right 
hand side of the interval. 


Ὁ Write down the sum of the areas of the strips. 
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3 n*(n+1)? 


ς Use the formula 1° + 25 - 35 +....+n to show that the sum of the areas of 


κί . ad i 
the strips 15 — (1 + ~) 
4 n 
d Hence, find the exact area under the curve. 


3 Use the previous results to predict these areas: 
a b 


The table summarises the results obtained in the previous Exercise. 


Looking carefully at the results, you may be able to see a pattern. 


3 
For example, for the case y = x”, the area is of the form => 


2 ρ 2 
The derivative of — is “ = α΄, which was the original function. 
3 3 8 


This pattern also holds for the other functions in the table. 


From this observation, we conclude that to make finding areas easier, we need a process that is the 
reverse of differentiation. We call such a process anti-differentiation or integration. 


Integration is the reverse process of differentiation. 


Unlike differentiation, when we integrate we do not obtain a unique answer. 


For example, we know the derivative of 42° is α΄, but the derivatives of Φα -- 1, 3a°+ 10, and 


ΕΝ —5 are αἷϑο 2”. 


In fact, all functions of the form 1.5 +c where c is any real constant, have the derivative x”. 


We say that ξ +c is the integral of x? with respect to x, and write ἢ ar’ dz = sa" + 6. 


If F(x) and f(x) are functions such that F’(x) = f(x) then: 
e f(a) is the derivative of F(a) and 


e F(x) is the integral or anti-derivative of f(x). 


: f(a)dax reads “the integral of f(x) with respect to x”. 


oF (ey — Fis) then ΠῚ dx = Ρ(α) - ας. 
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Example 11 ™) Self Tutor 


4 
a Find F’({x) for F(z) = re and hence find fe dx. 


3 
2 


b Find F’(x) for F(x) =x?, and hence find fj dx. 


To find / f(x) dx, we 


try to find a function F(a) 


then F’(x) = 4. r such that F(x) = f(z). 
4° 4 


EXERCISE 25G.1 


nN 


1 ἃ Find F’(x) for F(x) =—, and hence find 


, Ser. 
2 


σι 


/ α΄ dx reads 


“the integral of αἵ 


7 
x dx. with respect to x”. 


/ 
Ὁ Find F’(x) for F(x) = aE and hence find j* dx. 
ς Find F’(x) for F(x) = 2°, and hence find / 
d Find F’(x) for F(x) =2~*, and hence find [eo ag. 
e Find F’(x) for F(x) = 45. and hence find fe dx. 


2 a Use your previous results to predict a formula for ἢ ΕἾ, 


Ὁ Does this formula work for n = —1? Explain your answer. 


3 a Find F’(x) for F(a) = 52, and hence find [ax 


Ὁ Predict an expression for / kk dx, where k is a constant. 


4 a Find F’(x) for F(x) = 2.5 + 5x7, and hence find [ὐ + 10x) dz. 


Ὁ Use your previous results to find 6 if z* dz + 10 / x da. 


ς Can you draw any conclusions from your results? 
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RULES FOR INTEGRATION 


From the previous Exercise, we observe the following rules: 


c is called the constant 
of integration. 


® [- dx = kx +c {k a constant} 


grtl ; 
@ iz dx = +c provided n 4 --Ἰ 
n+1 


e [- 71(2]}] ac ΞΞῈ f(x)dx ΚΝ ἃ constant} 


+ [Π}Π᾿ τσ) = | f(e) dz | (2) ae 


Example 12 ™)) Self Tutor 


Integrate with respect to σα: 


a 2°4+32+4 


a [τ᾿ +304 4)aa b [“-ο᾽ὦ 


= [τ'άτε [3τάε [4ἀ = (ct - 8 + 16) az 
3 


x4 3x7 
Seo eer ee 


EXERCISE 25G.2 


1 Integrate with respect to a: 


a 7° Ὁ — ¢ 32? d 2*?+32-2 
H 3 
e χα" -α f 5,/x g tee h 223 432-5 
Vx x 
4 ἌΝ 
2 ι -Ξ- k (2—2)? | (2x +1) 


fx 


2 Use the binomial expansion to help find: 


a [(e+2)%aa b [“-υἱα 


“9 
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THE DEFINITE INTEGRAL 


We saw earlier that if f(a) = x? then the area between the 
3 
curve and the z-axis from x=0 to x=a 15 


Similarly, the area between the curve and the z-axis from x = 0 


. 69 
to 2©=6b is —. 
2 


_ bb a? 
So, the area from x=a to ὦ Ξξε 1s τ a 
3 
This can be written as F(b) — F(a), where F(x) = > is 


the anti-derivative of f(x) = 2°. 


THE FUNDAMENTAL THEOREM OF CALCULUS 
ea) = / f(x) dx then the definite integral of f(z) on the interval a<a<b is 
b 
/ f(x) dx = F(b) — F(a). 


We often write ΕΓ) — F(a) as [F(z)]? 


THE AREA UNDER A CURVE 
If f(z) >0 on the interval a < a <b, then the definite 


b 
integral / f(x)dzx will give the area under the curve 


and above the z-axis from x=a to x= ὦ. 


Example 13 ™) Self Tutor 


The constant c is not needed 
for definite integral calculations, 
as it cancels out anyway. 


2 
Evaluate: i x? dx 
1 


Example 14 ™)) Self Tutor 


4 
Evaluate: / (2 να + 5) dax 
1 


[eves 5) dx = [ce + 5) dx 


3 1 
2 


mi + 5x 


3 
᾿ 1 
= [βον Ἐ 5x], 
= (+ 20) — (3 +5) 
= 244 


EXERCISE 25H 


Evaluate: 
5 3 2 
/ x dx (2x + 4) dx (2? + 3) dx 
2 1 il 
6 4 ἊΝ 
(2 -- 2) dz Vx dx / — dz 
! | a 
Evaluate: 


Example 15 


at 


Find the area pounded by 7) — a.) the @-axis) 2 — 12 and 7 — 2. 


α΄ >0 forall xz €& (1, 2] 


2 
Ζ Area =f αἴ dx 
1 
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3 Find the area bounded by: 


a y=<x’, the z-axis, c=1, and r=3 


Ὁ y=/2, the z-axis, r=1, and r=4 

¢ y=2,/xz, the z-axis, r=1, and r=9 

d y=2°+1, the z-axis, x=0, and r=2 

e y=227+32r+4+1, the z-axis, r=2, and r=4 
f y= =. the x-axis, x = 5, and «= 24 


the z-axis, r=1, and r= 4. 


es 

υ _ Jz’ 

4 The blue and red shaded areas are equal. Find k, giving 
your answer in the form a+ by2. 


AT AS) ey 


1 a Draw an accurate graph of y = 27. 


Ὁ Use your graph to estimate the gradient of the tangent to the curve at the point (2, 4). 
¢ Use the rules of differentiation to check your answer. 


2 Evaluate: 


a lim, (x? + 5) b lim (2x? — 5x + 3) ς lim 
3 Find, using the limit method, the gradient of the tangent to y = 4. at the point (—2, —2). 
Μη 


the derivative function of 


4 Find, using the definition f’(x) = lim ἘΞῚ 9 fe) 


f(x) = x? -- 21. 
5 Use the rules of differentiation to find f’(x) for f(a) equal to: 
3 4 
a 7x° Ὁ 327 - 2° ¢ (2. —3)? d eee 
Μη 


6 Consider f(x) = x? + ἢ 
Μη 
a Find f’(z). Ὁ Find f’(1), and interpret your answer. 


7 Find the points on the graph of y = Ξ at which the tangent has gradient —t. 
ΜΗ 


8 Consider the function f(x) = σϑ + 3.2 —5. 
a Find f’(z). Ὁ Draw the sign diagram for f’(x). 
¢ Find the position and nature of any turning points. 


d Use technology to help sketch the graph of y = f(z). 
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9 Find F’(x) for F(x) = Jz, and hence find / -π da 
4 63 


10 Integrate with respect to x: 


a os b /z(1—2) © (a2 +5) 


11 Evaluate: 


2 2 2 
a [ corner b / (s-=) dx ς / ee 


12 Find the area of the region bounded by y = x”, the x-axis, x = 3, and «=5. 


REVIEW SET 25B 


1. a Use quadratic theory to find the gradient of the tangent to the curve y= 27+2+5 at 
the point (—2, 7). 


Ὁ Use the rules of differentiation to check your answer. 


2 Evaluate: 
3. 9p2 
ἃ lim (“3 - δ) Ὁ lim (-=) © lim 1 .Ξ- 255 + bh 
3 Use the rules of differentiation to find f’(a) for f(a) equal to: 
a 6/x 5... « 22: dicen: 


: 22 Vx 
4 Find the equation of the tangent to y=2?—3x+5 atthe point where x = 2. 


5 Find all points on the curve y= -- : where the tangent is horizontal. 
Μη 
6 Find the gradient of: ῃ 
(x — 2)" 
a line 1 = 
Ὁ line 2. 
“ἡ 
: ij Bs 
line 1 
line 2 
7 Consider f(x) = 2 Ἔ = 
a Find f(z). Ὁ Draw the sign diagram for f’(z). 


¢ Find the position and nature of any stationary points. 


d Use technology to help sketch the graph of y = f(z). 
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Find: 


a [oo dix b [eer- 1) dx 


A 200 m fence is to be placed around a lawn which has the 
shape of a rectangle with a semi-circle on one of its sides. 


a Write an expression for the perimeter of the lawn in terms 
ot r and 2. 

Ὁ Find z in terms of r. 

¢ Show that the area of the lawn A can be written as 
A = 200r — r? (24+ 3). 


d Find the dimensions of the lawn which maximises its area. 


Evaluate: 


0 2 
a / a dx b / (a; - x) dx 
ἘΞΠῚ 0 


9 
ef vada 
4 


Find the area bounded by y = x° — 2, the z-axis, x =2, and x =3. 


The shaded region has area 5 units”. 
Find k correct to 3 decimal places. 
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ANSWERS — 553 


11. The indices have a common factor of 6. 
290 — (215)® — 32 768° 
860 — (31°)6 — 59 049° 
536 — (5°)® — 15625° 
1024 = (10*)® = 10000° 
Cua 10, δ, 2 σι 


EXERC 5ΚκἘβαοιἊ͵οἍμἼἍοι.υ  ΠΓ[Ἕ 


EXERCISE 1A 


1 a 37 b 79 ς ybtn d {12 1 a4 Ὁ 4 ς 5 di e 2 ft 
e 74 f <* g ἰδ ς Le 95-2 κ - 18 j 3 k 2 1 4 
i 5° j tt k yo I aim 2 a not possible b -1 ς -ἰ αἱ not possible 
2 a 11? b 2° ε 3: d 24 4 -4 4 -4 
4 fe 9 32-2 es 3 a 10 b 10 ς 15 d 15 
i; 72 j 32-2 κ 54: | Q3k-12 e 197 #192 g 13° h 13. Ὁ 
m 22a—-6 n 23t-4y ο 525:}4 p 36 h aA b 8 c 32 d32 e8 f 27 
1 1 ; 1 
3 ἃ αδὺ2Ζάώλ b a3b3 ς a2y222 d 2703 ε θ625α3 ᾿ a ᾿ : " δὰ εν ᾿ 
f 100000z5y° ge me 7 " ο΄»: 
“ ; ἫΝ ns 81 5 a2? b2t c2? «223 e227? ε΄ 
i= « las g27? no® τ jo? x2 122 
: ." - a ό a 38 b 32 6304 a3 °° e 32 ι 53 
4 a 8b Ὁ αὖ ς θα ὃ —— 9 3° "33 
6 2 2 
e orl :- g 16c*d® h — 7 ἃ 58 b at ς 5° d εὖ ε 73 f οὗ 
ὌΝ bi εἰ 4.1 oe 7 ae" a> te i 52 Kk 13? ἃ 43 
a 125 b 9 ς 128 d ~2.41 
$125 hye i149 1 τς k 1000 Ι τῷδ e268 f #912 g +193 h 849 
6al b 1 ς 2,t40 d 1,t40 Ι 2.13 j ~ 9.16 k 0.0313 | = 0.004 12 
1 m +~0.339 on 0.182 o 0.215 
el f 3 $x hye ii = ἢ > 9 5 
κ 8 15 m3 ᾿Ξ o+ pg EXERCISE 1C EE τ 
qt res s8B tf 1 a 2.3 x 10? Ὁ 5.39 x 104 ¢ 3.61 x 10~? 
; ᾿ 7 ; d 6.8 x 1073 e 3.26 x 10° f 5.821 x 107! 
7 a a5 b - co d -- er g 3.61 x 108 ἢ 1.674 x 107° 
‘ 1 2 4 4 2 a 2300 b 0.023 ς 564000 
f aes 9 Sp h τ ἱ πῇ j o d 0.000793 1 e 9.97 f 60400000 
᾿ 1 1 3 30 g 0.4215 h 0.000000 036 21 
7 ys “303 ™ 3pq - pq - @ 3. a ~4~x 10° red blood cells Ὁ 8x10-4m 
- 125y9 Ad® 642 125 ς 6.38x10°m α 4.3252 x 1019 arrangements 
pry “πὸ ' ae Fo |! Beg | 4 a 6990000 m b 0.018 cm 
: ¢ 32000000 bacteria d 0.000008 2 t 
eo - ᾿ (:)᾿ _ () | 5 a 6x 1010 b 2.8 x 109 ¢ 5.6 x 10-8 
a" a” b b d 5.4 x 10-6 e 9x 1010 f 1.6 x 1015 
= αὐτ(-π) b\n g 1.6x 10711 h 1.25 x 1077 i 1.2 x 10° 
=a" " (=) j 2.88 x 107 k 2.5 x 10-4 | 4x 106 
=a" pn 6 a 2x 10° Ὁ 3x 107? ς 2x 108 
~ an aix i-’ ε 32x 10° f 8x 108 
— ms ‘ mht : ems? et ed 7 eyes b i5x10~?! ii 100000 times 
© 68 ie ae 8 a 24.01x10!3 δ 2.59x10!2 ς ©7.08x 10-9 
162° =)? ad 3° = C6)” d ~4.87x 10711 e =8.01x108 f =3.55x 1079 
= 3225 = 2775 g ~1.57x10!3) h 6.55 x 1072? 
As 2725 < 3225, 375 is smaller. 9 a 5.84~x 107 b i 1.60x10° ii 5.84 x 108 


5544. ANSWERS 


10 a i 2.88x10%km ii ~7.01x10!°km Ὁ 0.95 
ς 26.6 times di Microbe C ii ~ 32.9 times 
11 As land areas are rounded to 2 significant figures, the answers 
should be rounded to 2 significant figures. 
a 9.1 x 10° km? 
Ὁ Quebec > British Columbia > Ontario > Alberta > 


Saskatchewan > Manitoba > Newfoundland and Labrador 
> New Brunswick > Nova Scotia > Prince Edward Island 


c i &2.5times ii 20. 330 times ~ 0.58% 
REVIEW SET 1A ὀ y—— 
1 a κὃ Ὁ p° ς m8 
6 
1 
2 aw? b 8roy3 ¢ & d 
᾿ 7 6 125n3 
1 3 10 16 
3 a 7 ta q ς ΤΙ d 79 
4 a 5.9x10* Ὁ ΟΧΙΟ 95. ς 6.085x10® ἃ 7.71x10~6 
5 87 b 5 ς 625 ἃ ὁ 
6 ἃ 623000 b 0.0003008 ς 4.597 
7 a οὗ Ὀ 4.3 ς 52 d re 
8 a ~2.71 b ~ 0.464 ς 217.8 d ~ 0.313 
1 m 125y® 
9 a 32 b 3 ς “3 
10 a 1.8x10!2 Ὁ 4x10® ¢ 1.5x107-8 ἃ 1.25x1078 


i ~ 1.079 x 1012 m ii + 2.590 x 10!3 m 
iii ~ 9.461 x 1015 m 

b i +3.336x 1079s 
iii ~ 3.336 10. 12 s 

¢ = 8.71 x 10° times faster 


REVIEW ΞΕΤ 0 


ii ~ 3.336 x 10711 gs 


1 a 96 b 522-3 ς γκιτ 
2 ἃ 15c’ Ὁ 7x%y ς 9p2q® 3 81 
b2 8a3b® 
4 ἃ - 
a? 27 
5 a ἢ 133 ii “οὗ Ὁ ~ 0.478 
6 ἃ 2.1x10!5 b 6x 107!" ς 4x 10!° 
7 a οἵ b 2% ς 2? 8 70 times 
7 a 2S [25 ΞΞ8 ond 8S 7” 


i 1.21 x 10° km ii 1.21 x 1010 cm 
Ὁ 6.05 x 10° m 
Mercury < Mars < Venus < Earth < Neptune < Uranus 


< Saturn < Jupiter 


d i #& 10.5 times larger ii 20.6 times larger 
7 wb As (V7x V7) =79 ἃ VYiix 1 
᾿ 345 
then V7 x ΨΥ. γῆ ee 


CXR, Slt 


11 


1 ἃ 8ἐε} ἢ Ὁ κά ς 14 ¢ {odd numbers} 
d n(Y)=9 
2 a true b true ς true d true 
e false f false g true h true 
3 a rational b rational ¢ rational d rational 
e irrational f neither g rational h rational 
i neither j rational 


| A=411, 2,3, 6} ii finite 
i B= {6, 12, 18, 24, ....} 
im ΞΞῚ1.17} ii finite 
i D = {17, 34, 51, 68, ....} 
| £ = {2, 3, 5, 7, 11, 13, 17, 19} 

iii (ΕἸ =8 

PS 112. 16, 16, 15, 20,21, 22,24 25. 26, 
27, 28} 

ii finite iii n(F) = 18 
5 a 0.7=¢ Ὁ 0.41= 4 
6 0.527 can be written as 224 


T000° 
7 0.9=1 and 1EZ 
8 Note: There may be other answers. 
a V2, —V2 are irrational, but /2+(—V2)=0 which is 
rational. 


Ὁ 2, 50 are irrational, but νῷ x /50 = V100 = 10 


which is rational. 


ER, eS ttt 
1. a The set of all real x such that x is greater than 4. 

Ὁ The set of all integers x such that x is less than or equal to 5. 

ς The set of all real y such that y lies between 0 and 8. 

d The set of all integers x such that x lies between 1 and 4 
including 1 and 4. 

e The set of all real t such that t lies between 2 and 7. 

f The set of all real n such that n is less than or equal to 3 or 
mn is greater than 6. 


ili n(A) =4 
ii infinite 
iii n(C) = 2 


ii infinite 


ΟΩ,. ὦ σ' ὦ 


ii finite 


a5, — 12 
ς 0.324 -- 12 


where 527 and 1000 are integers 


2 a {x|xz> 3} b {x|2<a2< 5} 
ς {x|x<-1lorz2>2} ἃ {x|-l<2z<5, tEZ} 
e {f|0<2<6, cE N} f {x|z2 <0} 
3 a bb 
«--ὁ _6_4_| +» <«1¢00060006> 
4 6 6 7 8 3 —5 0 4 x 
ς Ὁ.--------.-- -͵αὦ α 
I | ae ee 
—3 5 x —5 0 x 
ες =__® f o—__® 
<«—________l__» —_——_—__|___s. 
6 x -ὃ 0 x 


4 a {x|x> 7} Ὁ {x|-8<2< 15, rEZ} 
ς {x|4<2<6, rE Q} 


(igh ei FFFTT—CtisSCSsTLLLLLLD 


1 aACB bAZB ¢c ACB d AGB 
e ACB 
2 a true Ὁ true ς false d true e false’ f true 
3 BZA, CCA 
ὃ false b true ς false d true 
5 A’ = {1, 3, 4, 7, 8, 9} Ὁ B’ = {1, 4, 6, 8, 9} 
C’ = {2, 4, 6, 8} qd DD’ =(1, 2,3, 5, 6, 7,3} 


E’ = {1, 2, 3, 4, 5, 6, 7, 8,9} (or E’ =U) 

F' = {3, 4, 5, 6, 7, 8, 9} 

P’ = {A, B, D, E, G, H, I, K, L, N, O, Q, R, S, T, V, W, X} 
Q’ = {vowels} 

Η' = {B, C, D, E, F, G, J, K, M, N, Q, R, U, V, W, X, Y, Z} 
S' = (4,8, 6, Ὁ, Ε, Ε, 6, Η,1,1}} 


oO 
Qacam 8 ao ὦ 
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7 a A’ = {1, 2,3, 4, 13, 14, 15} EXERCISE 22.1 πϑιιδέΝ᾽ τ. 
B’ = {1, 2, 3, 4, 5, 6, 10, 11, 12, 13, 14, 15} 1 a i C={1,3,7,9} ii D = {1, 2,5} 
Ὁ ἰ false ii true iii true iv false i ὦ -Ξ {1,2, 3, 4, 5, 6, 7, 8, 9} iv CN ἢ = {i} 
EXERCISE 2) EE ὃ ὄ ὁὋ v CUD = {1, 2, 3, 5, 7, 9} 
1 A = {2, 3, 5, 7} b i n(C)=4 ii n(D) =3 iii n(U) =9 
b A’ = {1, 4,6, 8} iv n(CND)=1 v n(CUD) =6 
¢ i n(A)=4 2 a i A= {2,7} ft ἘΠ ΞΕ ὃ; 4,6..7> 
I n(A’) =4 iii U = {1, 2, 3,4,5,6,7,8} iv ANB = {2,7} 
iii n(U) =8 ν AUB ΞΊ 2, 4, 6, 7} 
ὺ b i n(A)=2 ii n(B) =5 iii n(U) =8 
iv n(An B)=2 v n(AUB)=5 
3 ἃ 
Ὁ Μ' ={t.c ἃ, f, 9, ἢ, 1, k,l, m,n, Ὁ, 4,0, 8, t, Vv, ὦ, 2, 
y, 2} 
ς in(V)=5 ii n(V’)=21 iti. n(U) = 26 b i ANB={2,9,11} 
3 a i U={1,2,3,4,5, 6,7, 8, 9, 10} Bate ee = ee ay eeu ἐξ ny aes 
ii N = {3,8} iii M = {1, 3, 4, 7, 8} iil Β΄ = (8, 4, 5, 6, 7, δ, 10} 


a 
= 


i n(A)=5 ii n(B’) =7 
iii n(ANB)=3 WwW n(AUB)=7 


b n(N)=2, n(M)=5 ¢ No, NCM. 


4 a 
4 a ANB = {i1, 3, 9} 
Ὁ AUB = (1, 2, 3, 4, 6, 7, 9, 12, 18, 21, 36, 63} 
5 a XNY = {B,M,T, Z} 
Ὁ X UY = {A, B,C, D, M,N, P, R, T, W, Z} 
c 6 a i n(A)=8 ii η(Β]ὲ ΞΞ 10 


iii n(ANB) Ξῷ 8 iv n(AUB) ΞΞ 15 
b π(Α) -- π(Β) —n(AN Β) =8+4+10-3 
ΞΞ 1 ἢ =n Als) 
7 δώ οὺῦ ς @ 


EXERCISE 2c.) ΒΝΕΝᾳ0ᾳ0ΆΆὌΘΆΟσ 6 


2 ἃ inA but notin Β 
Ὁ the complement of ‘in exactly one of A or B’ 


@®D | CO) 
U U 
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> 
is 
7) 
= 
tT 
"Ὁ 
” 


( 


- 


Γι! 
Ν 


- 
Ξ 
a a = 
τυ es es 
s, 
Co 
> 1 
es by 


b ἰ “~Since a v and a vi have the same regions shaded, 
(AN B) ΞΕ Ὁ Ὁ; 

ii Since a ii and a iii have the same regions shaded, 
(AU B) = A'NB’. 


> 
Q 


ἴδιο 


eae 


a 
ae 
> a a 
τυ wy τυ 
Ω. 
te 


ὧν 
C 


Ὁ i (AUB)N(AUC) can be illustrated by: 


This is identical to the 
Venn diagram in a viii, 
which illustrates 
AU(BNC). 
Hence 

AU(BNC) 
=(AUB)N(AUC) 


(AN B)U(ANC): 


The Venn diagrams have the same regions shaded, so 
AN(BUC)=(ANB)U(ANC). 
40 DDD 
1 a 10 b 9 ς 14 d 4 e 7 f 2 
2 ἃ i n(A)=a+b li n(B)=b+c 
iii n(AN B)=b iv n(AUB)=a+b+e 
Ὁ i n(A)4+n(B)—n(AN B)=a+b+b+c—b 


a+b+ec 
n(AU B) 


ii n(A) + n(B) — n(AU B) 
=-a+b+b+c—(a+b+c) 

a+2b+c—a-—b-—c 

=b 

= n(An B) 


iii If A and B are disjoint then n(AN B) = b=0. 
So, n(AUB)=a+b+e 


=at+c 
and n(A)+n(B)=a+b+b+4+c 
=a+c 
= n(AU B) 
3 a n(A)—n(ANB) Ξ (α - δ) -- ὃ 
=e 


n(AN B’) = n(A) —n(AnN B) 
δ n(U) —n(A’NB)=(a+b+c+d)—c 


—-a+b+d 
n(AU B’) = n(U) — n(A’'N B) 
h al? 65 5 8 7 b 10 
EXERCISE 2G 
1 ail18 6b 2 ς 17 d 12 
ῶ ἃ)  ὉὉ9 ς 24 d 42 
3 Ῥ CO a 21 b 4 
c 6 d 9 
| Θ) 
h a 20 Ὁ 32 ς 25 d 13 5 al0O 6b 5 
6 ἃ 18 Ὁ 38 7 8Δ15 Ὁ 14 ς 8 
a P Ξ b i 45% 
ii 82% 
iii 11% 
iv 37% 
U (18%) 
9 11 violin players 10 43% 11 19 places 
12 a Ὁ 15 students 
τ f au ¢ 55 students 
" 7 (©) 


13 The number who participate in all three sports must be less than 
or equal to 30. 


EXERCISE 2H 
᾿ (ἢ) 
U U 
The shaded region The shaded _ region 
could be either AM B could be either AUB 
or BNA. or BUA. 
ANB=BNA AUB=BUA 


The shaded region is either 

ANA, A, or AUA. 
ANA=A 

and AUA=A 


| oO 


GS 
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a 
ee) 
a 
wD 


U C U τ 


represents ΒΟ C represents AQ B 


Rx} represents AN(BNC) RYrepresents (AN B)NC 
Region shaded is the same in each case. 
AN(BNC)=(ANB)NC 


represents A represents C 
represents BUC represents A U B 


whole shaded region whole shaded region 
represents A U (BUC) represents (A U B) UC 
Total shaded region is the same in each case. 


\ [_] represents A 
\ 


XY represents A’ 
uN. Gv 


A’ is the region outside A and 
is shaded. 


(A’)’ is the region not in A’ 
and is unshaded. 


(A’)'=A 

AU(BUA’) 

= AU(A’ UB) {commutative law} 

=(AUA’)UB {associative law} 

= NP = {complement law} 

=U {domination law} 
AN(BN A’) 

= AN (A’NB) {commutative law} 

=(ANA’')NB {associative law} 

=2@NB {complement law} 

= ὦ {domination law} 
AU(BNA’) 

= (AUB)N(AUA’) {distributive law} 

=(AUB)NU {complement law} 

=AUB {identity law} 
(A’ U B’)' 

=((ANB)')'’ — {De Morgan’s law} 

Ξ ANB {involution law} 


(AU B)N(A’NB’) 
= (AUB)N(AUB)' 
= 0 

(AU B)N(CUD) 
=((AUB)NC)U((AUB)ND) {distributive law} 
=(ANC)U(BNC)U(AND)U(BND) 

{distributive law} 
=(ANC)U(AND)U(BNC)U(BND) 
{commutative law} 


{De Morgan’s law} 
{complement law} 
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ΒΕΝΙΕΝ ΕἸ 2. ats 7 U is the set of all 
1 1.3 can be written as τῇ, and 13 and 10 are integers real numbers, R. 
2 false 
3 a yes νυ P= {23. 29, 31,37), ne) =a 
4 S is the set of all real ἐ such that ἐ lies between —1 and 3, 

including —1. 
5 {r|0<2<5} 6 aP¢Q bPCQ 
7 a A’ = {1, 2, 4, 5, 6, 8, 10} δ. B= 11,2, 3,5, 7} 8 a 6 
U 15 U 
9 a ANB = (i, 2,3, 6} 
b AUB = (I, 2,3, 4,6, 8, 9, 12, 18, 24} 
b A’ = {1, 2, 4, 5, 7, 8, 10, 11} ς n(A’) =8 
10 a b 
9 a False,as OE N, but O¢ ZT. A B 
b False, as = € Q, but + ¢ 7. 
10 a i A= {1,2,3,4,5} " B={1,2,7} 
ii U = {1, 2, 3, 4,5, 6, 7} " 
iv AUB --Ἶ1,2, 8,4, 5,7 »ν ANB=({i,2} 
b i n(A)=5 ii n(B) =3 iii n(AUB) Ξ 6 
11 a 


11 
6 | PNQ={2} il PUQ= {2, 3, 4, 5, 6, 7, 8} 
iii Q’ = {1, 3, 5, 7, 9, 10} 
c i n(P’)=6 li n(PNQ)=1 ~~ iii n(PUQ)=7 
d yes 
12 a The shaded region is the complement of X, that is, everything 
that is not in X. represents AM B represents A U C 
Ὁ The shaded region represents ‘in exactly one of X or Y but represents C’ represents BUC 
not both’. : 
¢ The shaded region represents everything in X or in neither whole shaded region Ra represents 
ee, represents (AM B)UC (AUC)N(BUC) 
13 all b 14 ς 21 d 2 14 200 families Area shaded is the same in each case. 
REVIEW SET 28 EEN = 06 Ue 
1 No 2 0.51 = τε. and 17 and 33 are integers. 13. a 65% b 35% ς 22% d 285 e 9% 
3 14 AN(BUA’) =(ANB)U(ANA’) {distributive law} 
I I =(ANB)US {complement law} 
3 7 5" =ANB {identity law} 
I ace ΜΝ ἩΠΠῸ -ἄ EXERCISE 3A παασασσσσ Ὁ 
b | b= {8, 16, 24, 32, mar ii infinite 1 a 624+15 Ὁ 4x2 — 122 ς --6-- 25. 
i C = (31, 33, 35, 37, 39, 41, 43, 45, 47, 49} d - 3.2- 32y ς 22° —Qzr f ,χ3-.α 
ii finite iii 10 g a*b— ab? ἢ 2° — 32? i 3a7+9a+3 
d i D= {2, 3, 5, ty 1, 18, 17, 19, 28, 29} Ϊ 5.2 -- 155 + 10 k —8c? + ize + 28 
ii finite iii 10 | 6a? — 10a? + 2a 
5 QCP, REP 2 7. —14 Ὁ —5xr—6 ¢ 42 — x? d 2.3 


a 
6 U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} e a? +b? f —a? + 9x? — 122 
a A = {2, 3, 5, 7, 11} Ὁ A’ = {1, 4, 6, 8, 9, 10, 12} 3 ἃ “2, Τὰ 10 Ὁ 2?4+2-12 ς 22 4+2r—15 
¢ n(A) =5 d n(A’)=7 e n(U) = 12 d “«2-. 121-020 e 2.2- δ - 3  f 6x? — 23. +20 


4 252 --αυ--υ h --2.2 -- 75 -- 8 
i --αἢ —2 —2Qry—2y 
4 az?+5r—18 Ὁ 2274+7r-—31 ς α«2- 8. -- 12 
d -—7i+2 e 27743 f 10x? + 535 — 96 
5 a χ2- 49 b 9-a? ¢ 25-27 d 477-1 
e 16-—9y? ὃ 9x? — 162? 
a 27 Ὁ 22p?+p-—4 ς 5υ2 + 82? d 824 
7 a “2: 101-25 Ὁ 4774+ 12749 
¢ 274+ 147+ 49 d 9x77 + 247 + 16 
e 24+ 1002? + 25 ἢ 9744+ 127? - 4 
g 2552 + ϑ0αν + Dy? h 4a4 + 28x7y + 49y? 
i «© + 1624 + 64x? 
8 ἃ «*—6r+9 Ὁ 27-4744 
¢ 927 —6r4+1 d 25p? — 60p + 36 
ς 4.2 — 20ry + 25y? ἢ a*b? —4ab+4 
4 α΄ — 10x? + 25 h 1624 — 242?y + 9y? 
i x4 + 2a7y? + y4 
9 t Hint: 
Area (Ὁ 
a @O Ora-b = total area — 2 x area Q) 
— area (Ὁ 
oat. 
10 a 2774+1474+85 Ὁ 527+182-8 ς 197+ 74 
d p* — 7p? —10p+ 41 e 9x4 — 1052 + 82 — 3 
f yt -- αὐ 2a%y + Gay? + 25a? 
EXERCISE 3B 
1 a 2?4+32?4+6r4+8 Ὁ 2? +522 + 35 --9 
ς g24+527+724+3 d 227° + 2? —6r —5 
e 27° +72? + 8. - 3 {2.3 — 972 + 4. - 15 
g 32° + 1472 —x+ 20 h 82° — 1472+ 7. -- 1 
2 a 2° +92? + 265 + 24 Ὁ 2? — a? — 1451 Ὁ 24 
ς «3 — 102? + 315. — 30 d 227° + 2? — 125. - 9 
e 12.3 1152- 25 --Ἰ f - 3.3.-.2652. 33a -- 14 
g - 3.5 -  16.2 -- 12. --16 ἢ α- 9.υ2- 275 - 27 
Ι ," -- 6.2 -- 125 -- 8 
3 ἃ 2Χ2425-::4 terms Ὁ 3 x 2=6 terms 
¢ 2x 3=6 terms d 3x 3=9 terms 
e 4x 2 -Ξ ὃ terms f 4x 3 = 12 terms 
h a ot*4+2e72 +2774 8. - 8 
b 224 + 7.3 — 222 —5r4+2 
ς 624 — 7.13 — 827 + 132 -- 4 
d «* — x? — 192? + 492 — 30 


XR 3ς τ τ ὃ 


a 
ς 


e 
9 
i 
k 
I 


i 8+ 12y + 6y? + νυ 


Ὁ 2? 4+ 92? + 277 4+ 27 

«3 + 3a7y + 3ay? + y? 
ae? — 15.5.2 + 755 — 125 
3 


gz? 4+ 32743241 

αὐ 152 755 125 ἃ 
xe? — 3924+ 32-1 f 
az? — 1202? + 48. — 64 h 2° — 327y 4+ 32y? —y 

j 8535 + 1277+ 6r+1 

27x? + 27272 4+92r+1 

Sy? + 36xy? + 54x2y + 2723 
8 — 12y + by? — y3 n 
27. — 2742 ++ 9a -- 1 

8y? — 36xry? + 54x7y — 2723 


82° — 1277+ 6x2 —1 


os, Om 8 Qa CF ὦ 


ANSWERS 559 


xt + 4aty + 6x2y? + dry? + y4 
gt + 473 + 622 + 45 +1 
z+ + 8.5 + 242? + 322 + 16 
α΄ + 122° + 5422 + 1082 + 81 
xt — 4ar3y + 6x7y? — 4ry? + y4 
α΄ — 4.5.3 + 62? --4 +1 
g* — 8.53 + 242? — 322 + 16 
1655 — 322° + 2427 — 82 +1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 
We start and finish each row with a 1. The other entries 
are obtained by adding the two adjacent numbers in the row 
above. 


i αϑ + 5a%b+ 10a°b? + 10a2b? + δα + b° 
ii a° — 5a*b + 10a%b? — 10a7b? + 5ab4* — b° 
iii αὖ + 6a°b + 15a4b? + 20a°b? + 15a7b* + Gab® + b® 
iv a® — 6a°b + 15a*b? — 20a%b? + 15a7b* — Gab? + b® 
i 2° — 1024 + 402? — 80x? + 802 — 32 
ii When x=1, (x—2)° -- (--1)8 =-1 
and 1° —10 x 1* +40 x 1° —80 x 17 + 80 x 1—32 
= 1-10+ 40 — 80+ 80 -- 32 
=-l Vv 
ΕΧΕΗΟΙΦΕ 30 Sts 
x(x -- 5) Ὁ 22(x +3) ¢ 2χ(2 -- υ) 
3b(a -- 2) e 2x7(1+ 42) f 62(2— =z) 
x? (x +1) ἢ 3ab(b — 3a) 
(x+5)(3+2) Ὁ (b+3)(a—5) ¢ (4+ 4)(5 - 1) 
(5 +2)(22+5) e (ε-- α)ί(α - Ὁ) f (2+ υ͵γίῳ -- 1) 
(c—1)(ab+c) h (x+2)(a-—1) i (ς -- 3)(5 -- 2) 
(5 --ᾧ 5δ)(α -- 8), k 2χ(ς -- 2) 
(ς - ν)ία Ἐν Ἐ1)(α Ἐν -- 1) 
(x + 4)(5 -- 4) Ὁ (8+ “)(8 — =z) 


o e® ogo Ὁ 8B δῶ  ... © 8 a ὦ 


(3a + 1)(3a — 1) 
(y + 2x)(y — 25) 
(9x + 4y)(9x — 4y) 
(3ab + 4)(3ab — 4) 
3(3a + 2)(5 — 2) 


d (7+ 22)(7 — 25) 
f 
h 
j 
Ι 
2(5 + 2)(5 -- 2) b 
d 
f 
h 


(2a + 5b)(2a — 5b) 

(2x* + y)(2x* — y) 

(2 + 5)(5 + 1) 

3(5 — 3)(5 — 1) 

3(y + 3)(y — 3) 

«(2 + 3x)(2 — 35) 

2(5 + ry)(5 — ry) 

a(x? + y*)(x τυ) — y) 


2(1 + 35)(1 — 35) 
ab(a + b)(a — b) 
b(3b + 2)(3b — 2) 


(x+2)2 b&b (.---5)2 ¢ (3a4+5)? d (x —4)? 
(2 -- 72 f (« -- 10)2 

--ἰἝ(ϑα -- 1)2 Ὁ 3(5 τ 3)? ς --Σ2(85 -- 1)? 
2(2 + δ)(5 -- 5) ς 2(x — 4)? f —3(ax +3)? 


Ct πα τ ᾽᾿᾽͵ὃ͵ὃὃ 


(a+1)(2+6) b (c+d)(a+4) ¢ (a+2)(b+3) 


d (n+3)(m+p) e (#+5)(2y—1) f (3-—c)(2a+b) 


oaaose®ea ὦ 


(x + 4)(x + 2) Ὁ (1+ 3)(x+7) 


(5 + 5)(a + 4) d (22+ 1)(5 -- 3) 
(3a + 2)(5 + 4) f (55 + 3)(4: + 1) 
(α -- 4)(. -- 58) Ὁ (a—-—7)(x+2) ςε (« -- 3)(5 -- 2) 
( -- 5δγ(α -- 3) e (5 -τ 7)(α -- 8) f (2. -Ὁ 1)(5 -- 3) 


(35 -- 2)(5 -- 4) ἢ (4: -- 3)γ(5 -- 2) i (θα -- 2)(“ -- 1) 
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(3 Cb 3 τ΄ τ  ΌὃῈ6ὃ 


(2 + 1)(α + 2) 


b (a +2)(x +3) 


¢ (a + 2)(a — 3) 


σ 


(55 + 2)(5 + 8) 

{ac = 80, b= 42, splitis + 40x + 25} 
(3a + 5)? — (22 — 3)? 

= (3a +5 + 2x — 3)(8α +5 — 25 +3) 

= (55 + 2)(x + 8) 


C3 339 'ὕδππδὴτει- ΠΠΓῤ[ἷ 


d (« -- 2)(. -- 5) « (: -- 3),(α -- 7) f (x+4)? 
 (α -- Τ)2 ἢ (« -- 4γ)γ(.Ἡἰ - ἠ i (“ -- 3)(5 -- 8) 
j (1, -,Ἥ 4, α -- 11) k (« - 7)(α -- 8) | (ας -- 9) 
m (x + 4)(2 -- 8) n (« -- δ)γ(α -- 9) 
© (x +8)(x -- 12) p (x -- 8)(5 -- 12) 
2 a 2(1 - 1)(5 --ϑ 4) Ὁ 3(5 —1)(x -- 6) 
ς 2(x+3)(x+ 4) d 5(x+ 2)(5 — 8) 
@ 4(. -- 1)(5 — 3) f 3(. — 3)(x -- 11) 
g 2(. -- 9)(5 — 10) h 3(5 + 2)(5 — 4) 
i 2(a + 4)(5 +5) j x(x + 1)(x— 8) 
k 4(. — 3)? | 3(@ -- 8)(α -- 9) 
m 2(a2 -- 10)(a -- 12) n σία - 4)(x -- 7) 
ο x7(x+1)? 
3 ἃ -(« -- 6)(“ - 9) Ὁ --(ὦ -- 2)(5 - 5) 
ς --(ὦ -- 3)(5 -Ἡ 7) d - (ἡ -- 1)(α -- 3) 
e --(ὦ -- 2)? f --(ὦ -- 1)(α - 3) 
4 a -(α -- 6)( -- 8) b —(x -- 3)2 
ς —3(x — 3)(x -- 7) d —2(a2+ 7)(x — 9) 
ες —2(x —5)? f --σ(α -- 1)(α — 2) 
5 As B=m-+n, —b=-m-n 


Since c=mn, 
= (x — m)(x — n) 


hl 36 παῖε τ, τ ΄᾿΄᾿΄᾿΄᾿͵ὃὃ 


1 a i 8:2: 7ὰ-2 ii 327+7r+2 
= 327 +6r+2+2 = 327 +2+624+2 
= 35:(α -ἰ 2) -- Ἰ(α -- 2 =2(344+1)+2(32 +1) 
= (x + 2)(35 + 1) = (32 + 1)(5 + 2) 
b Yes, as ab= ba. 
2 a (22+ 3)(5 -ἰ 1) Ὁ (2. +9)(x+ 2) 
¢ (7x -- 2)(5 - 1) d (395 - 1)(5 -- 4) 
e (3. -- 2)(5 + 2) f (35 - 7)(5 -Ὁ 3) 
4 (4. - 1)(25 + 3) ἢ (7x2 + 1)(85 + 2) 
i (35 -- 1)(22 + 1) j (62 -- 1)(5 - 3) 
κ (52+ 1)(2z + 3) | (72 +1)(22 + 5) 
3 a i (24+3)(2x-1) ti (Ζ2α -- 1)(2α -- 3). Ὁ yes 
ἃ a (25 -- 1)(5 — 5) Ὁ (35 —1)(x+ 2) 
ς (32+ 1)(a@ -- 2) d (22 -- 1)(5 -Ἡ 2) 
e (25 -Ὁ δ)(5 -- 1) f (55 -- 3)(5 -- 1) 
4 (lle + 2)(5 -- 1) h (22 + 3)(5 -- 3) 
i (85 -- 2)(x -- 5) j (55 + 2)(5 -- 3) 
k (35 -- 2)(5 -- 4) | (22 -- 1)(5 - 9) 
m (25 -- 3)(5 - 6) n (55 + 2)(35 -- 1) 
ο (21. + 1)(α -- 3) 
5 ἃ --(35 - 7)(5 -- 2) Ὁ --(Ἕὅ5 -- 1)(5 -- 2) 
ς --(4 -- 3)(x + 3) d - (35 — 2)2 
e —(4r+1)(2z + 3) f —(6x + 1)(2x — 3) 
6 ἃ (3¢+5)? — (2x -- 3)2 


= 9x? + 30x + 25 — [452 — 122 4 9] 
= Or? + 302 + 25 — 4? + 122 — 9 
— 55:2 + 42. + 16 


xe? —ba +ce= 2x? —mex—na+tmn 


1 a «(3x + 2) Ὁ (x+ 9)(a — 9) 
¢ 2(p* + 4) d 3(b+5)(b—5) 
ς 2(2+ 4)(x — 4) f n2(n+ 2)(n — 2) 
g (x —9)(x +1) ἢ (d+ 7)(α -- 1) 
i (α -- 9)(α -- 1) j 4t(1 + 2) 
k (22 -- 1)(2α + 5) | 2( - 5)(g — 11) 
m (2a + 3d)(2a — 3d) n 5(a+1)(a — 2) 
© 2(c—1)(c— 3) p (x+7)(2x +3) 
4 d?(d+3)(d—1) r x(x +2)? 
2 a 7(a— 5y) Ὁ 2(9 + 2)(g — 2) 
ς —5a2(x + 2) d m(m + 3p) 
ς (a+3)(a+5) f (m—3)? 
9 52(x+y — xy) h (x + 2)(y +2) 
i (y+5)(y—9) j (a +5)(2e + 1) 
k 3(y+7)(y — 7) | (6x + 1)(a -- 5) 
m (2c+ 1)(2c— 1) n 3(5 -- 4)(5 -- 3) 
© 2(: —3)(b+5) p (4x + 3)(3a + 1) 
q —2(x -- 1)(5 — 3) r (4x +1)? 
s —22(x — 1)? Ἢ (a+6+3)(a+b-—3) 


2(5 — 3)(6a — 1) 


RVIEW ST 3 ts 


1 Show that the total area equals the sum of the two smaller areas. 


δα δὋοῶ ὦ ἃ ἃ ἃ ὦ ἃ ὦ ὦ, 


xz? — x — 30 Ὁ 652-138. -- 5 ς 184-2? 
x(7x -- 4) Ὁ «(x -- 1)(5 - 6) ς (2 -- 8)(5 -Ὁ 5) 
xz? + 452 — 7x — 10 Ὁ 22° + 52? — 82 —6 

(4 + 3m)(4 — 3m) Ὁ «(z+ 9)(5 — 9) 

(x + 12)(ax + 2) 

t2 — 49 Ὁ 4y2-—25 ¢ 4m? —20mn+ 25n? 
2(2 +5)? Ὁ (b+ d)(2—c) 


8k? + 36k2 454k +27 Ὁ r?— 12r7t+ 48rt? — 64t° 
(α -- 2)(.. -9) Ὁ 3(x+2)(x—-5) ς --2(5:.- 4)(5 -- 8) 
(45 + 3)(2α + 1) Ὁ (5x2 -- 3)(5 -- 2) 
--ἰἝ(35 + 1)(85 -- 2) 
3(5 + 2)(5 + 12) 
(25 - 9- ἡ -- 3)(2α -Ἐ9 -- αὶ -- 35) = ϑ8(5 -- 2)(5 + 12) 

i a? + 2ab + b? ii a® + 3a2b + 3ab? + b® 
iii αὖ + 4a%b + 6a2b? + 4ab? + b4 
iv αϑ + 5a*b + 10α3Ὁ2 + 10a2b? + δα + ὃ 

i 8 ii 16 iii 32 ε 2” 
From 12 a, we see that if a = ὦ = 1 in these four 
expansions, we obtain results of 4 = 27, 8 = 2°, 16 = 24, 
and 32 = 2°. 
Letting a=b=1 in (a+b)” weget (1+1)” = 2”. 


REVIEW SET 38 OO 


Ὁ 122 — 4x? ¢ 327 —524+12 


Ὁ 3b? 


20x — 25 
x? + 22 — 20 


on uu F&F ὦ 


Ὁ 


10 
11 


2(a2 + Τ)(α -- 7) Ὁ (4: — 3)(25 - 5) 


Show (10a + b)(10c + d) = 100ac + 10(ad + be) + bd. 


a 
a 
a 
© 


Ὁ 3(z+ 4)? 6 16 terms 
Ὁ 8a? — 12a7b + Gab? — 08 
Ὁ 2(x — 3)(x+4+ 13) 


(2 — 6)(a + 9) 
953 — 30x? + 25 
(x + 6)(x — 11) 
(2x + 3)(2x — 7) 


et* +3 4+ 5α2 - δα -- 12 


ἃ —(x+3)(x -- 4) 


Ὁ --(35 + 10)(2x -- 5) 
We seek two numbers with product 6x12=72 and 511Π| 
17. These are 9 and 8. 
to factorise 627 + 17x +12 we split the 17x into 
9x + 8σ. 


(25 + 3)(3a + 4) ς (832+ 4)(2x+3) V 


i 237 = 529,2727=729 ii 18? = 324, 32? = 1024 
iii 112 = 121, 392? = 1521 iv 14% = 196, 367 = 1296 
From a, if a+ ὃ = 50, it appears that the last two digits 
of a? and b? are the same. If this is always true then their 
difference will always be a multiple of 100. 

As a+b=50, b=50-a 

Show a?*—b? = 100(a—25) where a—25 is an integer 
a? — b? is a multiple of 100. 
the last two digits of a? and b? are the same. 


CXR, ts 


1 a7 b 13 © 15 d 24 e 2/2 4 
g 4/2 h ὁ is Ι ks ls 

2 ἃ 2 b-5 ες 
ἃ 12 δ 6 ς 30 d 24 e —30 
f —30 g 12 h 18 i 54/2 j 48 
k 1922/3 | 64 πὶ 45/5 nn —-150V3. o —224 

4 a V10 Ὁ 21 ς V33 d 7 
e 6 f -2/10 4 6V6 ἢ 6/15 
i /30 j 4V3 e219 | 1626 

5 a2 b ¢ 3 ds e 2 ες 
3 h V6 aa j 5 1 | 25 

6 az ob? cf 4 
a (Javb)? = Javb x Vavb = ab 

(Vab)? = Vab x Vab = ab 
As a>0, b>0, (Vavb)? = (vVab)? 
b Using a, Vix 2 = [ox 5 = νὰ 
(2-4 
8 a /9+V16=3+4=7, whereas /9+ 16 = V25=5 
J9+V16 4 /9+16 
J/25 —-V16 =5—4=1, whereas 25 —-16= V9 =3 
V/25 — V16 # /25 — 16 

Ὁ No, as they are not true for all a > 0, b> 0. 

EXERCISE 4B 

1 a 2/6 b 5/2 ς 3V6 d 2/10 
e 2/14 f 3/7 g 2/13 h 2/11 
i 2/15 j 3/10 k ἀν | 2/17 
m 5/7 n 9/2 ο 8/2 p 10/7 


ANSWERS _ 561 
2a υ 32 ς xB d 53 
3 a2+v2 b 3-vV3 c1l+sv5 d 2-2 
e2+v2 ££ 3+35v3 g 1-- νῖδ αὶ ς - ν2 
ΕΧΕΒΕΩΙΦΕ ἐς ΒΒ τ -Ξ.ο,᾿ ἠἑ 
1 a 10/2 b 3/3 ς —V5 d /10 
e δνθ f —6/15 
2 a 6/2-2V3 Ὁ 7/7+3V6 ¢ 8/104 375 
ἃ -ν8-- τνῖ39 ε 6V74+5V11 f /14-2V6 
g 11-- 2νΊ7 ἢ —214+ 6/15 
3 ἃ iv b 56 ς 23/3 ἃ oA 
e 13yv10 f —ly2 
12 28 
h a V20+V5 Ὁ V147- V7 
=2V/5+ V5 = γνῷ -- δν8 
= 3/5 = 2/3 
= J/9x V5 = V/4x V3 
= V45 = νΊ2 
5 a i Qunits? ii 4 units? b 5 units? 
ς Α--ἰ2 =5 units? 
Since (/5)? = 5, the side length is 5 units. 
d 4/5 units 
EXERCISE 4D πα ππτ'Πὸυ͵ ὃ ὃὋὉ 
1 a /104+2 Ὁ 32-2 ε 34+V3 
d ¥3-3 e 7/7-7 f 2/5—5 
g 22.-- 1 h νθ-- 12 i 3: νθ--ν8 
j 6—2V/15 k 6/5 — 10 | 30+ 3/10 
2 a 2-3/2 b -2- V6 ες 2-4/2 
d -3- V3 e —-3-2V3 f —5 2ν8 
g —-3-V2 h —5+4/5 i /7-3 
j 11-2V/11 k /7-V3 [ 4=9y73 
m 9— 15/3 n —14-14/3 0 4-6/2 
3 a 4432 b 744/73 € 14w3 
ἃ 10+ V2 e -2 f 3-3/7 
g -1—-VvV5 h1-vV6 i 14-72 
4h a 342/72 b 7-4/3 ¢ 74+4V/3 
d 6+2V/5 e 5-2/6 f 27-102 
g 942/14 h 22- ϑνδ 138-43 
j 134 4/10 k 13—4,/10 | 444 24/2 
m 51—10/2 i 17..- 1905 ο 19+6/2 
ἃ 904 34/7 Ὁ 973 — 11/2 
a 13 b 23 cl d —9 e 14 
f 19 4“ -2 h —28 i —174 
7 al Ὁ -4 ς xr-y d 15 e 20 f 2 
EXERCISE ΔῈ ασὔπὀ-τἰὐσυσαπιῆ΄.ι τ 
1 a va b /2 2/2 ἃ “8 e vis 
PS igve hae 1 ye μετ 
k v5 i Svs m 3/5 n vib ο 25 5 
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34+ 75 Ft 9 4+ ΌΤΙ 
2 a b Pa ed 
4 1 5 
F δν2-- 2 : ,,5.- ; 10 + 15ν2 
23 2 - 14 
3/5 -- 10 ᾿ AR 4: 19/7 
9 11 59 
3 ἃ 4 2ν2 b 5-5/2 ἃ. —-34+2/2 
ἃ - 5: τν2 e1+v2 f 342/2 
g 2+32V2 h 48/2 


—6 b —-14-2/5 ¢ 124+8/2-9V3+2V6 
ἃ (fa + Vb)(Va — Vb) 
= (Va)? — (vb)? 


—a—b which is an integer since a, b € Zt 


{difference of two squares} 


᾿ 4/7 — ἀν Ι 10 + 2/10 " = 96 <i 34/39 
5 3 10 
o = 48 12 
6 34+2/2 7 = v2=¥3 (or v=] 
p 5 — 6p? 


8 «2 =8-—2V/15 andso 2/715 = 8-2? 
Now square both sides. 
9 μἱ ΞΞ 1, wil, ug=2 wu =—3, us —5, ug ΞΞ ὃ 


(3 Δ τ  κ κ ,ὀ τ[ΠΕῃῆυιυυυορὃῤὃῤιῖι᾽ 


1 ΒΒ ἀ Ξ y=2 Ὁ “ Ξ-Ἠ 15, y=-4 
ς 1 Ξι --Ἰ1, y=-3 ὃ αΞὸΤ δ, y=0 
ς σα τΞύ, y=-3 f r=y=0 
2 ae=2y=3 ba=%, y=-7 
— 1 _ 8 ΕΝ 12 
.π---, Y-—7 d “- --, ὅτππτ 
Ξ.. καὶ ἀξ ΠΟ ΞΞῚ Β a=4, b=5 
ς a—5, b=2 or a=—-—5, b= -2 
d a=3, b=-4 or a=-3, b=4 


4 Lett V11—6V2=a+bv2; a,bEQ 
Show at+b6V2=3-—v2 or —34+ V2 
But 11—6/2>0 


“ V¥11-6V72=3- v2 
5 a 1/114+4V6 =2V24+ νῷ 


Ὁ No. (Suppose it can and see what happens.) 
RVIEW SS i Ἕ..φἄφ .,οἬἌὀὄ 


1 a 18 Ὁ -24 ¢ V2 ἃ -27 e 150073 f 8 
2 a4/3 »b 12V6 3 a 2/5-V3 δ 2x8 
4 a 8/3-6 ὃ 16-6V7 ¢ 1 d νῦ- 4 
ε 8:ιδν2 f 79+12V14 
4/3 -- 1 
5 a 4/2 b 5/3 4ν3 — v6 d 15 +5v3 
14 12 
6 ἐν 7 1554+77/2 8 a 7: 4ν3 b 13 
—24 + ὅν 35 
iC ν-ῖ ογ “-'--ϑι y= 


REVIEW SET 4B EES ttts—s— 
1 a 6/15 Ὁ 20 ¢ -2V2 d 2-2/2 e9 f 15 
2 5/3 3 as+v6 b 2-8/2 


4h ἃ 2 Ὁ 4/5-9 ς6-- ἀν8 d 7/2-9 
an G = 4/9 6— /2 —25 —10V3 
5 a 7/2 » -"6- v2 v2 =25 -- 10V3 
2 17 13 
6 49+ 20V6 
1 1 1 5 3 1 
7 ἃ --ττῖ Τὶ 5 Β.:-- 7 5 ς 3-55 
16+ 5/3 
8 a -1+5/2 b rvs 9 3V34+ 4V17 
_ ΠΝ 5-- 63 — 10 
10 p = 2, q=-3 or P=-—"5> 4 - τ 
EXERC. κα Oeste 
1 a V65cm b 10cm ς V233km d 5/2cm 
e 2\/61m f 481 mm 
2 a V85cm Ὁ 8m ς θν2 cm d 8ν13 cm 
e V26m f 180 cm or 1.80 πὶ 
3 awx9I4cm Ὁ 7.1m ¢ 88cm dad 5.9 cm 
e ~5.2m f ~ 16.9 cm 
h ax=vill ὃ «e=v2 ς:-νῦ ἃ 1--νΊθ 
- 2 . 1 
ς t= fr=35 
5 a χ--ϑν8 Ὁ «= 2V13 cx=2 
ἃ vx=2V2, y=VI17 Ὁ “-τ-ᾶνδ, y= V29 
ca=V5, y=vV6 
7 ax=v2 Ὁ xr=14 ς 5. -- 12 
8 AC = V39 mx 6.24m 
9 B Hint: In AABD, αὐ = 6- 22 
2=vV2, «>0 
Jé V12 In ABCD, 
y* +27 = 12 
a 5 ς y = V8, y>O 
In AABC, AC? = (V6)? + (/12)? =18 .. AC= νΊ8 
10 a 17 cm Ὁ /¥29m ς 41m 


ERE 58 ΒΝ τττΆλττἬἍ 
1 No {as 47+57=41 and 72 = 49} 
Yes {as 92- 122 --.΄ δὴ and 15? = 225} 
No {as 5%+87=89 and 97=81} 
No {as 32+ (/7)? =16 and (/12)? = 12} 
Yes {as (V27)?+(V48)? =75 and (/75)? = 75} 
{as 8%+157=289 and 177 = 289} 
As (75)? = 12422, it is right angled at A. 
As 82 +412? = 208 ¥ (/218)?, it is not right angled. 
As 72 = 49 = (\/24)? +52, it is right angled at C. 
As 4? 4+ (3/2)? 4 (V19)?, it is not right angled. 
5? + (V47)? = 72 = (6V2)? 
it is right angled at A. 
f (13)? + (5/2)? = 13+50=63 and (3/7)? = 63 
it is right angled at B. 
3 «= V101 = 10.0 
Hint: Show right-most triangle to be right angled first. 
EXERCISS 5 πϑὕὖϑϑαινααι----. 
1 a yes 


ee aa Ceo me Ὁ Ω. ὦ ST 
or 
a 


b no ς yes 


d no {numbers must be integers} e@ yes 


f no {numbers must be positive} 


2 ἃ k=20 Ὁ k=10 ς k=48 d k=15 
e k=21 f k=11 
3 a As {a,b,c} is a Pythagorean triple, a2 + b? = c? 
Hint: (ka)? + (kb)? = κα + k2b? = k?(a? + b?) 
Ὁ i {6, 8,10}, {9, 12,15}, {12, 16, 20}, {15, 20, 25} 
ii {10, 24, 26}, {15, 36, 39}, {20, 48, 52}, 
{25, 60, 65} 
4 a Show (be — ad)? + (bd + ae)? = (cf)? 
b {36, 77, 85} 
5 a i {3,4,5}, 32+4?=5? 


Ι {5, 12,13}, 5° +12? = 137 
iii {7, 24,25}, 72 - 242 = 252 
iv {9, 40,41}, 92 -- 402 = 41? 


Ch 


ν 73 cm & 8.54 cm 
3/10 cm by ν 10 cm, or, ~ 9.49 cm by 3.16 cm 
a 24/5 cm & 53.7 cm b 160 cm? 
2/11 cm & 6.63 cm 5 5/2 cm & 7.07 cm 
A/41 cm ~ 25.6 cm 


87 + 11.552 = 197.4025 and 14.05? = 197.4025 
is right angled. 


8 7.75 m 9 /89 km & 9.43 km 
10 2\/445 km + 42.2km 11 211.2 km/h and ~ 22.4 km/h 
12 a +115.4m Ὁ 100m ~15.4m 
13 Dis ὃ km from B. 18 fold line 
14 6V3 cm & 10.4 cm 
15 = 22.2 cm? oe ions 
16 8cm 
17 6.025 m 


-«-«------ 25 em ————_ 


x = 13.463, crease + 10.8 cm 


ERC ee 


ANSWERS 


8 height = 1 ~ 71m 


9 5V10 cm x ὅν 10 cm & 15.8 cm x 15.8 cm 
10 ~ 42.9m 11 = 29.87 m 


12 L= ,/502 + (207)? πὶ & 80.30 πὶ 
REVIEW S90 5 OO 

1 a V29cm#® 5.39 cm Ὁ /33 cm = 5.74 cm 

ς /69 cm & 8.31 cm 

2 No, 57+117=146 but 132 = 169. 

3 Yes,as 42- 12 =(/17)?. The right angle is at A. 

4 a z= V113, y = 2/14 Ὁ 71 =—4V5, y= 6 

5 Hint: 

then use Pythagoras in the largest triangle. 
6 30/2 mx 42.4m 
7 a k=36 
b i Hint: Show (4k)? + (k? — 4)? = (k? + 4)? 
ii {20, 21, 29} 

8 x 41.4cm 9 5/2 cm & 7.07 cm 
= 2/5 Ὁ x=2/14 
/61 πὶ & 7.81 πὶ 

Ι a? +b? ii c? 
Area of large square — areas of 4 triangles 


must be equal in both figures. a? + b? = c? 


13 h= ,/2 ~0.816 m 


a 

a Ὁ V/70mz 8.37 m 
12 b 

ς 


ΠΕΝΙΕΝ ΦΕἸ 5Β ΕΕὈΞψΔΡΓ ΡἬἜΓὮἬΓὙἌὁΘὀΡἭΒὈΡΘΑῬω 
1 ἃ 1-3ν2 b r—vV2 
2 27457=—29 and AC? = 29 right angled at B. 
3 k=35 4 6cm 

5 ἃ AB= ν 88 mx 9.22 πὶ 

ό 

8 


~ 1.431 m 7 6/5 m x 13.42 m 


Max. distance = ν 122 m + 11.05 m which is > 10.5 m. 
the beam will fit. 


9 «99 cm & 9.95 cm 10 ABw 6.55 m 


42 


11 a AB=—< b i 


563 


Find the two lengths that make up the base of the triangle, 


b AB = V33 cm & 5.74 cm 


1 BC=6cm 2 =~ 6.26 cm 3 3.71 cm 
4 3/2 cm & 4.24 cm 5 2/39 cm = 12.5 cm 
6 6/2 cm & 8.49 cm 7 4/7 cm & 10.6 cm 
8 (/2—1) mx 41.4 cm 9 +717 km 
10 AB=4/6cm29.80cm 11 V101 m2 10.050 m 
12 AB=2/7cm25.29cm 13 5cm 
14 a i6cm_ ii 4cm δ 13 
15 Hint 
A+X = Σπα: 
B+Y =$nb° 
C+xX+Y= anc 


CC  ᾽ ᾽ ᾽ ᾽ ᾽θ 
1 15cm 2 10cm 3 V/10 cm & 3.16 cm 
& 3/3 cm & 5.20 cm 5 ~6.80m 
7 No, the maximum length would be about 8.06 m. 


6 ~ 4.12 cm 


13 


Ὁ 


ν2 


52 
4 
52 52 
ς A=4{—]1+4/ — ] +87, εἰς. 
a i PQ=Va?+0b? units ii $PQ x RN= Sab, ete. 
Ὁ 81.6 m 


Tr 
a radius = — 
2 


b i 
5 <—$____ r —___> 
Hint: Find expressions for BC? and OS?. 
ae i 
ii -- 
4 
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EXER, (6 sts ἃ Ci: =3) 4 P(7, —3) 5 x(3, 3), S(—2, 0) 
1 a 2V2units Ὁ 7 units ς 2/5 units d 3/5 units 6 38 ee Te lax τ᾿ ᾿Ξ u 
+ 7 units f v5 units 8. V10units Β + units 8 Hint: Let the vertices be A(a, δ), B(c, d), C(e, f). 
2 a 10/2141 km Ὁ 20/5 = 44.7 km Use the midpoint formula to find six simple equations 
© 10./26 = 51.0 km and solve them simultaneously. 
3 a isosceles with AB = AC = ν 85 units Ὁ scalene Points are. (8, —1), (7, 9), (9, 1). 
¢ isosceles (and right angled at B) with AB = BC EXERCISE 6C.1 δ᾿ ὁ ὈὃὈὃὈὃὉὃὉὃΌὃΌὃὃὴ΄ 
d isosceles with BC = AC = V7 units 1 a - δ0 ς —3 α Ξ ε 4 
e equilateral, all sides 2\/3 units f undefined g - 4 ῃ is 
f isosceles (AC = BC) if b#42+av3 2 a b ς 
equilateral if b=2+ αν 3 
4 a right angled at Β Ὁ not right angled 
¢ right angled at A d not right angled 
5 aa=2 


TLL 
ΒΓ ΠΟΘΙ ΒΕΗΕΒΕΙΝ 
REET 
AGE Ὁ ἘΈΜΙΚΙ 
nS ΤΕ 
TAO DN 6 
See eeNe 


ii (x —1)?+ (y—3)? =4 


This set represents a circle 
with centre (0, 0) and radius 
1 unit. 


7 Let R be (a, 0). Find PQ, PR, and RQ. 
Solve PQ = PR, PQ= RQ, PR=RQ. 
(10, 0), (—8, 0), (—3, 0), (—7, 0), and (—+%, 0) 


12." 
ERS, 6p 0 αάαᾶσσαςσς᾽᾿Ὁὦ 
1 a (5,3) δ (1, --1) ς (3,3) d (0, 4) 


ε (2, —3) f (1, 3) 
2 a B(O,-—6) 6b B(5, —2) ς B(O, 6) d B(0, 7) 
e B(-7,3) f B(-3,0) 


2 ἃ + b - ς 4 d 0 e undefined 
2 2 ; 4 
r= 5 -- h 1 I —-3 
3 at=19 bt=2 ς ἐ- 9 d t= 
e t=9 ff £=65 
4 Q(0, 7), R(3, 0) 5 ς gradient of [AC] = 2 


EXERCISE 60.) ΝΠ YY 
5 1 1 5 
1 a —2 b α-- ς -Ξ d πεν ς 5 
g 3 h 1 
2 The line pairs in ¢, d, f, and h are perpendicular. 
. 3 . . 9 ᾿ 1 
3 a [AB]: 2, [BC]: —2, [CD]: $, [DE]: —5, 
[FA]: 2 

Ὁ i [BC] || [EF] ii [DE] .. [FA] 

Ak=-2 5 at=4 bt=4 


6 a PQ= PR= 2ν units b M(4, 4) 
¢ gradient of [PM] = —4, d 
gradient of [QR] = 3, and 
their product is —1 
[PM] 1 [QR] 


7 M(0, 3) and N(3, 3) 
a gradient of [MN] = 0, gradient of [AC] = 0 


[EF]: —2, 


et=14 dt= 


[MN] || [AC] 
Ὁ ΜΝ -- 3units and AC = 6 units MN = (AC) 
8 a All sides have length 5 units. ABCD is a rhombus. 
ee de 1ΓΓΕ 
ς gradient of [AC] = —2, TT Ἢ ace) | Βίθβ, 8) 
gradient of [BD] = - rT | TART TL LAA 
and their product = —1 A |A-t" | Z 
[AC] [BD] Ap seas ae 
ΚΤ | eye | |e 
D(=3,—1) |_| | e031) | 
pitiwt tt tt 
9 a i P(0,5) ii Q(3,2) iii R(5,-32) iw S(—4, $) 
b i -Ξ ii - iii 3 iv Ξ 
ς PQRS is a parallelogram. 
10 a s=—6 b i $ ii —2 
ς 


gradient of [PS] x gradient of [SQ] = --Ἰ 


PSQ = 90° 


EXERCISE 600.0. Oa 
gradient of [AB] = Ξ, gradient of [BC] = ~ 


b 


not collinear 


gradient of [PQ] = gradient of [QR] = 2 
P, Q, R are collinear 


gradient of [RS] = oo. 
not collinear 


gradient of [ST] = 3 


gradient of [AB] = gradient of [BC] = 3 
‘A, B, C are collinear 


c= 8 


Ὁ c=-—5 


3 


Ὁ gradient of [AM] = gradient of [MC] = 1, 
¢ gradient of [AC] = 1, 
perpendicular 


M(1, —4) 
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collinear 


gradient of [BD] = —1, 


EXERCISE 66.) ὦὠκπσσιπιπιιναπ τ - 


13 


ἃ υΞΞ 221: 1 
d y=—r+8 
a 4r-y=7 
d 32+ ἄν = 24 
ay=2z-4 
d y=3x+8 
a 3xr—y=-l 
d 52 —3y= 10 
a 47+ 5y=13 
a 25 —5y= 10 
d 4x + 3y = 20 
a —3 Ὁ 42 — 
-- 8. --83 
z+3y=13 
a i y= --χ Ὁ 2 


b Hint: Solve 2. - 3--- ἔχ τ 95. 


ς y= 35 - 8 


ς y=6r+16 
νΞ -ἔα -- 5 

ς χ-τάἄν-ΞΞ 1 

{f2=2 


4(12) +5(—7) =48-35=13 V 


b y=-cz+1 
ey=-Sr- 4 
Ὁ 32+ 5y=—-1 
@ 22 — Ty = 25 
6 y=-2r+4 
ey=-gae-f 
Ὁ 2e4+y=3 
e y=-3 

b 

b y= --2α-- 2 
e x—2y=-8 
3y = 10 


10 a y=¢r-2 


ii y= 22-3 iii y= --ἶχ Ὁ 


εγτῶυ-τ-θ 


8 7x — 5y = --42 


5 
Ὁ -3 


19 
2 


Hint: Pis (a+b,c), Qis (b,c) 
a dient of [OP] = te. 
gradient of [OP] <a etc 
b gradient of [AQ] = etc. 
b — 2a 


Solve the equations in a and Ὁ simultaneously. 


EXERCISE 66.2 ΕἸἨ"ΛΘΚΟΘ60«απασθαασθαααι-.--θο. 


aoa Ω. 


σ 


x—2y=2 Ὁ 2x2-—3y=-19 ς 85 --ἄν ΞΞ 15 
35 -- ῳ ΞΕ 11 e r£+3y=13 f 3x+4y = -6 
2z+y=4 ἢ 3r4+y=4 

2 3 6 5 1 

-3 8 Ἐπ δ “ΠΣ [8 


Parallel lines have the same gradient of —3. 
equations have the form 3a + 5y = a constant. 


32+ 5y ΞΞ 2 has gradient —3 
perpendicular lines have gradient 2. 
equations have the form 5a — 3y = a constant. 


32 +4y=10 Ὁ 22-—5y=3 ¢ 3x+y=—-12 
x —3y=0 

2 6 ΜΝ —_ 

3 and —% b k=-9 ce k=4 

2/34 km & 11.7 km b (6, —4) ς no 


i lla+ 8y = 31 


ii No,as 11(2)+8(1) = 304 31. 
x—3y=-16 Ὁ 3r1-—2y=13 ς 2x-—y=-3 
Z=09 


i s—7y=—12 ii c+y=8 
(3) -τὥε -ξξ τ ν (H+) =8 Vv 
PR = QR = 5x2 units 
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ER Sts 
1 agz-y=4 Ὁ 2. —y= --6 

ς 122-—10y=-35 ἃ y=1 
2 ἃ 2x+3y=-1 Ὁ 2(-5)+ 3(3) =-1 V 
¢ AC = BC = V65 units 
22 — ὃν = -- 
azxzt2y=5, 3¢r+y=10, r—d3y=0 


ou FEF ὦ 


and 2x—y=3. They meet at (3, 3). 
7 a P(5, 3), Q(4, 0), R(2, 2) 
b i xr-—y=2 ἱ 8.5: τ ν ΞΞ 12 
ς ΧἕΞ, 11) d Yes, (£)+3(3)=8 ν 
e The perpendicular bisectors meet at a point. 


f X is the centre of the circle which could be drawn through 


A, B, and C. 
ERS 66 Sts 
1 a 2v/10 units b 3/5 units ς 3V/5 units 
d 2\/17 units e 2,/10 units f 5 units 
2 a v/10 units b 4 units 
3 a N(4.44, 0.92) Ὁ 3.8 km 
ab cd ἀνα +b? 
4h a =—, A=— = —— 
2 2 2 
b i When y=k, Axv+Bk+C=0 
—-Bk-C 
ἊΣ; 48. 5Ξ —_ 
P is (==. k) etc. 
A 


CXR Co tts 


1 a Ζ 
᾿ 
xe (4,0, 0) 


Ὁ (3, 1) 
Hint: Start by finding the gradient and midpoint of [AB]. 
The perpendicular bisectors of [PQ] and [QR] are x — 3y = —6 


ii c+ 3y=8 


ω ΕΚ 


Qa ft ὦ 


Cc a 


b 


i 2\/14 units ii M(1, 1, —1) 

i 6 units ii M(1, —2, 2) 

i 2\/3 units ii M(2, 2, 2) 

i ν 35 units ii M(3, 5, = 
Isosceles with AC = BC = V14 units. 
AABC is right angled at A. 


k=1+VvV19 


a? + y2 + z% = 4 and must be the equation of a sphere, 
centre (0, 0,0), radius 2 units. 

(x—1)? + (y—2)?+(z—3)? =16 which is the equation 
of a sphere, centre (1, 2, 3), radius 4 units. 


A line parallel to the 
Z-axis passing through 


A plane parallel to the 
(1, 2, 0). 


XOZ_ plane passing 
through (0, 2, 0). 


A circle in the XOY 
plane, centre (0, 0, 0), 
radius 1 unit. 


A sphere, centre (0, 0, 0), 
radius 2 units. 


All points on and within 
a 2x 2x1 rectangular 
prism (as shown). 


A 2 by 2 square plane 
3 units above the XOY 
plane (as shown). 


REVIEW $0 (i) sts 
eos) 


2 58 units 


3 -3 4 m=6or -- 


5 ¢=-l11 


6 Gradient of [AB] and [BC] = 2. 
[AB] || [BC] with B common. 


7 ay=-2r+7 Ὁ 25. 3y=7 ς 83. --2υ ΞΞ 15 
8 22+ 3y=10 9 a=4 
10 a AB=BC=5 units, mag = 4, mpc =—4F 
right angle at B. 
Ὁ X(4, 5) 
¢ gradient of [BX] = 7, gradient of [AC] = os 
and 7x —4=-1, [BX] | [AC]. 

11 a c—5y=—-19 b P(3, 7) ¢ δα +y = 22 

d i (2,2 i 5(f)+3=9=22 v 


13 V13 units 


15 k=4or-—6 


12 a y=4r-11 Ὁ 6x — Τόν = --11 
14 a 2/14 units Ὁ M(O, 0, 0) 


REVIEW SET 60 SS #3 &37C«C 


1 a ST = V73 units b (3, —5) 22+2y=1 
3 a2 Ὁ No,as 2x+y=3 _ has gradient —2. 

h a=-—lor-3 5 b=-3 

6 x2+2y=8 7 52+ 6y = 29 8 y=3z-—5 
9 a_i [AB]: 2, [BC]: --2, [CD]: , [AD]: —2 


ii ABCD is a parallelogram. 
b i (5. 2) for both diagonals. 
ii The diagonals of a parallelogram bisect each other. 


¢ i [AC]: —3, [BD]: 3 


ii product = —2 


7 not a rhombus 


66 18 ie . 
10 ἃ Ν 13° 13 b WK units 


11 a 5 units 
d 4. — 3y = 32 
12 a Ris (b,c), [OB] has gradient τ᾿ etc. 
Show that the x-coordinate of T is a. 


c Hint: 
13 distance — = units 14 ./30 units 


Ὁ 4: — 3y = —-18 ς B(5, —4) 


ΕΧΕΒΟΙΦΕ 7 τσ - Γ᾽ 
1 ἃ ΔΑΒΟΦΞ AFED {AAcorS} 
Ὁ APQR © AZYX {SAS} 
¢ AABC 5 AEDF {AAcorS} 
d AABC = ALKM {SSS} 
e AXYZ ~ AFED {RHS} 
g not enough information 
i AABC & APQR {SSS} 
2 a BandD {SAS} b AandD {RHS} 
¢ BandC {AAcorS} d AandD {SSS} 


>a Ghee lL 
1 AABC & AEDC_ {AAcorS} 
2 a AABD&ACBD {SSS} b 
3 a Join [AC]. 
Hint: Show AABC & ACDA {AAcorS} 
Ὁ Now join [DB] and let the diagonals meet at M. 
Hint: Show AAMD = ACMB_  {AAcorS} 


4 a Hint: Show AXYZ = AZWX {SSS} 
Ὁ WZX = YXZ so WZ || XY 
and WXZ=YZX so WX || ZY 


f not congruent 
h not enough information 


i 47° li 51° 


j AABC & AFED {AAcorS} 
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5 Hint: Join [OA], [OB], and [OP], and 
show AOAP & AOBP. {RHS} 
6 Hint: Join [AC], [BC], and [CX], and 
show AACX & ABCX. {RHS} 
7 Hint: Show AAPB& AAQC {AAcorS} 
8 Hint: Join [AX], [BX], and [CX]. 
Show AAQX & ABQX {SAS} 
and AAPX & ACPX {SAS} 
9 Hint: Join [WZ] and [ZY]. 


Show AWAZ2 AYDZ {SAS} 


ΕΧΕΒΟΙΕ͵) ὠἁἑἁἑΥ΄δηηπμβἠ πἠἠαεαακκπκσ-. 
1 e Hint: Let NJM be α΄; find all other angles in terms of a. 
f Hint: Let ACB—a, then ABC =a and BDC =a. 


2 a2x=1.2 Ὁ “-- 9 cra d χ1-: 7.5 
er=108 ἐππ-ξ 9“:-- 5 h “-- 4.8 
i c= 2 

3 7m 4 ~1.62m 5 10.625 km 

6 ~65lm 7 8cm 


8 She is correct as the viewing region is always 20 m long no matter 
where the camera is located on [AB]. 


9 1.52 τῇ 10 ~ 35.7 m 11 ~5.56 cm 


Cb 70 ὦὡ5κπίθιιπειπ δ᾽ 


1 ἃ 5:14. b zx 30.7 ς x 41.5 
d x ~ 6.26 ezxz=8 f «~~ 10.7 

2 a2x=96 Ὁ x = 432 ¢ «+ 0.150 
d z= 7.5 e x= 13.2 f ++ 6.94 

3. a 12.544 cm? b 6.144 cm? 

4h ἃ χ“-- 1.5 Ὁ 17.6 m? 5 30cm 


ii It is increased by 72.8%. 
bi It is divided by 8. ii It is increased by 237.5%. 
¢ i 48.8 cm? ii 1310.72 grams 

7 Length [RS] is the length of [PM] enlarged with scale factor 


ἃ ἰ It is multiplied by 8. 


k= 2. 
the area of the similar triangle will be enlarged by a factor of 
po, 
8 a similar Ὁ not similar 
9 a 10cm Ὁ 30cm? ς 6mm, 2.25 πη d 1.25 mL 
10 Band F 


Hint: Create a table for each pair of glasses. 


8.5 


REVIEW SET 7A 
1 a Band€ {AAcorS} 


Ὁ Aand¢€ {AAcorS} 


4 8. α -- 9 Ὁ «- 55 ca=2 
5 a 38.4cm? b 28.8 cm? 


6 Hint: Show As APQ and ABC are similar, then Ass PBC and 
QCB congruent, etc. 


7 +117m 
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8 Hint: Explain why As ABI and 
CBI are congruent, etc. 


ες A’(3,1), Β΄ (8, --1), C’(4, —4) d 2/5 units 
7 a translation of ©. 


EXERCISE 90.20 OO ttt—w 


B 1 ay=27r+7 b y=sgrt+l1 ς y=-zr+7 
h AX d y=-izc-6 e 3r+2y=11 f r=6 
9 a Hint: Explain why — = —. y= τ 2 y 
30 AC 9 y= 2x h y=0 
30 h a. ee a Ν 2 
Similarly find —. 2 ay=2°+3 Ὁ y= —2(x — 3)? +2 
50 ᾿ _«£+9 d _ -25 --2 e y=2" 3 
A Χ c "πον ere y= 
Ὁ 18.75 m f y=9x3-* or y=3?-* 
10 a Hint: Consider AADE, etc. EXERCISE 8B ------- 


Ὁ Hint: Find the sizes of the interior angles of PQRST. 


1 m ΟῚ 
11 2cm 12 ἃ 5:4 Ὁ 25:16 ες 125: 64 eR REE. LAR 
TAA IALVLI ELI VIALAA | 


ΒΕΝΙΕΙΝ ΞΕΤ 78 πα -οἝσ-ο.. ΠΥΛΙΓΥΛΙΤ ΓΙΓΙ͂ΛΊΙΥ ΝΑ 
1 a yes {RHS} 6 πὸ ς no PTT δ TT tte tT tt ttt δὲ Νὴ 
2 a Hint: Use ‘angle in semi-circle’ theorem. 
b BP = BQ, PAB=QAB, PBA = QBA 2 a (4,1) Ὁ (-4,-1) ¢ (-1.4 d (1,-4) 
The triangles have equal area. 3 a (-1,3) δ (1, —3) ς (—3,-1) d (3,1) 
8 2=—28 hh ἃ τ b6b2r=4 5 AE 4.74 τὴ 4 


6 Hint: Explain equally marked sides and angles, then consider 
Δὲ MQR and NSR. 


| 
δ | | few | TT 


y= 


7 x=10 8 no 10 a 27.56cm Ὁ &5.24cm 
EXERCISE 8A.1 y=a? ἢ 2rz+3y=-4 i y=-3 j cx=2y? 


a 
d 
3 

1 ἃ (56,3) 6 (4,6) 2 ἃ (2) b {τὴ 3 (0, 1) 6 a (1, —1) Ὁ (5, —1) ς (3, —9) d (1, 7) 
e 
a 
b 


8 =: 0 ' 0 4 (5, 1) Γ 9,8) 
4 ἃ (3) b (>) 5 (".) d (1) 5 (1) 7 y=2r-5 ς ΤΙ ΕΙΣ 
ὦ «ὦ ΚΘ τῷ τῷ) ὅντα ἢ ἈΝ 
P(—3, 1), Q(-1,1), Ἀ( 1, -2), S(—3, --2) ae 


gl lela 
πόδ bi] WN 4 | 
\ 
\ 


A 1]: 
|| Yl IN ΒΕ 


3 5 ς 
y a a} | jak ἂν 4 
b y=g3-*+1 Niyea  | ! 
ACER 
ς Ρ΄(2, 2), Ο΄ (4, 2), Ε΄ (4, --1), 5΄(2, —1) PY TT TALE Te 


ag 
Lt) 
aia 
ae 


PRECAST 
CACC GG 
CONSORT 
τ eS ΓΤ Ἢ 
eT PET TF 


> (3 gh) LD 
i «2 {- 9] b (3, 2) ¢ (2, —3) 
2 a (1, 4) Ὁ (—1, —4) ς (—4, 1) 


3 ἃ b Α΄ (--4, 2), 
B'(—1, 4), 
C’(—1, 2) 

hoa Ὁ Ρ΄ (--3, 2), 
Ο΄(-1, —4), 
Β΄ (4, —1) 

5 ἃ ε 5 Ξ -- 

d y= -2? e 3.5 —2y=12 
6 a (—3,-2) 6 (2,5) ε (1, 3) d (0, 1) 
7 az-—y=13 Ὁ 2x-—y=5 c y=2-3 


1 a (6,9) Ὁ (-4,4) © (3,-4) ἁ (4, 10) 
e (—1,1) f (2, —4) 

2 ay=27+6 b y= —2z2? ¢ y= go? 
d αυτά e y=-32r+6 f y= 2:11 


b ellipse, centre O, 
x-intercepts +2 
y-intercepts +3 


3 a circle, centre O, 
radius 3 is x2 + y? =9 


¢ ellipse, centre O, 
x-intercepts +3 
y-intercepts +2 


Vertical dilation of factor k = Ξ with invariant x-axis. 


a ft a 


d Dilation with centre O and scale factor k = s. 


REVIEW SET ΒΑ πο 


1 a (1,0) Ὁ (-3, —2) 
2 a 3x—2y=—5 b y=3 
ς 2x+y=12 ἃ y= 2(x — 2)? — 
3 a (—2,-5) Ὁ (6, —3) ς (5, 1) d (5, 3) 
h ay=-3r+2 Ὁ y=-32% ¢ c=34% ἃ cy=6 
5 a (—3, 2) b (2, —4) 
6 a xr-—2y=-6 Ὁ xr-—2y=-1 


Horizontal dilation of factor k = 2, with invariant y-axis. 
Horizontal dilation of factor k = 4, with invariant y-axis. 
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‘ 2a + y= 6 AY 
| | | tt 
ΘθβἨΡΕ[([[Ν| 77} 
117 Lee] 1 
Pt | | Lee 
|| art [Ὁ μα 
or] | | Le 
See <akKe 
Beane 
HT | twit ls 
7 a (4, ae b (3, 20) © (—8;=7) 
5 


8 Vertical dilation with scale factor = 


3° 
9 a y=3r+6 Ὁ 4. — 5y = 20 ¢c y=—-4r+1 
d y= --ὦ2 - 85 -- 


e (α -- 5)2- (ν Ὁ 2)2 =4 
i (3) 


iv Horizontal dilation with scale factor z. 


Ὁ Rotation of 180° about —4, —2). 


10 a ii My—2 iii Rigo 


11. circle, centre O, radius 2 units, 


REVIEW ΞΕἸἾ So t—™ 


1 ἃ (3,2) Ὁ (—3, —2) ¢ (2, --3) 
2 a (—5, —11) ὃ (-Τ, —3) 
3 ἃ (5, 2) Ὁ (—5, --2) ς (—2, 5) 
4 ἃ (3,2) Ὁ (4,-5) ς (2,5) d (7, 2) 
5 a 5a—2y=27 b y=—(x4+2)?+5 

¢ y=—2-—— d (x +3)?+(y+4)? =9 
6 a 4r%-3y=-8 Ὁ ry = Ῥἅἅ--12 

¢ 3x2 —2y = —9 d y= 2.2 
7 a (-1, —-13) & (3, -Ἱ 
8 a (9, 15) b (—4, 3) ς (—5, —3) 


9 Horizontal dilation with scale factor 3. 
10 a y=-62+3 Ὁ y=2-15z ς x—3y=7 
ἃ c=1+3y—2y? e (x+3)2+(y+4)? =8 


EXER A ts 


1 a 45 shoppers Ὁ 18 shoppers ς + 15.6% 


positively skewed 
b ~ 4.44% 
positively skewed d It is an outlier. 


Number of TV sets 
in students’ households 


d 

2 a 10 employees 
ς 
a 


Ὁ positively skewed, 
no outliers 
ς 6 households 


. ἢ d 15% 
° ° 
° ° ° 
° ° ° 
° ° ° ° 
° ° ° ° ° 
Fa Sh ΘΈΕΙΝ. κα ἊΝ 
0 1 2 3 4 
no. of TV sets 
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Pis-09 [1] 
ee ΠΕΕΞΞΕΞΞΕΣ ἘΞΕΙ ΙΕ 
ee ὉΠ 8 
35-39 ΠΤ | 8 
sos [art | 6 
5-60 [ir | τ 


b Students’ test scores 
frequency 


b Number of toothpicks in boxes 


24 frequency 


20 
16 
12 


47 48 49 50 51 52 53 4 
no. of toothpicks 


¢ approximately symmetrical & 38.3% “gy Dy 3% ὦ ὦ ὦ 4 DH. ὅς; score 
Yo ye τὸ ye ὦ ey Ὁ ὃ Ὁ 


¢ negatively skewed with no outliers d 22.2% 
ΕΧΕΗΓΙΦΞΕ 98Β 5πθασκαπανπανπατ᾽. 


1. a Weight can take any value in the given range, and is measured, 
not counted. 


b Weights of volleyball squad 


frequenc 


b Miami hotel data 


Co 


ee 75 80 85 90 95 100 105 
weight (kg) 
6 ς 85<w<90kg. More people in the volleyball squad have 
4 weights between 85 and 90 kg than in any other interval. 
d approximately symmetrical 
᾿ 2 6 seedlings b 30% 
0 ς Heights of seedlings in a nursery 
12 3 4 5 6 7 ὃ 


frequenc 


number of nights 


¢ no 4 slightly positively skewed e the Miami hotel 


6 a b 28% 
ς 12% 
0 : 
20 40 60 80 100 120 140 
height (mm) 
60-69 | ANT AT {|| d 40<h< 60mm e@ positively skewed 
70-79 JAH Ill | 8 | f i ~ 754 seedlings ii = 686 seedlings 
80 - 89 10 -------- ---τ----- 
| ae = 10<d< 12 
male Ξ 12<d<14 
d More students had a test score in the interval 60 - 69 than in 14<d< 16 


any other interval. 16<d< 18 
e negatively skewed 18 <d< 20 


ς 


α 


a@?wgcoaontiwa ve 


Shotput distances thrown 


8 frequency 


6 
4 
2 
0 
10 12 14 16 18 20 
distance (m) 
14<d<16m d approximately symmetrical 


ime Tt (5) b 17.5% 
23 <t < 24 
24 τ ἐτ 25 
25 τ t < 26 
26 <¢t< 27 
2 <t< 28 
28 < t < 29 


200 m times run by athletics students 


frequency 


23 24 25 26 27 28 29 time(s) 


27<t< 28s e negatively skewed 
EXERCISE 9¢.1 ΒΕ το 

i 25 ii 24 iii 30 

i + 13.3 ii 11.5 iii 8 

i ~ 10.3 ii 10 iii 11.2 

i ~ 429 ii 428 iii 415, 427 
Data set A: &@FT7.73 Data set B: @ > 8.45 
Data set A: 7 Data set B: 7 
The data sets are the same except for the last value, and the 
last value of A is less than the last value of B, so the mean 
of A is less than the mean of B. 
The middle value of both data sets is the same, so the median 
is the same. 
mean: $582000, median: $420000, mode: $290 000 
The mode is the second lowest value, so does not take the 
higher values into account. 
No, since the data is unevenly distributed, the median is not 
in the centre. 
mean: 3.11 mm, median: 0, mode: 0 

i The data is very positively skewed so the median is not 

in the centre. 
ii The mode is the lowest value so does not take the higher 
values into account. 

Both median and mode indicate no rain for February if daily 
values are unknown. 
15 and 27 
44 points Ὁ 44 points ς = 40.6 points 

i increase ii 40.75 points 
1 head b 1 head ¢ 1.4 heads 
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7 a Ὁ 30 donations 
¢ i & $7.83 
ii $2 
iii $2 
d the mode 
8 ἃ ἰ 4.25 ducklings ii 5 ducklings iii 5 ducklings 
b Yes, it is negatively skewed. 
¢ The mean is lower than the mode and median. 
9 a_i New York: 3.475 nights, Miami: 4.075 nights 
ii New York: 2 nights, Miami: 3 nights and 4 nights 
iii New York: 3 nights, Miami: 4 nights 
b the Miami hotel 
10 26 goals 11. 7.875 12 48 trees 
13 a 2«=12 Ὁ «r=8 14 15 15 6 
EXERCISE 90.2 ἑἅΒἧὄΝΝΝΝΝΝΝΝΕὈπὸὺῤττττ 
1 # 32.1°C 
2 ἃ 165 «5 «170 Κα 1 
b i 76 serves ii not possible iii 73.5% 
¢ = 167 Κα 
3 a 23 times b 16 times ¢ = 24.1 runs 
Ah a Male 
7 frequency 
10 
8 
6 
4 
2 
0 
4 5 6 7 8 9 
time slept (h) 
Female 
- frequency 
12 
10 
8 
6 
4 
2 
0 
4 5 6 7 8 9 
time slept (h) 
Ὁ Male: approximately symmetrical, 
Female: negatively skewed 
ς Male: = 6.52 hours, Female: = 6.77 hours 
d The female students. However the means are only estimates, 
and the difference in means is small, so the answer may not 
be reliable. 
5 a pw 42.28 litres 


20 < p < 30 | 
30 < p< 40 


40 < p< 50 
50 < p < 60 


ii Ῥ ~ 41.6 litres 


mf 
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ii Ῥ ~ 42.1 litres 


50 < p< 25 
25 < p< 30 
30 < p< 35 
35 < p< 40 


40< p< 45 
45< p< 50 
50 < « 55 
55 < p < 60 


d The estimate found in ¢ ii is closer to the actual mean found 


in a. However, both estimates are reasonable approximations. 

e Using smaller intervals should produce a more accurate 
estimate of the mean. This is because as the intervals get 
smaller, the values in those intervals get closer to the interval 
midpoint used in estimating the mean. 


ER, 0 ttt 


a 50 trout 6b i wx D5trout fi ~ 15 trout 


ς = 26.8 cm 


10 < x < 20 
20 = f= 80 
30 < 2 < 40 
40< « < 50 
50 < z < 60 
= 2 = 70 
70 < ἃ < 80 
80 < « < 90 
90 < « < 100 


6 Cumulative = graph of examination scores 
100 


10 20 30 40 50 60 70 80 90 


ii ~ 52 students 


100 


iii ~ 74% or more 


90 < t < 35 
35 < t < 40 
40<t< 45 
45<t< 50 
50 < t < 55 
55 < t < 60 


i ~ 45.4 min ii ~ 14 runners 


ς 
Hh ἃ -.47.2 τὴ 
b Baseball distances thrown 


lies ΒΒ 8»- 


/ 
/ 


a 
ΝΗ 
. | 
= 
= 


ΝΗ 
J | 
Ft 


ii ~ 4 students 


iii ~ 53m 


70 8 


iii ~ 43 minutes 


EXERCISE 9E 
1 a i?7 ii 9 iii ΟἹ = 7, Q3 =10 iv 3 
b i 14 ii 18.5 iii Οἱ = 16, Q3 = 20 iv 4 
¢ i 7.7 ti 26.9 iii Qy = 25.5, Qg = 28.1 iv 2.6 
2 range = 12 seeds, IQR = 7 seeds 
3 a 6.33 tows b 7 tows ¢ 6 tows d 2.5 tows 
4 a_i Kylie: 11, Chris: 12.5 ii Kylie: 17, Chris: 9 
iii Kylie: 8, Chris: 4.5 
Ὁ Chris ς Kylie 
5 a_i Year6: 4 visits, Year 10: 2 visits 
ii Year 6: 4 visits, Year 10: 8 visits 
iii Year 6: 2 visits, Year 10: 3 visits 
Ὁ i the Year 6 class ii the Year 10 class 
6 awv98min Ὁ 63min ¢ 13min d 6.7 min 
ERE Ot 
1 a =i 31 ii 54 iii 16 ἰἷν 40 v 26 
b i 38 ii 14 
Δ Ἷ Gases 89 points” ii ...... 25 points iii ...... 62 points 
ae 73 points VW ...... between 45 and 73 points 
b 64 ς 28 
3 a i min= 2, Q; = 5, median = 6, Q3 = 9, max = 11 


iii range = 9 iv IQR=4 
6b i min=0, Q; 


iii range = 9 iv IQR=4 
median = 20.2 kg, Q; = 19.8 kg, Q3 = 21.1 kg, 
max. weight = 22.3 kg, min. weight = 18.8 kg 


weight (kg) 


ς i IQR=1.3 kg ii range = 3.5 kg 


= 4, median = 7, Q3 = 8, max = 9 


ii 31.8% of the bags ...... 
iii... 1.3 kg ἷν..... 19.8 kg or less 


e positively skewed 


EXERCISE 07.2. ΒΝΝΕ60-.- 


a Year 10: min=4 hours, Q; = 6.5 hours, 
med = 9 hours, Qs3 = 11 hours, 
max = 15 hours 

Year 12: min = ὃ hours, Οἱ = 10 hours, 


med = 12 hours, Qs3 = 16 hours, 
max = 17 hours 
i Year 10: 11 hours, Year 12: 9 hours 


ii Year 10: 4.5 hours, Year 12: 6 hours 


i Indonesia: 88 cm, Australia: 93 cm 
ii Indonesia: 43 cm, Australia: 41 cm 
iii Indonesia: 45 cm, Australia: 52 cm 
iv Indonesia: 15 cm, Australia: 20 cm 


i 75% ii 50% ς i Indonesia ii Australia 
New York: min = 1 night, Q; = 2 nights, 
med = 3 nights, Qs = 5 nights, 
max = 8 nights 
Miami: min = 1 night, ΟἹ = 2.5 nights, 


med = 4 nights, 
max = 8 nights 


0 1 2 3 4 5 6 7 ὃ 9 10 
no. of nights 


Q3 = 5.5 nights, 


New York: positively skewed, 
Miami: — slightly positively skewed 


d the Miami hotel 


min = 160 cm, Q; = 167 cm, med = 170.5 cm, 
Q3 = 174cm, max = 188 cm 
min = 152 cm, Q; = 162.5 cm, med = 166 cm, 
Q3 = 170 cm, max = 177 cm 


Boys: 


Girls: 


ee ---------ς-----.-----:..οο:.-ο:-ο:-ο.-ο.ο-ο-.--------.---.--.-.- 
150 = 155 160 165 170 170 18᾽ 185. 190 
height (cm) 


The distributions show that in general, the boys are taller than 
the girls and are more varied in their heights. 


Bay 1: min = 2.3 pounds, Ο = 2.5 pounds, 
med = 2.6 pounds, Q3 = 2.7 pounds, 
max = 2.9 pounds 

Bay 2: min = 2.6 pounds, Ο1 = 2.7 pounds, 
med = 2.75 pounds, 095 = 2.9 pounds, 
max = 3.2 pounds 

Bay 1 Φ rT 4 ° 
Bay 2 «1 ++ 


2 2.2 2.4 2.6 2.8 3 3.2 3.4 
weight (pounds) 


Clearly Bay 2 catches weigh more than those from Bay 1. 
Median weight 2.75 pounds compared with 2.6 pounds. 
The range (0.6 pounds) and IQR (0.2 pounds) are identical 
for each bay indicating consistency of spread. 
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EXERCISE 96.10 tt—™s 


QaacgcaoaQajwaoddaa CF 


~ 1.87 b ~ 5.44 
~~ 9.22 Ὁ = 2.45 
The outlier increases the standard deviation. 
Sample A Ὁ A: 7, B: 5 
i A: 8, B: 4 ii A: 2, B: 1 


iii A: 1.90, B: 0.894 

s takes all values into account, whereas the range and IQR 
each use only 2 values. 

Each brother was given the same number of eggs, and ate 
them over the same number of days, the mean is the 
same. 

Kento: IQR = 2 eggs, 
Kento: s ~ 1.41 eggs, 
Dongming 


Dongming: IQR = 9 eggs 
Dongming: s & 4.36 eggs 


They both have mean = 3, range = 5 Ὁ Mickey’s 
Mickey: s ¥ 1.95 hits, Julio: s & 1.26 hits 

The standard deviation is better. 

Finnley: Z = 23 people, 
Finnley: s 4.29 people, 
Finnley 332, Florence 244 
Florence, as s is greater. 


Florence: Z 17.4 people 
Florence: s % 9.24 people 
Finnley 


EXERCISE 96.2 πἁἁὧὄνᾷ'ααααιππιανανασ..Ἅ..Ψ.Ψ.Ψ.Ψ.ΨΨΨΨΨΞΞ 


1 $1.5 


2 τὸ -- 28.8 chocolates, s = 1.64 chocolates 
3 mean length = 38.3 cm, s = 2.66 cm 
s = €16.35 


4 mean wage = €412.11, 


ERC ἢ ὦ7'΄᾿κϑϑσ Γ᾽ 


1 a 68% Ὁ + 95% ς + 99.7% 
2 ἃ 
51 59 67 75 83 91 99 
examination score 
b i x79 students ii ~ 11 or 12 students 
iii ~ 409 students 
3 a 
372.5 374 ofo.0 ort 378.5 380 381.5 
volume (mL) 
b i #& 286 bottles ii ~ 252 bottles ς 15.9% 
Hh a 2.28% Ὁ ~ 84.1% ς = 97.6% d =~ 84.1% 
5 once 


REVIEW S391 9 OO 


1. positively skewed 


3 


a discrete ς Number of bedrooms 
b no in students’ houses 
° 
Θ 
Θ 
[9] [9] 
Θ [9] 
[9] [9] 
[9] [9] ο 
[9] Θ [9] 
[9] [9] [9] [9] 
-«-’΄πὕιτὖῤψ» 
1 2 3 4 
number of bedrooms 
a i 14 ii 13.8 iii 14 iv 17 
v Q, =10, Q3 =17 vi 7 
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5 10 15 20 2. 1 
4 ἃ Masses of eggs in a carton Ὁ 50<m<5l1g. 
16 This is the most 
common weight 
12 "ες interval for the 
_—ea 
ἃ eggs. 
¢ approximately 
=| ——— symmetric 
a - 
O'%78 49 50 51 52 53 “ΡΘΕ 
mass (5) 
5 ἃ i 48 ii 98 iii 15 iv 66 v 42 
b i 83 ii 24 


eo 2= 13 
7 a Comparing the median swim times for girls and boys shows 
that, in general, the boys swim 2.5 seconds faster than the 
girls. 
The range of the girls’ swim times is 10 seconds compared 
to the range of 7 seconds for the boys. 
c The fastest 25% of the boys swim as fast as or faster than 
100% of the girls. 
d 100% of the boys swim faster than 60 seconds whereas 75% 
of the girls swim faster than 60 seconds. 
b 25% ¢ ~ 207 points 
s = $9.60 
s & $20.42 
¢ the Douglas family 


σ 


8 a 60 competitors 

9 a Davis: © = $115.28, 
Douglas: ZX = $102.37, 
the Davis family 
z=—0.88 kg, s + 0.0980 kg 

Z=1.76 kg, 5 25 0.196 kg 

Both the mean and the standard deviation doubled when the 
individual scores were doubled. 


acgcaT 


11 a Histogram of lengths of newborn babies Ὁ 27 babies 

ie frequency ς 70% 

12 

8 

4 

" 48 49 50 51 52 53 54 55 56 

length (cm) 
d Cumulative frequency graph of newborn babies 


48 oo 50 51 52 53 54 55 56 
e i 52.1 cm ii ~ 18 babies 


12 336 or 337 apples 


ΒΕΝΙΕΙΝ ΞΕΤ 9Β π͵ΤΤΣῖδἷϑ8ἅὃνχ τ τ΄ ᾿᾽᾿᾽᾿ 
1. ἃ 32 students ς Litter pieces picked up by students 


Ὁ i 9.84 pieces . 9 ο 
ii 11 pieces 5, δ a. os 
iii 10 pieces 5: «< - « « 
9 ο ο ο [9] 9 [] 
. $$ 
d negatively 6 7 8 9 0 1 12 
skewed 


no. of pieces 


3 rz 13.6 
b negatively skewed 


2 azxr146~ 6b 14.5 ς 14,15 
4 a Number of people at judo class 
frequency 


8 
6 
4 
2 
0 


7 ἃ 9 10 11 
number of people 


er --- 
[30-39 tam | π᾿ 


fp c0-59 HT il [| 9. 
| 60-69 il =| 41 


b Number of people using the swimming pool 


20-29 30-39 40-49 50-59 60-69 
no. of people 


ς 32.5% 
hii - 
<4 __1_1—__} 1 1_ +4 _} 4 1. _}" HH 
0 5 10 15 20 25 Ὁ 
7 18 males 8 19.5 9 a 32houses Ὁ & $383000 
10 a 7.00 b ~ 0.920 
11 a Before: min = 25 words, Οἱ = 32 words, 


med = 37 words, Q3 = 41 words, 
max = 52 words 
After: min = 42 words, ΟἹ = 48 words, 


med = 52 words, 
max = 67 words 


25 30 35 40 45 50 55 60 65 70 
no. of words 


Q3 = 59 words, 


b 
After 


¢ Yes. Each value in the 5-number summary for the After data 
is greater than the corresponding value for the Before data. 


12 a 279 batteries Ὁ wz 11 batteries ¢ = 239 batteries 
EXERCISE 10,40 a 


1 a3 b 2 c ἐ d-6 ε f 1 
g 2 h 12 i 2 j 6 

2a-2 ὃ -ἡ ες d 8 e 4 f —1 
g 4 h-3 i-2 j -4 


EXERCISE 10Β.1 ᾿σααανεσε.. 
α 
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EXERCISE 10 τα α-.-..-.... 


1 a 3 b 2m ς 6 d 3 e 2a x? 
1 2 
g 2x h 2 i— j 2m k 4 - 
2α t 
m 2d n 2 mid 
2 3a 
= at Ὁ cannot be simplified cy 
d cannot be simplified e τ f cannot be simplified 
ΕἸ ad h cannot be simplified i ie 
2 Ad 
3 ἃ 4 b 2n ca d 1 
3n 1 κι 
ε a? f— —— Bee 
: 2 3 5.3 2a3 
5 b+ 2 3(k — 2 
ἡ αλλ. .8 55: τὰς πρὶ . 
6 2 4 
2 1 4 
Ὰ , . 5(p + 4) 
t-—1 5(k + 4) 3(x — 3) 3 
στ 2 12 εν 
5 ἃ b --- d x 
9 a+ 3 on 
2 _ 
5 f a+5 5 y h y—3 
x+2 3 3 
r+1 1 κ 2(p + 4) 
3 2(b — 4) 3 5(r — 2) 
_ 1)2 
ee ' (x + 2)(5 + 1) m (x + 2)(x — 1) 
z—1l 4 45 
EXERCISE 108.20 ἙΒἙ᾿Ἐ0ὀὄ τ τορρΆΡ 
2 - 5 
1 a2#e+2 Ὁ α --2 ς — d - 
—1 b 
. (2s Ἐν ee 
3 2 στα 
2 3 
ῶ ἃ -- Ὁ cannot be simplified 
3 1 
¢ cannot be simplified d 2a-1 e adi 
b+3 4b — 6 
f cannot be simplified — h 
| 
3 aS bz cx ἀξ e- fF = Agr 
υ 
5 3b 2 3 b 
ἢ 35 i = j — καὶ = (5 ἘΠ) 
7 4 3 2a?(2a + Ὁ) 
4h a -2 b -3 ς -1 d -ἐ ε —3 
2 δ 
f= g-—— Ah - 2. 
ῷ 
5 azr+l Ὁ « --1 ς -(x+1) d 
xz—2 
2 3 
e a—b f -(a+b) 4 h = 
x—1 Σ 
' 9(5 + y) 2(b+ a) » —Y 1 _ Ax 
2y a 4τ Ἐν x+4 
" 2 —2 
6 ἃ “11 b —— al d = 
—5§ - α-ὶ 2 
z+3 zx+1 - στ 2 
ε f g h 
xz—l 1--ὦ zx+3 z+3 
σ- 2 25. -Ε 1 45 -- 8 ι 55:4 
25 —1 xz—1 22 - 1 xr+2 


2 2 
cy 3 a 1 1 ς 
1. ἃ -- b = ς -- d= e = f§— 
10 2 2 6 5 10 
1 
g— hil Pi 9S κ 14 
bd 2m b 
- 93 5 a ἃ 4 1 
m b2 x? P Cc 
3 3 
2 ἃ b — cc“ ὦ ᾿ e 2 f— 
a 16 25 
2 
3 
4“ 3 h— 12 f Fo 115 
2 m 4g 3 
Ν ὃ 5 x? ” 1 3a 
x3 3 a P 5 
5 4 20 Ak 
8 -ΞΞ νυν -Ξ j= pee 
2(x — 2) 3t a 3 
xr f 3m 
2 2(5m -- 1) 
EXERCISE 100 ww Yt 
5 b 7 5d —6 
1 a = Ὁ — ς = d 
6 10 4 10 
2x2 +15 52 4a + 3b 2t 
e f —— g ἢ --- 
24 14 12 9 
d 11 221 
Ϊ om j - k a [| = 
21 2 3D 45 
19k 5a x 
πὶ — nm ο -- Ρ -- 
72 12 12 
liz : 41q 
q 20 21 
- x 76+ 3a 0 3c + 2a ; 4d + 5a d 2an —am 
ab ac ad mn 
2 b 5 Ay —1 81 
e na f — g 3 ἢ -- 
2a 2a ry or 
95 . ad+be κ 6- a? » sty 
12z bd 2a 3y 
40 — 2p 7x 19 oz +6 
m n — ο ---- Ρ 
5p 18y AOt 2x2 
2 —3 3 b—12 
3 ἃ τ b -- ς = d 
2 3 2 4 
α΄ - ὃ 6-Ἐα 45: 2x+1 
e f ¢$ — h 
2 3 5 r 
. δα -- 2 _ a44+2 3 -+- b? 1 — 223 
i j k I 
x a b x? 
5 2 —r—1 11 9 5 1 
h a afaik b : ς = d οὐδ 
6 4 12 6 
--2ὥ2αω -- -Ἰ 105. - 3 7z+3 5a + 2 
— μ----- f g h 
12 6 12 4 
; 232 —6 . db-a k 1427 —1 23 — 5a 
30 , 6 20 14 
llz — 12 35 —4 35 -- 2 35; —2 
m —— nr ο Ρ 
30 20 8 10 
32 — 72x —17x -- -Ἰ 
4 15 12 
7z+3 22 —6 «-- 7 
5 a_  .-. -- -------. ς - τ--------.- 
x(x - 1) x(x + 2) (5 + 1)(a — 1) 
d 32+ 7 : 5a -- 4 --45 -- 10 
x+2 x(a — 4) r+3 
Qe +¢+4+1 llz — 10 
* eae) z(@— 2) 
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--2᾽ιε —6 2. 2 + δα —4 
(τ 1)(@ + 2) ' @-D@e+) 
x? +2¢+17 - 85 
(x -- 1)(α + 3) (x + 5)(x -- 3) 
3.2 + 6x + 2 ᾿ 272 -- 24 
x(x -- 1)(α + 2) x(x + 3)(5 -- 4) 
2.3 — 7241 


x(x -- 1)(α + 1) 


210 150 
(ΞΞΞΞ) b i $49.50 ii $40 
x(x +1) 

2+2 2(x? + 25 + 2) 
ΞΕ ΒΙΝΚΞΒΡ. ἶνας νος, 5 ---  - 
x(x - 1) (x + 2)(5 -- 3) 

α--25.. z+14 
(x — 2)(@ + 3) x+7 

—2 a —2 

b ς - 
x—2 zr+A4 x+2 
x —6 —(a + 2) 12-2 
 — f —— 

2-2 4a? 16x22 

2; 4 2(5 -- 2) . 
= S18 zero when 
ze+1 (#-—1)(x+1) xz—l 
x = 2, and undefined when x = +1. 

x στὸ, 

- νἝο-ῸΟἬΓ Ξ τ -- = is zero when 
(c+2)\(a+5) w2+2 245 
x = —3, and undefined when x = —5 or —2. 


EXERCISE 100 Os 


1 ἃ 1 --ἰ15 Ὁ 5-8 cr= 3 d a= 
ΡῈΝ 35 —_. 15 = 25 ΝΙΝ 3 
er=- fr= gez=-# he=-2 
2aznr=2 6 «z= -9 cr=-% d «= -27 
e ᾳ- --Ξ fc=-1 
REVIEW SET 100 DI YY YS 
1 a-—-2 64 ¢ d - 1.9 
2t 2 
2a-_ b = ς = d 
3 r+2 
ἡ ὦ 2 b xr+2 ; 32 
xr—3 r 3z+1 
4 a -2 υ. 5 ree a 
£ 2 
2 722 
5 a a b 3a ᾿ 3α - ὃ 3α -- ὃ 
3 b2 3b 3b 
21 t 
6όὲ ἃ -- δ -- 7 ἃ 5. ie 
£ 24 2n 3(x + 5) 
ἃ ἃ 115 b 14+ α , x—A4 5a 
12 7 4 12 
ἃ ὦ 7α -- 3 b 32+ 2 32+ 3 
12 6 10 
10 a 3x x+9 azt+at+i 
στη - ἢ ° @-h@+lh * wert) 
11 c<=6 
2 _ 7 
ee to £28 υ. 4135) 
α 3 α 
¢ i --1 ii undefined iii — 24 


REVIEW SET 108 κπ᾿δϑὟΉιι τ -. ΠΣ 


1 ἃ -6 b 0 ¢ 2 
3 2 
ῶ ἃ --- Ὁ a+2b ς τ 
22 7 
3 ai b 2-2) ¢ sl 
5 4 
2 3 
h ἃ — b — ς sii 
n 2 n 
11 6b — 5 
5 ἃ -- b = ς = 
2a by 125 
6 ἃ ἊΣ Ὀ acl 
14 3a? 
1 -- 2 
7 a O+2 b 3z — y ᾿ 6 + 85 + 2y 
2 x 6 
8 a ὃν 5... 
2(y + 2) Ar 
=o 2 = 
δ ὦ 32 Ἔ 9x7 + 27 P 9— 7x 
8 10 18 
= 2 
10 a 7-2 x 22 +2 
(x — 1)(x + 2) x22(a2 — 1) 
2x3 + 32? — 10x — 12 
ae Aenean 
x(x + 3)(x + 2) 
11 a i 12 ii 50 Ὁ xy 
1 1 +2 
ε σευ) ε(ξι Ξ- τὺ) ῷ(3 α 420 
Η υ αὐ 
1 
LY 
12 x= 


2 


EXERRSE 1 ttt—™ 


eo Ω. ὦ (ὁ a 


xz — +10 

r= +3 
ci wt 
z—4or—2 
g=4+V5 
_ 91 

a= —5+2V3 
Φ — +2 
z= 1 


Me ὃ 

=) 

g=+/2 

no real solution 

xr=-2 

x= ὃ or - -ἰθῷ 
εν -- 8 

ἜΠΗ 

ὩΣ ΞΞ Ξε 


XE 118 Γ᾿ 


-.Φ-.-ψ.Ο Ω. ὦ .-.Ἕἕ Oo Aaa Ὁ a 


8 8. 8 85 8. kes 8 
| 


3 
8 
| 


=) or 7 
z=Oor4 


= 3 
=Oors 


= —lor -—2 
= -- οὕ -- 


| 

| 
to 
° 
La | 

| 
~] 


| ll 

| 
ὃν ὧδ 
οο 
μ᾿ "μ" 
i 

ony 


= 3 or —2 


6 cs=+5 
e no real solution 
h no real solution 
Ὁ x=Oor-8 
e noreal solution 
h α =0or —4 

3+ /7 
K <= 

2 

b r=+V10 
b c= orl 
Ὁ x=O0ord 
e x«=Oor --2 
h x = 0 or 5 
Ὁ x=lor2 
ς x=2o0r3 
ἢ x=-—5or—-6 
k x=30r8 
Ὁ «= —4or -—7 
ς x=3o0r2 
ἢ «=-12o0r5 
k x = —3 or 4 
na=sord 


αι Ξε οἵ ὃ 

a 5 
xz =0O0or—35 
= iors 
Δ ΞΞΞ. Ὁ 
xz ΞΞ —lor —6 
z=-bd5or3 
Ξε 
z= —4or2 
aed 
xz =10 οἵ --7 
x= —4 or —2 
«= --Ἰ ογ --Ξ 


4 ac=-szor—4 Ὁ «©=-ézor3 ς α- ξ ογ -9 
d «=-lor? ex = or —2 f x 3 or —6 
g --- ξ ογ8 h «= or-4 i κα Sor 4 
j c= or2 k x 2 or --ἰ Ια + or —4 

5 azx=-4or-3 Ὁ xr=-3o0rl ¢2=23 
d «=-lor4 er=-4 2 2 or 4 
4 x=1llor-3 h «=—Sor2 

6 ax=-2orl Ὁ «=-6o0r2 ¢ x=2or-l1 
d «=4or-1 e c=lor—4 f c=sZor-1 

7 ax=4or-l Ὁ «=150r2 ¢ x= -θ or --2 
d x«=3o0r-4 e c=4ors f c=lor® 
g «=O0ortV1l ἢ x=O0or-3 

8 azc=+t+lort2 Ὁ x=+V30rt2 ς “ ---ἰ νῇ 

9 ἃ x=—0, 13, or —3 6 z=—O0or4 
ς x =0, +2, or+V11 

10 ἃ “ -Ξ 2 Ὁ “-Ξ 83 
ERE τς ὦἡ’κκκδθπαειαε 

1 a i 1? ii (x +1)? =6 
b i 1? li (x —1)? = -6 
ς ἰ 32 ii (ἡ -- 3)2-Ξ 11 
d i 3? ii (x —3)? =6 
e i 5? ii (cx +5)? = 26 
f i 4? li (x — 4)? = 21 
4 i 6? ii (x +6)? = 49 
h i (3)? i (c«+3)?=+ 
i i (4)? ii (α -- Ξ5)2 - 5 

2 ar=2+v3 b c=1+V3 ¢cr=2+V/7 
d x—-1+vV2 e r—-2+V3 f c=-3+V6 
g c=-lor-2 ἢ σ-- - 4: ν | = 3508 

3 a noreal solution Ὁ x=3o0r2_ € noreal solution 
a2 Y 8. Ξ aes f no real solution 

4 a ra et ve υ.- 5: 518 ε «-- ὅΞ υ0 

2 3 5 
d p= tvs e no real solution fe= tv 
5 a pa ete 4c 
2 
b i b?-—4c>0 ii b?-—4c=0_ iii 6? —4c <0 
ΕΧΕΒΟΙΦΕ Ds 

1 a i,ii «=-—2or—-—4 Ὁ i,ii x=5 
¢ i,ti c=-Zor3 

2 p= svt b «- 535: 8 ς χ-- 2- κν 
d ea ot υϑ1 e na ltve7 ι.- Ξ 

6 4 5 
pao 3tve 6, lev? ja Ἐν 
2 2 3 


ANSWERS 5.71 
5+ V53 -1+/7 2+V/3 
14 3 5 
—1+/29 1+ 5 
= — 6b z= — ¢ no real solution 
ν 21 V1 
d g=1+2/2 e r= i p= : 


EXERC, 11Ε πα ὃ 


1 -Ἰ1οΓ10Ὁ0 2 -—30r8 3 χ--3- νῇ and 3- ν 
4 The numbers are —2 and 5, or 2 and —5. 

5 8cm 6 10m 7 18mby 12m 

8 


7.10 πὶ or 16.90 m 


8.45 m 355m 
9 17.9 cm 10 BC = 16 cmor5 cm 
11 azxz=2 Ὁ “-Ξ-Ξ 5 ς χτθ dz2z#=v3l1-1 
3 5 
e z= ye as .» ἔ χτ-τ-ϑ -ν34 
12 BE=6cm 13 CD=(1+vV41) τῇ 14 n=6 
15 Zor 16 40 oranges 17 = or 3 
4++/14 4— ν 14 
18 The numbers are — and — 
19 Cut out squares with sides 2 cm. 
20 a x+2r=10 r=5— 5 
Ὁ Hint: Lawn area = 4 x total of flower bed areas 
2(πχ 57) = 4x ar? 
2 
507 = 4π (s το 5) etc. 
¢ 2.93 m 
21 «£=—5 
22 a Hint: Draw a diagram and show that 


area of pavement = 2 [5 (12 + 25) + 6a]. 


Ὁ 4x? + 36a = £(6 x 12) = 63 ς 1.5m 
23 3.2 cm 
>a 
1 aiv2_ b δὲ civll d 9 
2 ar=tiv3 Ὁ x= +42i ς = Εἰν4 
d « -- εΕἰνῦ 8 x=+4 f c=+iv6 
3 a two real solutions Ὁ one real solution 
¢ imaginary solutions 
hoa p= b p= SSS ¢ «-- - 2:8 
« n= 1 ν89 e “ -Ξ 1 - 4ὲ (2a ΞΞ Ἶν5: 
4 6 
ERE 11g ΗΕ τσοττ 
1 a sum of the roots is :, product of the roots is = 
Ὁ roots are 2 and Ξ, with sum τ product - 
2 a sum of the roots is —2, product of the roots is —4 
Ὁ roots are —1+./5, with sum —2 and product —4 
3 a sum of the roots is 3, product of the roots is = 
b sum of the roots is —2, product of the roots is —2 


5? 


578 ANSWERS 


1 
4 


product of the roots is 3 


¢ sum of the roots is 5 


= 
| 
wi 


5 a sum of the roots is —4, product of the roots is 5 
Ὁ roots are —2+7%, with sum —4, product 5 


REVIEW ΞΕ 11 ἔεὸῬΟο. ΨΟοΟΡὌΟο᾿.Ἔ᾽ἬἜὌῬ͵ὋἬΠἬΠὌΠΠὀἬΠἫΠἭΠὍΟηἯὉ Ῥἥ͵ΛΛΛ ͵ |  ῬἨ '|ῤΠὖΤΠ ͵ἼἝΠἫἭἝἊΠἫὈἫΠ 


1 ἃ τ τΞξν]! Ὁ χ“--ἴ Ξ4 
Φ az2xz=—9or-1 Ὁ x=Oor -2 
3 ἃ “--7οι --3 δ “--Ὲ3 ς c=2or-4 
4 ax=6or-4 6 z=-3 ς c=sor4 
5 e=-34V5 
6 axzx—-12+VJ155 Ὁ «x=—9or-2 ς c=-Zor3 
7 2 or 3 

: -2- ντῦ 13 + νΊΟ5 
8 ax=2or-5 8 r= —— ¢ r= ———— 

a 8 

9z-—7 


10 a i (10+2,/10) cm, 
(10 — 2ν 10) cm, and 


hypotenuse 2./70 cm 
ii (20+ 2/70) cm 


xem 


(20 — x) cm 


Ὁ Hint: We require 4x(20 —2z)=51. 


_ - δι ἐν 
Ν 2 


11 z=lord 12 ἃ τ“ Ξ--ὶ b zx 


1 
3 


REVIEW SET 1112 CO ᾽ἠἠἥἤ 
1 ax=iv6 Ὁ “1 ΞΞ Ξῖῖ 
1-Ἐ ν17 


13 sum of the roots is 4, product of the roots is 


2 a2z-—-3+VvV19 


b 
3 
3 azx-=llior-3 Ὁ x= or-$ 4 r-—-1+v101 
5 ἃ τ Ξεθοῖ--ὃ b “--ξοτι--ὅ 
6 a2x=+Vv35 Ὁ “«-Ξ----3 γ] 
7 8cm, 15 cm, and 17 cm 
—14+ V3 2+ V2 
8 ἃ 1-Ξ- ----.-.---. b6zr= 
2 y 
9 12 people, $40 each 10 10cm 
1 
11 ἃ σχΈ ππΞϑ 
x 
§++/21 
x2? —5a+1—0 has solutions x = = 
5+ /21 2 5- ν21 
b Hint: NS 5 a —_— 
2 5++V7/21 λ5-- ν2] 
12 a ἃ Ξεεεεν b « -- --ϑ8:Ὲ 8ὲ 13 —3 
EXERCISE 192Α.| a 
1 a tan64° = — b sin 709 -- — ς cos 43° = = 
L xr 6 
h 
d gin 35° = — e cos6l1° aed f tan30° = — 
b x xr 
2 a2712.99 b 2215.52 ς x 9.84 
d «26.73 e «23.31 f x = 20.01 
g x ~ 16.86 ἢ «wv 4.45 i «7 1.65 
Ι 2 = 26.75 k x 7.53 Ι χα Ὁ 9.6 


3 ἃ 0=22°, axv8.09, δ᾿» 3.08 
Ὁ θ0--5605. av13.0, δ; 7.83 
ε 06=65°, α:Ὁ 5.42, bz 2.29 
4 > 28.8 cm 


EXERCISE 12.4.9 πα Γ᾽ 


1 a 0x 48.29 Ὁ 6x 45.6° ¢ 0 = 56.3° 
d @~ 37.4° e 0x 42.2° f @ = 45° 
g 0 ~ 40.2° h 0% 35.3° i 0 = 35.9° 
2 a @45.6°, 0% 444°, 217.14 
b awv53.99°, Br 36.19, 2x 5.94 
¢ aw 50.3°, 67% 39.79, x 8.65 
3 a i sing=3 li cosd = ¥32 ili tand = Re 
Ὁ In each case, 0 ~ 22.0°. 


EXERCISE 128 πκκκτΉ αξκ τ “ ὃ 


12+110m 2 = 32.9° 3 ¥ 238 m & =~ 765m 
5 = 280 m 6 6.89° 7 +23.5m 8 ~ 21.8° 
9 ~ 15.8 cm 10 ~ 106° 11 No, ~ 0.721 cm. 
12 ~ 41.4° 13 =~ 53.2° 14 a 248m Ὁ 128m 
15 ~ 14.3° 16 =~ 729 m 


17 a 1.66 units Ὁ ~z 1.66 units 


EXERCISE 12¢ 


1 aN b N ¢ N d N 
51° 
136° : 
Y 2405 & 397° 

2 a 040° b 235° ¢ 297° d 132° ς 225° 

{ 3379 
3 ἃ 0419 b 142° ε 322° d 099° ς 221° 

f 279° 
4 a 055° b 235° ς 095° d 275° e 130° 

f 310° 
5 =z 057.3° 6 =~ 308° 
7 a N Ὁ 1.7 km 

1.5 km 
T S ¢ 061.9°T 
800 m 
F 
ὃ ~ 7.81 km, ~ 130° 9 =~ 46.0 km 
10 a N Ὁ 35 km 
c i #& 9.65 km 
ii ~ 33.6 km 
ς 164° 
F 

11 = 2.44 km 12 ~ 221 km 


13 ἃ Ὁ 2.92 km 
ς 159° 

14 ~ 3.61 km, ~ 057.7° 

15 a 33.5 km, » 025.6° b = 206° 


EXERCISE 127.1 πα 6 


1 ἃ 21.2 cm Ὁ ~ 35.3° 

2 a HX & 9.43 cm Ὁ  32.5° 
ς HY = 10.8 cm d ~ 29.1° 

3 a DF 8.94 cm Ὁ = 18.5° 

4 = 69.2 cm 5 ἃ 45° 6 0% 61.9° 

EXERCISE 12D.2 [IN 

1 a i [GF] ii [HG] iii [HF] iv [GM] 
b i [MA] ii [MN] 
ς i [CD] ii [DE] iii [DF] iv [DX] 

2 a i BGF ii BHF iii DFH iv AXE 
b i PZS ii QYR iii PWS iv QWR 
ς« i ASX ii AYX 

3 a i 45° ii ~35.3° iii 63.490. iv x 41.8° 
b i 184° ii ©15.5° iii + 17.5° 
c i 266° ii +22.6° ili ~ 26.6° 


d i #+61.9° ii ~ 69.3° 
EXERCISE 1 ets 


2 P(0.276, 0.961), Q(—0.906, 0.423) 


3 a 154° b 135° ς 111° d 94° 
4h a 829 b 53° ©. 24° d 12° 
5 a 154° Ὁ 135° ς 111° d 94° 
6 a 82° Ὁ 53° ς 24° d 12° 


EXERCISE 12 Ιὄᾳ00|Ὄ0ᾳ0ὌΟ ὃ 


1 a 55.2 cm? Ὁ = 347 km? ¢ 21.15 m? 
2 In APOR, 
sin(180° — C) = : 
h = bsin(180° — C) 
ἢ = bsin’d 


“OTR a s But, area APRS = sah 
180° —C = sabsinC 


b ~ 58.6 m2 ~ 5.81 m? 
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~ 36.7 m? ¢ = 7.70 cm? 
6 «221.9 7 13.1 cm 


4 ἃ 41.6 cm? 
5 50.0 cm? 


Cx. 


Area AAOBC 


+r? sin(180° — 0) 


1.2 
aT 


sin 0 
= area AOAC 
9 a i Area= sbesin A ii Area = sabsinC 
b From a, sbesin A= sab sin C 


Divide both sides by sabe, etc. 


EXERCISE 126.1 πΊιδδπιπιπαππΊαναααα-.-..-Ἕ.ἝθΘὄὔ“ 


1 a «711.05 b «211.52 ¢ «£75.19 
ῶ2 ἃ χα :Φ 9.43 b 2211.9 ς 2 6.37 
3 x= 10.2 cm? 


h a @=59°, x96.7, yx 90.1 
b ¢= 62°, 224.17, yr 5.62 
¢ 0=¢@= 28.5°, «2 5.30 


EXERCISE 126.2 πα -.---.-.-. 


1 a ACB#72.9° b 
or x 107° 


10cm 


2 a Using the sine rule, PRO =~ 33.9° or 146.1°. 
In the case of 146.1°, 42° +146.1° is already > 180°. 
PRQ & 33.9° only. 


3 a 6x 31.49 Ὁ 62 77.5° or 102° 
¢ 6 = 43.6° or 136° d θ:: 40.8° 


, aAwx49.1° δ BH71.6° orl08° ¢ Cx 448° 


EXERCISE 120 


1 a 2.66 cm =~ 9.63 m ς 10.6m 
27.5 cm e 4.15 km f 15.2m 
b 60. 53.2° ¢ 6 115.6° 


~~ 


A = 51.8°, Bx 40.0°, Cx 88.3° 


al 
a 02 36.3° 
a 
b Px 34.0°, 0296.69, Rx 49.3° 
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EXERCISE 121 


aft Qa 


m? + οΣ -- a? 
2cm 


cos(180° — θ) = 


cos @ = 


mt er 
2cm 
Hint: cos(180° — θ) = —cos#@ 
i 29.35 ii x v4.24 
a hae J6 


1 AC ®& 14.3 km 2 AC #& 1300 m 3 6x 13.495 
h a Aw 35.69° Ὁ ~4ha 5 ~100m 

6 19.6 km in direction 106° 7 =~ 214° 

8 a b XM, ®& 7.59 km 


ΧΜο & 23.0 km 


9 ~63.4m 


10 AB x 6.43 τη. 
BC # 9.85 m, 
AC = 8.66 πὶ 


11 = 3.58 m, 
~ 1.95 m, 
~~ 4.47 m 


REVIEW SET 12 YT 
axrv14.0 Ὁ «235.2 


2 0=36°, 7712.4, y+ 21.0 3 + 55.2 m 
& a 157° b 281° 5 wz 201° 

6 a ~56.3° Ὁ = 33.9° 

7 P(0.545, 0.839), Q(—0.978, 0.208) 

8 a 29° Ὁ ~117m ¢ + 160m 

9 ἃ “ΤΣ Ὁ 159m 

10. ἃ «2x 223 Ὁ «rv 99.4 


11. = 337 τὴ in the direction ~ 138° 
a DC 10.2 πὶ Ὁ BE x 7.00 πὶ ς ~ 82.0 m? 
13 XR & 5.62 cm 


REVIEW SET 128 DE TS ett—s— 
a 0x 38.7° b 6x 37.1° 
a z273.18 b «xz 9.40 


a & 36.49, 0753.69, χ 25.7 & ~ 32.2° 
187 m 6 a 230° Ὁ 165° ς 140° 


a 45° b 60° 8 a 78.1 km Ὁ x 051.2° 
a 142° b 128° 10 ~ 69.3 m? 


AC = 10.7m 12 ACB = 50.5° or 129.5° 


a ~185m b ~ 184° 


9? 1.52 — 4? ΕΝ 


a cos BQP = ---------- π--3 


2x2x5 20 


b cos(BQR) = cos(180° — BOP) 


= — cos BOP 


_13 
20 


¢ BR? = 27+57-2x2x 5(-33 
= 27457413 
etc. 


EXERRS 13.4 π  Π 


168 _ ow 169 α, 
1 569 = 0.84 2 τὸς 9 0.0894 3 S57 © 0.744 
4 22 0.412 
137 145 _ 


¢ We could combine Sam and Karla’s results and estimate the 
chance of an end occurring using the combined data. 


d Yes 
EXERCISE 138 Oa 
1 a 407 people b i 20.229 ii 202 ~ 0.509 
2 a 57 ice creams b i -- ~ 0.298 ii τὶ = 0.632 
3 a Councillor } 
Mr Tony Trimboli 
Mrs Andrea Sims 
Mrs Sara Chong 
Mr John Henry 
ho a 
b i 24 ~0.281 i #2~0.416 iii 24 ~ 0.303 


310 


310 


ς The total is 1. This is because the three probabilities in Ὁ 
cover all possible outcomes that could occur. 


5 a 100 students 


i 2=029 ii τῆς =0.08 {| 44 -- 0.26 
iv 2 = 0.68 
6 ἃ 0469 δ Se 20177 ς 4 0.293 
7 Ἐξ ~ 0.0366 6 2 = 0.634 ς + & 0.390 
d 35 ~ 0.232 
8 a 32 ~ 0.957 Ὁ ss ~ 0.0889 
ς εξ. 0.00615 ἃ 2 ~ 0.370 


EXERCISE 130 Oa 
1 a {A,B,C,D} b {BB, BG, GB, GG} 

ς {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 
BADC, BCAD, BCDA, BDAC, BDCA, CABD, CADB, 
CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, 
DBCA, DCAB, DCBA} 


d {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 
e i {HH, HT, TH, TT} 
ii {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
iii {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, 


Bithy, THE. Tah, Ties, Bil, THI tia, 
TTTH, TTTT} 


coin 


mo 53 


die 
123 4 5 6 


spinner 


>was 


die 
123 4 


5-cent 10-cent 


d 


spinner 1 spinner 2 


NAA 


NK KNKXK NK X 


-: (2) 


EXERCISE 13D 


1 {ODG, OGD, DOG, DGO, GOD, GDO} 


1 1 


2 1 

ag bg ς 3 d 3 

2 {BBB, GBB, BGB, BBG, BGG, GBG, 
1 1 1 3 

ἃ bs ς 3 d 3 


3 {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, 
BCAD, BCDA, BDAC, BDCA, CABD, CADB, CBAD, CBDA, 
CDAB, CDBA, DABC, DACB, DBAC 


1 
6 


1 
2 


1 
a b ς d 5 


J 
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die 2 5 a coin Ὀ i τὸ li is 
6 sss 2 . 3 
5 7 il 5 ιν 5 
4 H ἦ 
3 spinner 
9 Ll 2 33 4 5 
1 
6 ἃ hdie2 7 a gdie roll 2 
6 6 
5 5 
4 2 
4 a 2 
3 2 2 
2 , die 1 ! die roll 1 
1 12345 6 122256 
Α Β ς ἢ 
. 1 -1 sss 11 . 1 “: 2 1 
big tse Ws b ig ii ¢ iti 3 
“or al v2 wi wi ἐ vo vs wi 2 
τὰ » 4 » 2 a 7 ᾿ 5 _ 1 
ΗΝ 8 ἃ i τ li = lili τῷ WV τ: Ξ 
A b P(odd) = &, P(even) = + "even 
τα- 5 9 ἃ 33students b6 i ἢ ὃ ii & iv 19 
ς » 3 ss 61 
10 i < li < 
ticket 1 ticket 2 B C 3 
: = 11 a 50 
<< 29 
W (5) Ὁ 5 
Ρ U 
p< 
" EXERCISE 13E.1 
1 5 2 4 
wb lag Of 2azg OF 
W Θ΄. = 506 Ἢ 
3 ἃ aE = 0.0096 = 0.96% b a5 = 0.8096 = 81.0% 
1 10 25 
4 a 79 b 49 ς 79 
5 a 720.0545 b 0.0584 ς 0.441 d ~ 0.0840 
6 a i #0.405 ii + 0.595 
b i 0.164 ii ~ 0.354 
7 a 0.366 Ὁ ~ 0.0231 
. 1 . 3 
8 ἃ Spinner | Spinner 2 Ὁ Ι a ii a 
ae ii 5, 
R ak a 
yo 
< “ 
R 
1 — 
3 = 
ier τὰ ἢ 
oe 
GGB, GGG} 
1 7 
e = f = » 2 = 20 
2 8 9 ἃ Box A Box B Ὁ i § i 
2 P an 80 
, DBCA, DCAB, DCBA} ἡ Ὁ IAG 
7 
2” P 
» 1 = 1 =» _B 358 
b ig 1 7 19 
9-2 G 
ii iv 3 7 >» P 
᾿ς ὃ- 
G 3B 
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ς 1; this is because every possible outcome is covered by these 8 Sane 
three events. por i πως 
10 ἃ Sharon Christine sare b 0.712 A es A, 
- On time <4” a τος Fal ie 
0.7 Ὁ. 5. Late Β G G’ G G’ 
ZA On time Ὁ ‘ ei Pa st Phy 
᾿ -» On time it II, a i ΤΙ ΤΙ it Ti, 
0.8 ™ Ταῖς ΠΕ x δ x gy 
x Badia Fo - A G G' G σ' G G’ G G' 
0.2 On t 0.4-» On time oF 
n time <= in i = SS ὃ. 
ae ee εἰς P(gold coin in A) = 345 & 0.613 
ae ας | 9 0.448 io ase be ς τ 
0.3 .4-» On time 5 5 5 
cee ee ἐχάξ ΕΧΕΒΕΟΙΦΕ 12 παἤριῖαεικανιαο..». 
12 12 24 1 
EXERCISE 13E.2 3 13 b 5 9 
Ι δ). 64 2 a -5 b 13 ek. ὃ τ 3 Κ τὸ 
5 6 102 204 501 had υ 12 «17 « 2 
3 a Ist Pen 2nd Pen b i -- ii = 20 19 78 31 
17 11 11 
Yt eee 5S ag bt 6S 
B ‘ree 11 14 14 3 2 3 
ra a 6 a 37 b a7 € 59 7 a Τε b 5 8 5 
i 9 ai 
5” B 4 
3_§_+R 2" _.R Ὁ si_=It increases the probability. In order for the sum to be 5, 
᾿ δ-ως either the 3 or the 4 must be picked from bag A. 
10 ii + 
ὶς 5» B 2 
3 ᾿ 
° 94 - EXERCISE 136 ΙΝ θοθοροἌστΛ͵ο; 
_—_ 
δι" 1 Aand B, Aand D, Aand Ε. Aand F, Band D, B and F, 
4 a M is the event of Matt 5 _wG C and D. 
ino j 0.7 2 
playing in a game. Gs<< a aah 
W is the event of his ~ 0.3 
team winning. « 
0.77 ἴω Ἢ 0.67 τ die 
AM GA να 12345 6 
<x Sie το . —*~G! 
δὰ nae P(G) = 0.665 b , No. It is i to ‘toss a head ae roll a 5’. 
“8 M/< li PAorB)=35, P(Aand B) = 
0.55 
Ww! iii P(A) + P(B) — P(A and B) = 5 +4-H 
ee Σ- 
b 0.6 = 75 =P(AorB) v 
6 5» R 3. a No, since P(A and B) 40 Ὁ 0.75 
η- 3 
iw Ragin 4 P(Y) =0.4 5 P(C)+P(D)>1 6 aQO 6b 0.1 
: iar 7 0.65 8 P(A) =0.8, Ρ(Β) -- 0.5 
ae 
aN 7 é*~B REVIEW ΞΕΤ 13.) Oa 
ὡ Ἢ ἜΣ 1. ἃ 38 days b ic iit ww 2-3 
δος Η P(at least one red) 2 coin 
ae T 
- 6 
7 2.» ἢ . 
3.ὙἈ ΣΕ OG spinner 
5 A B C D E 
Pa 3 R 
1 5 Ἃ Π,.-Ξ1 4 
8 = 3 a Ξ 0.60 Ὁ #2 5» 0.40 
7 B—I—» G 1 3 9 
4 « 
P<; eB 4 δ 915. “ 30 
7 1 
ΟΞ, 8 b is ii 3 
3 FE R 
8 lw» Y 
\ 27 Y <5” 
ce ᾿ 
2 2» Y 
4a G <7 3 
3--*&G " (0) 


P(exactly one G) = = 


[0336 | 0455} 0188} 0.024 
ν΄ 


one injury is most likely. 


9066 10 a47books Ὁ i i 4 iii τ 
41 
11 3a 
4 : 11 
12 ἃ 2nd selection b i 9 36 
$2 " 23 
ii = 
$1 = 
20 
50c © 33 
20c 
10c 
5c 
lst selection 
ὅς 10c 20c 50c $1 $2 
13 aO b 0.14 
REVIEW SET 13B 
1 a 0.364 Ὁ + 0.551 ς + 0.814 
2 a bag ticket © set] 502 set3  set4  set5 
G M 
aie μ---φ Ι — ᾿ 
G M i 
Bates OSs! 
G J 
Ἢ Μ 
τις jac ME 
ve ™ M 
HC ie 
M 
} oda 
M 
μ-ζ 
J κἀς J : 
3 a ΞΕ 0.707 Ὁ 30.293 ¢ -ξ “" 0.0467 
1 1 4 4 
4 5 5 a 9 b 9 ς 9 
6 a #=0.74 Ὁ ~ 0.0176 
9 
7 ἃ bag Ist marble 2nd marble b 30 
Χ 
is τ 2» R 
3 ΠΥ 4. 2 
< 4 WV 
3 3-7 R=——3 1 
Be 1 3—> Ww 
1 
4—~w—1——>R 
7 2 
8 7 9 0.697 10 $ 
11 P(A)=3, Ρ(δ)- -Ξ. P(C) =? 
12. aw 
b =i s=Increases, as the number of tickets of the desired colour 
does not decrease with each draw. 
: 37 
" ΤΌΤ 
13 ἃ i 0.21 ii 0.28 iii 0.3 


Ὁ P(Ihor wins) = 0.238 which is > 0.21 
the strategy increases his chance of winning. 
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ΕΧΕΒΕΟΙΦΕΊΔΑ ΄πο͵ΗΆοιααικεδσεαα..--ο.- 


1 a A=2000+ 150 x 8 Ὁ A= 2000 + 150w 
¢ A= 2000+ dw d A=>P+dw 
2 aC=40+60x5 Ὁ C= 40+ 60t 
ς Οἰ ΞΞ40- αἱ α ΟΡ αἱ 
3 a P=3x 10—1(15 -- 10) 
᾿ς P=3x10-5 
b P=3xc—1(20-c) ¢ P=3xc—l1(a-c) 
P = 4c — 20 P=4c-a 
h a D=4x6+42(4-1) Ὁ [0 -- ὅπι  3(8 -- 1) 
ς D=8m+ δ(8 -- 1) d D=mp+)(p-—1) 
5 a G=2x(3—1)+3-x (2-1) 
Ὁ G=3x (5—1)4+5x (3-1) 
ς G=4~x (4-—1)+4x (4-1) 
d G=m(n—-1)+n(m-1) 
G=2mn-m-n 
2 2 


6 a A= 2ab+ ~— b A=ar + -— 


2 


2 
¢ A=aw+— A Ae 
: 8 
e A=2ar-— ar? ι4. π0 - αὉ) av b2 — a? 
8 2 
d? b 
7 aV=Al  ν h a 


8 a A= 2ab+ 2bc + 2ac Ὁ A= 6a? + 8ab 
ς A=ar?+2nrh+ ars 


9 Hint: 2 


Area of end section = 7R? — rr 
=7(R+r)(R—-r) 


XE 1 


1 a 26.4 cm Ὁ 17.8 cm "ὦ 127m 
a 19.6m b + 4.52 ς 
3 a +129 cm? Ὁ +7.14m 
4h a = 4260 cm® b = 1.06 cm ς x 4.99 mm 
5 a = 707 cm? Ὁ = 39.9 cm 
6 a 71.345 b 81cm 
EXERCISE 140 a 
10 — 25 20 -- 35 
1 ay= Ὁ y= —_— ς y=2r—-8 
y 5 y Ἵ 
14 -- 2x 20 -- 55 25 - 12 
7 2 3 
, 
2 azxr=r-p ba=— ¢ z= - 
ῳ 3 
d—2 _ - 
d z= 9 ἃ -- ὃν teu2 
5 α m 
5 = = 
ας 5-- Ν α,--- 5... fee - 
t q b 
t—2z c—p a—t 
a = b = ς — 
τ "Δ "Π 
γι -- 8 α-- a-—p 
d — 6 = t ΞΞ 
ae ἘΠ ng 
b a 2d 
RA ἃ 2Ξ π- bz=- ς χτ- -- 
ας d 3 
d z=+v2a e z=+vbn f z=+,/m(a— δ) 


584 


11 


12 p= 


EXERCISE 14D 


ANSWERS 
F 
a=— b poe ς ἡ. 
m 2π lh 
2A 1001 
d ae eh=— εν." 
Α PR 
A — 2πτ2 A 
or h=—-r 
27r 27r 
M 
r=4/— b «= VaN ec k= */— 
π 5 
n y+7 
“-ἀΞ ee wat Pt Q=1VP ΤΕΣ 
a = d?n? Ὁ 1 = 25T? c αἀ-- ΝΖ οΣ 
25a? T? 1 
ἀ Ξε 59 Ξ a nee (ae 
k2 47? A? 
c—a Cc a+2 
t= b = Δ ΞΞ 
35 -- ὃ a+b n—m 
a a—b e—d 
r= e z= fz-= 
δ- ὃ 1 -- r+s 
2—bP — qT Ap—B 
a= b r= -Ξ- 
Ρ T A 
3 — Ay 4— Mx? 
r= e y= 
2A M 
pa b “τς 2 5... ςε ΠΝ. τὰν. 
a Lo 3—-y 
2y+1 3y —7 3y —1 
c= c= f χ. -Ξ- 
y+4 2y4+3 y—1 
—4y —3 2y y+12 
— απτ-- ΒΕ Ὁ ΞΞ 
y+2 y+3 5 
1 
1—— {as p>O} 
_ 360A 
gp? 
i 86 = 63.7° ii 0 = 105° iii 0 =~ 214° 
d? 
a= 6b i av1.29 Β a=16.2 
2bK 
t= (H -- ἢ} 
i 1 year ii 4 years iii 6+ years 
4. [3 
T= — 
An 
i ~ 2.12 cm ii ~ 5.76 cm iii ~ 62.0 cm 
v = Vu2 4+ 2as b i # 20.6 m/s ii ~ 52.9 m/s 
~ 58.8% 6b w= —— ς 9 matches 
100 — P 
7 consecutive matches 
A — 2ab 
je fe=3 We? Wee ἢ 
2(a + δ) 


F x= 2.01 x 102° Newtons 


bef 
F 


ii ~ 1.43 x 1014 m 


Use the diagram to show that 
the area of one triangle face 


° _ 8) ¥3s _ V3s" 
2 2 #44 


i +~1.50x 10!1 m 
Hint: 


tole 


A 14/3 
52 = —_—— —— etc. 
144/39 11478 
ς i 4.28 cm ii ~ 7.41 cm iii ~ 14.8 cm 
3 
10 b p= — ¢ 0g Op, 29 6p, 49 4p 
7 — 
11 a iC#0.816 ii Cx0.742 b h=C?H 


SB: = 3.99 m 


ς 
12 ἃ v= -- γηι -- πιῷ 
m 


¢ v 3.00 x 108 m/s 


TB: +2.65m, GB: *3.68m, Μ: & 2.16 τ, 


b v = 22, 


EXERCISE 140 δ 


1 a 6,11, 16, 21, 26 Ὁ 51 ς 5n+1 
2 a 7,10, 13, 16, 19 Ὁ 34 ς 3n+4 
3 a i4 ii 9 iii 16 iv 25 Ὁ 5, =n? 
h a i3 ii 7 iii 15 iv 31 
b As 3=27-1, 7=2°-1, 15=24-1, etc. 
Sn Ξξ 2: --Ἰ 
5 8 Si = 4, So = 4, S3 = 3, S4 = 3, 
; —_ 10 _ nh 
b i 81ο ΞΞ ΤΊ " Sn = ππὶ 
1Χ2 xo 
6 a = = 1 and 17=1 V 
ΦΧ 5 
$2 == =5 and 124227=5 V 
3x4x7 
$3 = ——— = 14 and 12427432=14 ¥v 
4x5x9Q 
S4 = —— = 30 and 17+ 27+4+37+447=30 v 
100 x 101 x 201 
b S100 = ---- = 338 350 
REVIEW SET 14A 
1 a ivV=6~x8litres ti V = 8nlitres iii V = ln litres 
b V = 25-+ In litres 
2 ἃ 90km/h 6 3900km 3 A= Wo? + 3ab 
ha ea ῬῸ brew 
m 7 
P 
5. ak=T?+? b k=-4/—— 
6 ἃ llcm b c= VL? — αὐ — b? ς 9cm 
2 ΜΝ 
7 α -ΞΞ- C= 
y~2 IR 
Ε -- 
8 ἃ 8 amperes br= ς 0.15 ohms 
9 a 4, 7,10 b M=3n-+1 
10 a i 3 ii 6 ΙΝ 10 b i 9 ii 36 iii 100 
ς It seems that C,, = 5,2. 
11 a i ~ 283.2 K ii ~ 183.2 Καὶ iii ~ 338.7 Κα 
Ὁ F = 2(K — 273.15) + 32 
ς i 104°F ii —459.67°F iii —99.67°F 


REVIEW SET 148 - τ ᾿᾿᾿᾿᾿᾿ὃ᾿ὃὉὃὉὃΘὃὁὃ6ὃ[ῆῖΠΙι᾿. 


1 a B=15+25x5 Ὁ B=c+25xp 


ς B=c+mp 


2 a Ε--2Χχί(3-- 2) 2Χχ (5 -- 2) ΞΞ, 8 


Ὁ Ε-Ξ2χί(4-- 2) - 2χ (8- 


ς Ε -- 2(πι-- 2) + 2(π-- 2) 


2) -- 16 


3 a M=37 Ὁ γ-Ξ 8 4 Ν -- 4:0 
Β 9Q? 5 — G? 
5 .-.8:} b _ 90’ 6h= 
d t? G?2 
_ _4@ _ 3 ἜΝΙ 8. we 
7 = a Ὁ b=6; 3x5 =34+5 =45 ν΄ 
2 
ει... 9 8, 13, 18, .... M=5n+3 
4 — ὃν 
10. a ἰ6 ii 12 iii 20 iv 30 
Ὁ 5) =2=-1x2 
sa ΞΟ ξουοι 
3 Ξ 1 ῦ 4 
S4=20=4x5 
Ss = 30=5 x6 “ Sn =n(n+1) 
2b 
11 a Εἰ = 1000 joules b v=,/— ς 8m/s 
77), 


EXERCISE 15A 
1 Domain is {(. [ἃ  --4)}. Rangeis {y|y > —2}. 

Domain is {5 | -- < a < 4}. Rangeis {y | —5 υ < 2}. 

Domain is {2 | —3 < x < 4}. Range is {y | -- < y < 6}. 

Domain is {x |a2=2}. Rangeis {y|y € ΚΕ}. 

Domain is {x | -- ῷὃ. < « < 3}. Range is {y | —3 < y < 3}. 

Domain is {x |a2¢€R}. Rangeis {νυ < O}. 

Domain is {x |a€ER}. Rangeis {y|y = --5}. 

Domain is {x |a2€ER}. Rangeis {y]|y > 1}. 

Domain is {x [ὦ 9 --ὅ}. Rangeis {y|y< 7}. 

Domain is {x [1 ΕἸ}. Rangeis {y|y< 4}. 

Domain is {x [ὦ > —5}. Rangeis {y|y € R}. 

Domain is {x |z ER, cF£l}. 

Range is {y|y€R, y 4 O}. 

2 a Domainis{z|O0<a2< 2}. Rangeis {y|—3 <y< 2}. 
Ὁ Domain is {x | —2 < a < 2}. Rangeis {y | —1 < y < 3}. 
¢ Domain is {5 | —-4< a < 4}. Range is {y | —2 < y < 2}. 


OER, tts 


1 a, Ὁ. and e are functions as no two ordered pairs have the same 
x-coordinate. 


2 ἃ. Ὁ. d, e, g, ἢ, and i are functions. 


3 No, a vertical line is not a function as it does not satisfy the 
vertical line test. 


EXERCISE 150.1 | 


1 a3 b 7 cl d - 7 ς 2 
Φ ἢ -2 ὅδ -17 ς 13 6d 52+3 e -5ὅ5.--17 
3 ἃ 2 b 11 ς 46 ὁ d 2.2.3. - 2 
ς 2.2. 1. 1 
h ἃ 44 b -3 c 0 d 42? — 202 + 21 
e 1627+ 82 -- 3 
. 3 es 1 555 8 ΝΕ 
5 ἃ ee il --Ξ lili -- - Ὁ z= -- 
7 
ς 2- - d x=-1 
x 


6 a V(4) = 12000. The value of the car after 4 years is 
$12 000. 
Ὁ V(t) = 8000 when t = 5. 5 years after purchase the 
value of the car is $8000. 


¢ $28 000 
7 a i f(2)=1 ii f(3)=— b c=-4 
a i f(4)=2 ii g(0) = — iii. g(5) = —1 
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b x=0 and r=3 fs=2 
d g has gradient 1 and y-intercept —6. 


> COATT 


Other graphs 
are possible. 


toa ΓΙΓΤΤΙΠΡΈΆΠΠ]Ὶ 51-3-- 
611 Ὀ|ᾷβ[ᾷᾧῬΡξβᾷ[ς9[Λ||17} 1 fl) Ξ τ 
ς [()τ-- 351 τ 4 
is 
Corset 
Baga 82 ce eee 
let ttt IAAT I I 
16 | 41 7] 7 | 2 |e 
Seas sea 
|| 
Pt tt AL tt 
c= £5) 4h eee 
SRE ADK ARES 
EXERCISE 15¢.2 πα --... 
1 a {x|xeER} ote | a2 0} 
¢ {x |x 3} d {x|x7-2 and x41} 
e {x|x#~3 and c#-3} f {x|xA1 and « ζ 4) 
2 eee > b {x|x< 3} 
a ae f {x|2<4 and α 40} 


CC 150 ’΄ικα’ΊπαπΆΉδβαι τ᾽. 


1 a 2-- 35 Ὁ 6-- 35 ς 95 -- 16 d zx 
2 a νῴως-β9 b4/z-3 €5 d 5 
3 a f(x) = Va, g(z)=2-3 Ὁ f(x) - α΄, g(x) =2+5 
¢ fle) =2,9(2)=2+47 ἃ fle) = 3-42, o(2) = -τε 
e f(z) =22, g(e)=3? fF f(@)=—, g(a) = «Ὁ 
(Note: There may be other answers.) 
4 a f(g(x)) =327+6r+1 Ὁ x=-30rl 
5 a (g(x) = +1 (or 5: ) b5 ¢2=0 
6 a i 13 ii 4 iii 6 iv 17 
b f(g(x))=2x and g(f(x))=2 ς i3 ii —7 


ΕΧΕΒΩΟΙΦΕ 15 τ᾽ .. τ 
i [ 1(α)-Ξα -- 8 
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b i 5 1ω)- 
ii 


2x if x>0 
5 γω) = { 0 if <0 


2 
zr+2 if z>0 
ς fle) = { ! 
—r+2 if z<Q f(x) =|az| +2 
—xz if x>0 
d f(e)=1 5 if «<0 y 
- 7 1--8 
3 ἃ [Γ1ω)-Ξ 4 a f-(«c)=——= 
2 xr—2 
4 52x τὰ : 
5 ἃ ¢ *(e) = ς g(6) =6, στ΄ (1) is undefined 
= 1 Ν 3: -Ε if c>0 
6 ἃ Ὁ No, as the vertical e f(z) = —3r1+1 if «<0 


line test fails. 


¢ Yes, itis y= να 
(not y = ξεν). 


σν-α 


f(x) =3\a|+1 


7 Ὁ i and iii have inverse functions. 


8 a Is a function as it passes the vertical line test, but does not f f(z)= { 
have an inverse as it fails the horizontal line test. 
Ὁ It passes both the vertical line and horizontal line tests. 


ΕΧΕΗΟΙΦΕ ee 


5—2 ἴα δὺο 
5+a if «<0 y 


1 a2 b 10 ς 5 d il e ll f 40 
g 40 h —2 

2 ἃ 3 b 10 ς 7 d 3 e 13 f 2 
gs 3 h¢ 
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Hh ἃ ὃ Ὁ 9.2 + 6x ς «=-5or3 
5 ἃ function Ὁ not ἃ function 


ὁ CTT TPT TT 


Note: There may be 
other answers. 


Ἔ 
ΚΞ 
a 
a 


[11 
ἽΝ 
«1 
| 11 a 
1 if « >0 rae 
ἢ f(x) = < undefined if «= 0 y ἢ =| P(g 
= Ξ-ι 


7 δος. ς 15 b -5<y<15 
¢ When «=3, y=10, or f(3) = 10. 
d When y=10, r=3, or 82x 9. 
8 ἃ f(g(x)) = νῦα -- 8 δ 4([(5}} Ξ- ὅν -- 8 
ς g(g(x)) = 255 -- 18 
; να if x >0 9 a [[Ϊ1Ϊ(]-- 7α -- 2 
Ι = 
H(@) t/a ΓΞ Ὁ ᾽ 
7 - 3 10 ag 'Ἷ() Ξ ; 
xr 
11 a7 Ὁ -1 c 0 


Ar if x>0 = 2. --.4 if x>0 
1s 8 fe)= {5° if «<0 θ fe)={ on if r<0 


13 (—3, —5) and (1, 3) 


REVIEW ΞΕΤ 158Ἢ᾽ πο 


Ὁ The part of th h = (ἡ -- 2)(5 -- 4 
e part of the graph y= (ς -- 2)(ς -- 4) or 1 a Domainis {x|a>-—6}. Rangeis {y|y > —2}. 


y = x(x -- 3) below the z-axis is reflected in the x-axis. 


Ὁ Domainis {1 [ἃ Ξ 1}. Rangeis {y|y € R}. 
ERE 15. 8ὀἑἅἁβ 8παααανκαπαααεσς.ὄ. © a function Ὁ not a function 
1 a (2,9) b (2, 43) ς (5, z d (1, 3) 3 a —24 Ὁ —5a — 2? ¢ —227+327+4 
2 a at (—3,2) and (2, 7) Ὁ at (2,1) and (—1, —2) 4 a Domainis {x | x τ —4}. 
ἐ- αἱ -1, -3 and (--3,14) d at (1,1) and (-2, —5) Ὁ Domainis {5[α ζ -- and cf 1}. 
¢ Domainis {5 [0 Κ a < 6}. 
3 a at (—1.62, —1.24) and (0.62,3.24) Ὁ at (4.71, 0.64) 
¢ They do not intersect, .*, no solutions exist. Ἑ hee bf a - > 
d at (—0.75, —0.43 1) τ 
᾿ COA ner 
REVIEW SET 15 ET Leaded δὲ ΝΥ Ἢ [ΕἸ eal ᾿ 
τ COOP Ng Ee = 
1 a Domainis {1 [Σ ΕἸ}. Rangeis {y|y  --2}. - et Ne Te d f(x) = --- 
Ὁ Domainis {5 [ὦ Ὁ}. Rangeis {y|y € R}. PT TTT PIN [ le 
. PT tT tT Tat TNE TU 
2 a2 Ὁ - 4 ¢ αὐ +92 — 18 rT TT Tr T 
3 a function Ὁ not a function | | | [| γὁϑ 3)8 | 
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6 a f(g(x)) =15— 25 Ὁ o(f(x)) ΞΞ 6 -- 25 EXERCISE 160 Ye 
ς f(g(—2)) = 19 1 a geometric b not geometric ¢ geometric 
7 ἃ d not geometric 
1 1 
2 a 5 b 3 c -2 d στο 
= = 4 _ 1 _ 5 _ 5 
3 a b=12, c=24 Ὁ b=5, c= ξ ς b=8, =e 
4 ar=3 6 un =3"-! ¢ uio = 19683 
5 ar os b un = 40 x (—3)"—1 ς ui2 = -- σὸς 
6 ἃ γ----ὀ ὁὋὉ —0.0009765625 
n—1 ηπ.--1 
8 ἃ 36 b 13 ς 2 Un =3x2 2 οἵ 3 (v2) 
7-2 8 ak=#2 b k=9 ck=2 d k=+9 
9 a x)) = b 2 ¢ x=10 3 
F(9(@)) 5 -- 4 ek=-7 f k=—-8or2 
10 a f-(2)= = ς 3 9 a un = χϑηι bun = 128 x (-- 5)" 
εὐ ἃ ἢ ας Ξἢ cua or Un = (—2) x (-5)"-! 
= 7 al = 1 d Un ΞΞ 6 x +— n—-1 
11 a f(z) eee ot δ f(z) 2 if <0 n (+ zs) 
undef. if z=0 | 10 +3 
EXERCISE 160 Ν᾿ 
1 au3=8 Ὁ 385 Ξ 16 ς us = 19 d Ss = 46 
2 ἃ =i 5,7,9,11 ii S4 = 32 3 ug = 12 
b i —5, —2, 3,10 li 4 Ξε 6 
ς i 7, 14, 28, 56 ii 4 = 105 
d i 3,5, 11, 29 ii S4 = 48 
12 (—1, —3) and (3, 2) h a S:=4, 52-- 2, 553 -- 3ξ, S,=4 υ 100 
EXERCISE 16) ΒΕ τ Ο-᾽ο᾿ EXERCISES 16ἰἨ᾿3ἘὨΒΔΖδ5Ν ει. ᾽ 
1. ἃ 4 b 16 ς 13 1 a,b,¢ 75 2 Si2 = 450 3 Soo = 220 
2 a 3, 7, 11, 15, 19, .... b 40, 35, 30, 25, 20, .... 4 a 210 b 75 ¢ 4075 d 6780 
Φ is as ey en A e —2280 f - 2400 g 275 h 387.5 
3. a The sequence starts at 5 and increases by 3 each time. 5 2500 6 a 24 Ὁ 1476 
bw=5, Un=Un-1+3 for n2>2 7 a 775 Ὁ 1705 ¢ 969 d 1040 e —345 f 306 
4 a The nth term of the sequence is n squared. b un =n? 8 aS,= = (2u1 +(n—1)d) where uy = 4, d=4 
5 a 19 b 19 ς 96 d 27 “ 
6 aug=—14 b 136 ς ug=-—14 = ς (8+ 4(n -- 1)) etc. 
7 a 7,10, 13,16 Ὁ 25,21, 17,138 ¢ 5,15, 45, 135 b 840 
d 100, 50, 25, 12.5 e 3,5,9,17 9 a €65 ; b oe 
f 4,6, 4, 6 g 3, 4, 12, 48 10 og Pt) gg BEY 5Χ10 ie 6 260 
2 2 2 
ΕΧΕΗΓΙΞΕ 18 et svencicnaée 
1. a arithmetic Ὁ not arithmetic ᾽ b pais 
¢ not arithmetic d arithmetic a, r 1838 4 Ji 
2 a U=16 b O=34 ¢ O=-15, A=3 2 a 3280 4882812 ¢ == 63 + 637 2 
d0=13 A=-5 e —1364 a g 252.2 h +128 
3 au =41, d=1 δ uj=1, d=11 eh el a . ΚΒ 9048. 
5 ἃ ἰ 158 mL i & 37.5 mL iii 8.91 mL 
¢ ui = 98, d= -—10 d ui=91, d=-9 
Ὁ The amount of water Doug drinks is a geometric sequence 
4 a common difference is 7 Ὁ un = πη -- 3 ith τος 3 
ς 50 = 207 d yes, the 49th term e no = 
¢ i &1887.4mL_ fi ~1993.7 mL_ fii ~ 1999.6 mL 
5 ad=-4 b = 71-4 ς = --169 
d iy ὡ bic d If Doug followed the formula, the amount would eventually 
said 5. τῸ become too small to measure, and too small to sustain him. 
6 auj=4 and d=11 6 ug7 = 400 ς u24 = 257 (In theory Doug would never run out of water.) 
= soe, οἱ — 13 
Pte Se πον EXERCISE 165 ET 
8 ak=6 Ὁ 29, 37 1. a diverge Ὁ converge ς diverge d converge 
9 a Un =5n +17 b un = we ais 2 a i + 23.44 ii ~~ 26.53 iii ~ 26.99 
ς Un — 3n— 16 d un =-=—-— =n 9 
“ ἘΦ 27 ¢ S=—>=27 
10 a un=—6n-8 Ὁ u39 — 172 i—¢< 


8.32 b 3 ¢ 27 d 128 
1 


4& a Start with + unit? shaded blue. So wu; = Ξ.: 
Each step shades - of the previous area, so Tr = Ξ. 
Ἐπ, οἱ τς ee 
S=sgt+gt+aet.-. 
Ὁ At each step, the same amount is coloured blue as is coloured 
red. 


¢ Ifthe process continues indefinitely, half the 1 unit? rectangle 
will be shaded blue and half will be shaded red. And from a, 


_ 1 1 1 
total blue area = st+gt+at-.. 


432 2 
ἐ -- f 5 


1 1 1 ΞΞ: 
53 ΓΘ arte = 5 
1 
d 5----35. -- 2 
1 2 
1-3 
5 a (8—4)+(2—1)+($-4)+... 6 10+5/2 
= 4 + 1 + 4 4+... 
8 16 4 
"i-. 4 a2 
—~3 4 


REVIEW SET 16.0 πδὟλῦδααιιιασααασκ.-.. 
1 a 8, 13, 18, 23, 28 Ὁ 19, 12, 5, —2, —9 
¢ 1, 8, 27, 64, 125 


2 2, 8, 20, 44 3 a O=25 Ν [1ΞΞ2}Ὶ A=9 
4 k=6 5 ad b -3 6 un = —3 x (-2)"-1 
7 a 3,8, 15, 24 b 50 8 a 1180 Ὁ —1410 
9 a 1747625 b +1108 10 a+ Ob 16 
REVIEW SET 168 ἘΈΕΕΕΌΈΌΈΎΈἜΈΞΘΒΡ 
1 awug=29 b ug =54 
2 ad=4 b un = 4n— 10 ς uioo = 390 
d wui27 = 498 
3 ar= —$ b U16 = -εῖς 
4H a 5.7.5. 7,5 Ὁ uio0 = 7 5 Sis = 165 
6 un -- 389 -- 2(n-1) 
7 a 1070 b 270 ς -119 ἃ —— = 1813.3 
8 a k=-—5or10 
b If k=-5, r=-2. If k=10, r= —#4. 
9 au =6, r=—4 Ὁ Sip = HS 
10 a i 42km ii 58 km iii 78 km 
Ὁ i 82km ii 490km_—_ iii: 1180 km 
¢ yes, using un =2n+38 and Sp, =n2+39n 
d yes, S30 = 2070 
11 12cm 
EXERCISE 17A 
1 a Scale: Ὁ Scale: 


1 


1 cm = 10 kmh~! 1 cm = 10 ms~ 


W 
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lem ΞΞ 10 τῇ 


Scale: 


Scale. 1 cm =10ms~! 
2 a Scale: 1 cm = 15 Newtons N 
75 Newtons W E 
5 
b Scale: 1cm = 15 Newtons N 
3 a Scale: Ὁ Scale: 
1 cm = 20 kmh! 1cm = 15kgms—! 
N N 
60 kmh~! 
W E 
45kgms—) al 
W E 
ς S 
¢ Scale: d Scale: 
1cm = 10km 1 cm = 30 kmh~! 
N 
90 kmh7! ΝΗ 
runway 
W. E 
S 
EXERCISE 173 aa 
1 ἃ a,c,ande; bandd b a,b,c, andd 
ς aandb; ς andd d none are equal 
e aande; ἢ «πα ἃ 
2 a false b true ς false d true e true 


3 Statements a, d, and f are true. 


EXER, 17. πο ὕυιουδ αι τ΄, ῦὔ ἣἕμἑτῃτἱτττῚῚ΄ 
Ί 


ΓΓΤῚ 
Coo 
“Thal 
ΤΊ 
rT, 
am 
im 
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¢ Speed is © 3.61 kmh~!, direction is + 33.7° to the right. 
d lan should face + 41.8° left of where he is aiming. 


EXERCISE 170.1 πᾷ 
1 


ee te 


y 2 


3 
eae 
| {| | 
Ee 5 
SEE 
fee 
aa 
Bae 
BEB 
Bae 
nae 
6 p+q=q-+p for any two vectors p and q 
4 a 600 kmh~! due north Ὁ 400 kmh?! due north 
¢ 510 kmh~* at a bearing of 011.3° The vector is τ ). The vector is ere: 
5 a Okmh-! Ὁ 20kmh~!east ¢ 14.1 kmh~! north east 
6 The aircraft is travelling at a speed of 404 kmh7! at a bearing . 160 kmh! 
of 098.5°. : . 158 
: The vector is 
7 The ship is travelling at a speed of 23.3 knots at a bearing Oo —— 9" - runway (25.0) 
of 134°. 
EXER ID tti—<—=é EXERCISE 17Ε.2 αι τττττ'᾿΄᾿ὁὃὁ 
5 5 1 1 
1 Ὁ ΓΤΤἧῚ 1 a (5) b (5) ς (24) 4 (24) 
0 0 
e (<5) f (3) 9 (2) h (=) 
4 —3 —1 
2a(z) (Ὁ) «() 
1 —5 —6 —2 
3a (6) b (Ὁ) ς (7) 4 (40) 
—4 2 
e (<3) f (10) 
—3 —4 
4 a (3) b (>) 
5 a vV17 units b 6 units ¢ vV13 units 
i i d /26 unit e 20 unit f 37 unit 
ΞΕ ΒΞΞΞΒΞΞΞΞΞΞΞΞΞΞ ee ἣν " 
6 ἃ i = ii V13 units 
b i (=) ii 29 units 
ς ἰ ey ii 5 units 
Pret ete d i (72?) ii 13 units 
FECECEEE CEE ES RPERERERS 1 SRE 5 
ΤΕ EE EEE NEE EE _ (a1) 4 (δ1Ὲ -- (atbr) - (biter) — 
yatb= fe) τ {8} " (oo 7” {11} =bta 


2 a QS Ὁ PR c O(zerovector) ἃ RO e QS f RO | EXERCISE 17 NNN 


3 The plane must fly 4.57° west of north at 502 kmh7?. 1 aii b 
5 -1 ESSERE REE ain 
4 a The boat must head 25.5° west of north. 6 28.3 kmh PTT an 
ole SESE S hme | | 
5 a 2 km h-2 Ὁ The current will increase TTT TTT TT ig an 
Ian’s speed and push him HH 7. +H 
i i 6 | gt 2r | ae 
4 16 816 EME OP ae ee ey a wl i ae Εἰ 
3 kmh is swimming towards. SERS’ ΓΓῚ an PCE Se 
ERRERGERE | | RERGERRR ERR 
1111 ae 
aes 4 
li 2r = 3) 
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2 . 12 a 

a=—-= or 2 3 t=-]1 

ΤΗΒΗΗΗΗΘΗ ᾿ΠΕΒΞΗΒΒΗΡΕ 

fiscal wk | 4 a pila and [p|=2/q| © p|lq and |p|/= 5 [4] 

erie tt ae CP REECCCILLO : 
ΒΕΗ HEPA SSS ¢ ρ΄ ᾳ and |p|=3/q| 4d piiq and ἰρ] -- [4] 


—> 5 — 5 —> => —> —> 
5 PQ=(°,), SR=(°,) Ξ PQ||SR and | PQ |=| SR | 
which is sufficient to deduce that PQRS is a parallelogram. 


6 a C(2,5) δ D(9,0) 
ΕΧΕΒΟΙΦΕ 17} LCL ΓΓΓΓΓΞὀὀ 


1 8 

1 a17 b-15 ς -14 4 ( .,).(2) Ξ ὁ 
3 ἃ i5d ii 45° b i 10 ii O° 

c iO ii 90° d i5 ii ~ 70.3° 

e i 33 ii + 59.5° f i —1l ii ~ 138° 
h at= Ὁ t=12V3 ¢ t=-8 d t=-Zor2 
5 a w 37.9° Ὁ = 191" ¢ + 14.5° d ~ 4.409 
6 κ--- 
7 ΔὈΡ 8.139, 0. »»18.459, Rw 153.49 


b Px 66.8°, QO 31.395, Rx 81.99 
EXERCISE 17] ἔπ YT t———="EB 


ooo 
oH 4 “1 
ac 1 al5 b | -1 ς [2 d [-Ὁ 
He J la) ὦ τ 
Pein = 
a = 
i 2 aPO=| 6 | 5 Sis (-1,5, —-13) 
~9 
8 2 1 3 
2 3 ἃ [0 b | —10 ς [5 d {| —5 
12 4 1 5 
5 7 
e 5 f —25 
7 13 
d e 4 a 3 units b 65 units ς V61 units 
q 6 5 
Ρ ? 5 —l je 2 = 0 ., aand b are perpendicular. 
4 = 
6 t=-2 7 0 80.1° 
8 RPQ = 57.1°, PQR = 84.1°, QRP ~ 38.8° 
& ἃ [λυ] (Ἱ Se Τα ΔΝ as REVIEW SET 170 πα 
= 


1 a Scale. 1cm=10ms 
= \/ ka? + ka? 
.- 1 
k?(a? + a2) 
= Vk?,/a?7 +a? 
=|k||a| {since Vk* = |k| } b 


1 
Ὁ ἃ [ιᾶ5 πο κω 50 “πη has length 
a 
1 
Tate e/a? +a? and fal is of the 
a 


+ as 
form ka where k > Ὁ (since [8] is always positive). 


Scale. 1cm=10m 


1 a . . 
Tal a is in the same direction as a. 2 
a 


ral is a vector of length 1 in the direction of a. 
a 


EXER, ts 
1 at=-12 ὃ t=6 ε t= 20 d t=-10 


ΓΓΓΓΓΓΓΓΓΙΤ. COEF CE 


3 a CA=-c b AB=-a+b 2 a,b,¢,d 
é0C=—a+< d BC= —b+ac+e 


4 a AD b BD ς O (the zero vector) 
5 Speed is 12.3 kmh7! at a bearing of 145°. 

6 4} Ὁ and [ἃ = 519] 
7 
8 


a ἂν b ea ς V34 units 

ἃ k=-4 Ὁ k=9 9 A(-2, —4) 
10 a -1 b 97.1° 11 = 55.6° 

—3 3 aD oA c F dc eB f E 
12 a PO-—| -2 b PQ — V22 units 
_3 EXERCISE 183... 55π΄ῇἋσψππηαασπννπααιστ. Θθ Π ΄ 
1 a i ii y= --Ἰ 

REVIEW ΞΕΤ 175» Oa iii {y|y>—1} 
1 a They have the same length. 6 p||q and |p|=2|q| iv 0 

—: τον 
2 BA = —AB 
3. a He must fly in the direction 11.3° south of east. 

Ὁ = 204 kmh—! 
4 a -ῶδ b —21 5 a(_4) 5 V34 units 

.ς 3 _ 8 _ 
6 at= 5 Ὁ t= -Ξ Fr t=6 
3 : ΜΝ me fe} 
8. a (*,) © 5units 9 k=2 10 ~ 26.6 » ἢ i y=2 
11. a 2p b pig ¢ q-—p iii {y | y > 2} 
_90 8 iv 3 
12 a 5 b —15 ¢ = 123° 
—5 7 
EXER 1S  ὀἔ 
1. a, ¢, d, and f are exponential functions. 
2 a3 b 11 ς 23 d 377 +2 
4 
3 a -2 Ὁ —2= ¢ 22 d 5 - 8 εΙ ".--- 8 
h at b 9 cx ἃ 8513 ii {y|y > —3} 
iv —2 


EXERCISE 188.1 ΒΕ ττοϑο’ 
1 a 


“HEE 
δὶ 701} 9 
|| | Κ᾿ ΑΝ : 
fae | | A | 

edt —-bede | | 

Peery ΤῊ 


Rane ΕΞ ΒΕ 
1.11} 
estate ht ΜΙ 
ἢν 8 τ 


Bas 
“EN Gaede 

HE. = Sen 
Dis ie ee 1} 
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7 


ἃ g(x) = [(α -- 1) ΞΞ 35} Ξ 
b h(x) -- f(2r) — 325 -- 97 
¢ j(x) = f(—a) =3-* = (4)* 

EXERCISE 1SC.1 παασσσσσσσὉὉὉ 


1 a 40 mongoose 


i x 
3 x3 


Ὁ i x61 mongoose ii ~ 162 mongoose 
iii ~ 2650 mongoose 


; ——fPomers _f 


20°E yf Pa 
dete tT | | | |e (years) 
Pee beta 


2 a 50 echidnas 
6b i x 100 echidnas ii ~ 400 echidnas 
iii ~ 5090 echidnas 


* | dooot 7 eaees|_| | do bon 
| boot | | | | | | tA 
boot | | | t= spralzn Z| 
| bool | | | | | TAT | 
θ΄ | 
mag F200) ne 7_ | t (years 
SESEREAE IED 


eee ee ic Γ ΓΤ 
b i +29 
il 31 


οἷν ΜΓ: τα 
"Ὁ" Ὁ ee 


CET [ec 
PP EP EPR 
4 a The initial amount is 3000 tonnes, and the amount each year 
is 1.05 times the amount from the previous year. 


b i x 3830 tonnes ii ~ 4890 tonnes 
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ς 
A (tonnes) 
-Ξ-ΩΠΠΗ (10, 48 γ΄ 


EXERCISE 18C.2 


1 a 100°C ς 
b ἰ »““70.60Ὁ 
li ~ 17.5°C 
iii ~ 3.06°C 

2 ἃ 2.3 νυ ς 
b i 1.02g 
ii ~ 0.449 g 
iii ~ 0.199 g 


d ~ 55.8% loss 


3 a P=500x0.92' ¢ = 
| 460 ἘΣΑΕΣΣΤΕ 
stages iol Nan | | 
ὼ soot | AE | | 
αν, P= 00,927 L027) 
vo | | | 


σ 


EXERCISE 18D 


τυ Π------ ~ €5000 

| 1 || 5% of €8000 = €400 €8400 

| 2 || 5% of €8400 = €420 €8820 

5% of €8820 = €441 €9261 

2 a £53240 b £13240 

3. a ¥62985.60 Ὁ ¥12985.60 4 $14976.01 

5 €11477.02 ὁ ~3.95% 7 a £1186 Ὁ % 4.45% 
EXERCISE 18 πτττὸοὃὃὃ 

1 $5684.29 


Ὁ £694.69 
¢ £3055.10 


£7475.60 
£6578.53 
£5789.10 
£5094.41 


£1019.40 


£897.07 
£789.42 
£694.69 


3. a $19712 Ὁ $18788 4 11.5% 
EXERCISE 18 ὡκπ͵εαιι  - Γ᾽ 


1 ἃ 1-31 6 r=2 δ ἃ ΞΞ. 3 d z= 
e xr=-1 f«=-l g r=—-4 ἢ “-Ξ0 
ϊ :τπ-4 j αΞξ - --2 καξ6 Ι ;Σ Ξε2 
πα. -- - 8 πη α--Ξ °o x=0 p r= 
2 az=3 Ὁ «=0 ¢ r=-2 d xz=3 
_ = ie wll 
e r=-—5 f c=-2 9“ :- 5 ἢ α-ὸ 
i 5 ΞΞῚ j ἃ ἘΞῚ k πὸ solution | «2 =-—lor3 
3 5 months 
4 azxc=l 6 z=2 a oa | da=3 
δ z=2 fe=--2 


EXERCISE 18G.1 


1 a2b65 ς-2 d1e-4 0 g$ hs 
2 a 1.447 Ὁ = 0.699 ¢ 2477 ἃ & —0.398 
e+2.903 f #1954 4» -1.155 h = 3.602 

i undefined 


3. a log70 x 1.845 Ὁ 70 x 101-845 
4 107 is positive for all z. 
5 a logz is positive if x is greater than 1. 


Ὁ logaz is negative if x is between 0 and 1. 


EXERCISE 196.20 ts 


1 a log30 Ὁ Ιορ ς log1l d log12 
e log(+) f logl=0- 4 log30 h log4 
i log(4) j log( - 5) k log 2000 I log( 2) 
5 3 
2 a 3 b 2 c¢ d -͵Ψ e -l Ξε 
ὃ 2 
pu h — 
᾿ 3 a 
3 ἃ nea ee ge = = = log 5 
b log 8/3 = log 2? = 5 log 2 
1 
c log() =log3 2 = —$log3 
h a i 0.699 ii ~ 3.699 
Ὁ log 5000 = log 5 + log 1000 = log5 + 3 
5 log10* = zlog10=2 
6 a log600 Ὁ logd5 ς log8 d log 250 
e log9 f log 14000 
7 a i #& 1.114 ii ~ —1.114 iii ~ 2.398 
iv ~ —2.398 
1 
Ὁ log (=) = loga—! = —logz 
x 
8 3 
EXERCISE 1863 ΒΕ τοσορορῤ 
1 ἃ «1.585 b ὦ & 3.322 ς x 8.644 
d xz —4.454 ς x 4.292 f x = —0.099 97 
g x<+6.51l1 ἢ zx 4.923 i xz ~ 49.60 
j x ~ 4.376 κα 8.497 Ι x = 230.7 
ῶ2 ἃ «9 3.81 b «3.54 ¢ 221.24 
d «~6.58 e 22.74 ἢ 2718.1 
3 a 15.9 hours b 60. Ἢ hours 
4 a V=125~x (0.85) c b 90.3 cm? 
ς 5.64 minutes 


69.12 cm? 
5.03 weeks 
EXERCISE 186.4 ππποόδιπτιτᾷφπανστ ti—te 
logs 8 = 3 Ὁ log, 9 -- 2 ς Ἰορς(Ἐ) =—1 
logs 32 = 5 e logy 1=0 f log3(+) =-4 
loge(4y) =—-6 hh logs(V2) = 4 
105 = 1000 b 24=16 ς 3-1=4 
τς —2_ 1 2 1 
40 =] ς 7 2— 79 f (4 rs = a6 
102 = 100 h (/5)4 = 25 


a 
b 


d 
e 


a 
d 
9 
a 
d 


no ς 


The area covered each 
week is 1.2 times 
greater than the area 
covered the previous 
week, and the initial 
area covered is 40 cm?. 


3 1595... δ΄, log, 125=3 


4 
5 


1 


36 


ΞΕ ἢ Ὁ loge (a5) = --2 


2 b 6 ς 
1 ἢ --Ἰ i 


1000 g 
i + 817g 
ii ~ 364 ¢g 
iii ~ 133 g 
oot N60. 36 
bop | NL oo. 133) 
wt 4 | | Lt 
Lg ἢ ὦ ἢ ΙΝ ears) 
Ε171 475.72 Ὁ £51475.72 
c= Ὁ α -- cr=-4 d «=-2 
eo = fsc= -- 
450 seals Ὁ 4 years 
log 80 % 1.903 Ὁ 80 = 101-998 


9 a 

11 a 
b 

12 


REVIEW SET 18B 


1 a 

b 
2 ἃ 
3 a 
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2b 
—4 b 2 10 a log8 Ὁ log5 c¢ 4 ne 
10 people ii ~ 29 people iii ~ 82 people 


¢ =~ 11.4 weeks 


The variable x appears in the exponent. 
Translate 2 units to the right. 


2 b 2 ¢ 2x3 7-2-4 


4 {y|y> —2} 


5 ἃ ἰ 2 words b 

ii ~ 14 words 

iii ~ 50 words 
6 $6273.18 7 = 2.85 

—_ .- ae x. Ὡ 
8 ἃ 1-Ξ----2 br=F ς r= 3 
9 a log55 Ὁ log 400 ¢ log 25 
10 al 

b (1+ 1log5)(1 —log5) = 1 -- (log5)? and 


(1 + log 5)(1 — log 5) = (log 10 + log 5)(log 10 — log 5) 
= log(10 x 5) x Ιορ( 39) 
= log 50 x log 2 


xrx25.42 Ὁ x25.86 12 as b —4 


EXERCISE 193 πα ὃ 


1 a 
b 
ς 

2 ἃ 
b 
ς 


x = 37 {angle in a semi-circle, angles in a triangle} 
x = 30 {angle in a semi-circle, angles in a triangle} 
x=18 {angle in a semi-circle, angles in a triangle} 
a=b=55 {tangents from an external point, 

base angles of isosceles triangle} 
a=3 {chords ofacircle}, b= 36.9 
a=60 {angle in a semi-circle} 
b= 40 {angles in a triangle, radius-tangent theorem} 


596 
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x=40 {angles in a triangle} Ὁ & 7.83 cm 


4 Hint! AB+CD=(AP+PB)+(DR+CR) 


= AS+ QB+D8S+CQ, etc. 


5 (8 -- ἀν 8) cm 1.07 cm {chords of a circle} 
6 10.25 cm 7 lcm 8 40cm 


ERE 198 ᾿π᾿δ͵οϑδϑοΆιια τ - - ΓΠΠΡ 


a 
b 
ς 


x Ξ- θ4 {angle at the centre} 
x =94 {angle at the centre} 
x= 70 {angle at the centre, 
angles in an isosceles triangle} 
x =45 {angles in an isosceles triangle, 
angle at the centre} 
x = 66 {angle at the centre} 
x= 25 {angle at the centre, 
base angles of isosceles triangle} 
x =46 {angles subtended by the same arc} 
x=y=55 {angles subtended by the same arc} 
a=50, b=40 {angles subtended by the same arc} 
a=55, c= 70 {angles subtended by the same arc} 
a=80 {angles subtended by the same arc} 
b= 200 {angles at the centre, angles at a point} 
xg = 75 {angles subtended by the same arc} 
y= 118 {exterior angle of a triangle} 
x =42 {angles subtended by the same arc, 
exterior angle of a triangle} 
x= 25 {angles in a semi-circle, 
base angles of isosceles triangle, 
angles subtended by the same arc} 
x= 25 {angle in a semi-circle, angles in a triangle, 
angles subtended by the same arc} 
x= 70 {angle between a tangent and a chord, 
angles in an isosceles triangle} 
x=40 {angle between a tangent and a chord, 
angles in an isosceles triangle} 
x = 35 {angles in an isosceles triangle, 
radius-tangent theorem} 


(Ct 19. ᾿π᾿εαξκΝᾶευ ὃ 


a 
b 


AOAB is isosceles. 
The perpendicular from the centre of a circle to a chord bisects 


the chord, and bisects the angle at the centre subtended by 
the chord. 


a [OA], [OP], [OB] are radii of the circle, .°. are equal. 


i APO =a ii BPO = b 
iii AOX = 2a iv BOX = 2b 


v APB=(a+b) vi AOB = (2a + 2b) = 2(a +b) 
The angle at the centre of a circle is twice the angle on the 
circle subtended by the same arc. 


AOB = 2a b ACB=a ¢ ADB = ACB 
i TAX =90° [ἴἰ ΑΟΧ = 90° 
i90°-a iie iiie © TAC = CBA 


5 Hint: Use alternate angles, ‘angle at the centre’ theorem, and 


6 


b 


isosceles triangle. 
i XOY =a ii AXO=2a [Πὀ XAO = 2 
iv XOB = 4a v BOY = 3a 
BOY = 3 x YOX 


7 a BXA=BXC = 90° {angles in a semi-circle} 


b A, X, and C are collinear. ς yes 
d yes (Repeat a to ¢ using semi-circles with diameter AD and 
CD.) 


8 Hint: Use the ‘angle between a tangent and a chord’ theorem. 


9 Hint: Use vertically opposite angles and the ‘angles subtended 
by the same arc’ theorem. 


10 Hint: Use the ‘angle in a semi-circle’ theorem. 
11 Hint: Use the ‘angle in a semi-circle’ theorem. 


12 Hint: Let [AQ] cut the circle at R. Find ARB. Use exterior angle 
of a triangle. 


EXERCISE 1900 ttt 
DOB = 2a°, reflex DOB = δ" 


1 a 
Ὁ 2a+2b= 360 .. a+b=180 
3 a x=107 {opposite angles of a cyclic quadrilateral} 
Ὁ x«=60 {opposite angles of a cyclic quadrilateral} 
ς x=70 {co-interior angles, opposite angles of a cyclic 
quadrilateral } 
d x=90 {angles on a line, opposite angles of a cyclic 
quadrilateral } 
e x =62 {vertically opposite angles, opposite angles of a 
cyclic quadrilateral, angle between a tangent and 
a chord} 
4 Yes, one pair of opposite angles are supplementary. 
Yes, AD subtends equal angles at B and C. ¢ No 


Yes, opposite angles are supplementary. 
Yes, one pair of opposite angles are supplementary. 
Yes, AD subtends equal angles at B and C. 


-m 8 Ao a 


5 Hint: Use co-interior angles and ‘opposite angles of a cyclic 
quadrilateral’. 


6 Hint: Construct [OD]. Use opposite angles of a parallelogram, 
corresponding angles, base angles of an isosceles triangle. 
7 Hint: Use ‘chords of a circle theorem’. 
8 Hint: Use corresponding angles. 
9 Hint: Use ‘one side subtends equal angles at the other two 
vertices’. 
10 Hint: Use congruent triangles. 
11 Hint: Use ‘one side subtends equal angles at the other two 
vertices’. 
12 Hint: Join [PX] and use ‘angles subtended by the same arc’. 
13 Hint: Use ‘opposite angles of a cyclic quadrilateral’. 


REV 1), ΕΞ ΥΎΥΎ  ΎΊΎΌὈΑἝΏἼΖΑο.ψἨἩὄ 
1 aa=54 {angle at the centre, 

angles in an isosceles triangle} 

Ὁ a=62 {angle in a semi-circle, angles in a triangle} 

¢ a=61 {angles subtended by the same arc, 
exterior angle of a triangle} 

d a=80 {angles on a line, opposite angles of a cyclic 
quadrilateral } 

e a=63 {co-interior angles, opposite angles of a cyclic 
quadrilateral } 

f a=45 {opposite angles of a cyclic quadrilateral} 


2 a+@8+~7= 180° {angle between a tangent and a chord} 
3 a x=38 {angle in a semi-circle, angles in a triangle} 


Ὁ “ Ξ- 140 {angle at the centre, 
exterior angle of a triangle} 


ς x=104 {angle between a tangent and a chord, 
angles in an isosceles triangle} 


4 a Hint: Use the ‘tangents from an external point’ theorem. 


Ὁ Hint: Let ACM = ἃ and BCM be β. Use the isosceles 
triangle theorem to show that a+ @ = 90°. 


5 Hint: 
and a chord’ and ‘angles subtended by the same arc’ to 
show that alternate angles are equal. 


6 Further hint: Use the ‘angle at the centre’ theorem (twice) and 


the ‘angles in a triangle’ theorem. 
7 a The angle between a tangent and a chord through the point 
of contact is equal to the angle subtended by the chord in the 
alternate segment. 


b i PQB=a, ΡΌΑ -- β, AQB=(a+ 8) 


ii Hint: Use the angles in a triangle theorem. 
8 Hint: Use ‘angle between a tangent and a chord’, and alternate 
angles. 


ΒΕΝΙΕΝΝ ΦΕΤ 19Β ΝΠ ΈἝΌἜἜ 
1 ἃ “ --86 {angles subtended by the same arc, 
exterior angle of a triangle} 
a = /34 5.83 {chords of a circle, Pythagoras} 
x=9 {radius-tangent, Pythagoras} 
x=55 {angles at a point, angle at the centre} 
x =55 {angles in an isosceles triangle, 
radius-tangent, angles in a triangle} 
¢ «7.68 {tangents from an external point, 
angles in a triangle, radius-tangent} 


ie) 
σου ὁ SF 


3 9 6.68 m 


4 Hint: Use the isosceles triangle theorem and the ‘angles 


subtended by the same arc’ theorem. 


5 Hint: Use the ‘angles subtended by the same arc’ theorem and 


the ‘angles in a triangle’ theorem (on AABQ and AAPC). 


i PSR = 2a ii POR=2a _—siiii’ PRQ = 2a 
iv QPR = 2a 

Ὁ Hint: Use the angles in a triangle theorem. 

ς QRS = 90° 


7 Hint: 


6 a 


d [RS] is a diameter of the circle. 
Use angle in a semi-circle, and ‘one side subtends equal 
angles at the other two vertices’. 


8 a Hint: Let XTA =a, XPA = 2. Use ‘angle between a 
tangent and a chord’, and sum of angles of a triangle. 
b Show a= 8. 
aaah ty παι αεεε:οΘ.ο 


1. Ὁ and ¢ are quadratic functions. 


2 ay=0 δ y=5 ec y=-15 d y=12 
3 a no b yes ς yes d no ς no f no 
h ax=-3 Ὁ x=-2o0r-3 ¢ x=lor4 
d do not exist 
5 azx=Oorl Ὁ «c=-lor3 ς c=-—Tors 
@2=2Z0r3 
6 a i 75m ii 195m iii 275 m 
Ὁ i At t=2s and t=14s. 


ii At t=Os and t= 16s. 
¢ The object leaves the ground at t= 0 5. 
At t= 2 itis rising and at t = 14 it 15 falling. 
Height Ὁ m is ground level and the time of flight is 
16 seconds. 


Construct [PB] and [XB]. Use ‘angle between a tangent 
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7 a_i —$40, a loss of $40 
b 10 cakes or 62 cakes 


EXERCISE 208.0 tet 
1 a 


ii $480 profit 


y = 2x? + 32 
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x =-—lor2 (where they meet) 
Qn? —x —-3=—a27+2r+3 becomes 


3.2 — 32 —6—0 
2? —x—2=0, etc. 


EXERCISE 2038.2 πα 


b 


vertex is at (3, 0) 


vertex is at (—5, 0) 


Ὁ y=(r—-2)7-1 


3 a y=(x-1)74+3 
4 


Ξ 


vertex is at (0, —3) 
(2, --1) 


ς α 
vertex is at (1, 3) 
¢ y=(r+1)?4+4 
vertex is at (0, 2) 
vertex is at (—1, 4) 
e y=(r+3)?-2 
2 h a 


y = 5a? is ‘thinner’ y = —5a? is ‘thinner’ 
than y = 2? and the than y = 2? and the 
graph opens downwards. 


graph opens upwards. 


vertex is at (—1, 0) 


vertex is at (3, 0) 


y= 42° is ‘wider’ than 
y = «? and the graph 


opens upwards. 


is ‘thinner’ 
than y = 2? and the 
graph opens downwards. 


y = —4x? 


y= -8 is ‘wider’ 
than y = x? and the 


graph opens downwards. 


eye he 
yY—qet 


2 
is ‘wider’ than 


and the graph 
opens upwards. 


y= -α +3)?+1 


vertex is at (—3, 1) 


6 


a F b ¢ ς 


ANSWERS 


d D e E 


EXERCISE 208.3 πα ὃ 


a y=(x+1)*+3 
A 


vertex is at (—2, —5) 


e y=(x#-1)?-1 


vertex is at (—5, —9- 


5 _9 
(Ὁ τῷ 
vertex is at (—3, —3) 


¢ y = 3(x — 1)? — 27 


-24 


(1, --27) 
vertex is at (1, —27) 


b y— (x — 3)? -—6 


vertex is at (3, —6) 


ἃ y=(x-—1)7+4 


f y=(e+ 5) - 64 


25) 


’ 


4 
d y = —2(a — 3)? + 5 


vertex is at (5 


599 


fA 
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@ y= 2(x2 — 2)? -- 11 f y= —3(2+1)74+5 e ia=-3 ii —3 f ia=-3 Hi --12 
iii —1 (touching) iii 4 and 1 
, YA y= --ϑία -- 4)(5 -- 1) 


vertex is at (2, —11) 


vertex is at (—1, 5) 


EXERCISE 200.1 πποἼαιπαῖν τ ΠΣ 


; ‘ ὦ Ὁ A a , ἐς σ ia=2 ii 6 ἢ ia=-2 li 5 
a ς = ε ait 
iii —3 and —1 ow 65 
g 6 h 8 i 92 | iii —5 and 1 
2 a 3and-1 Ὁ 2 and 4 ¢ —3 and —2 y = —2a° — 85 + 5] 
d 4and5 e —3 (touching) f 1 (touching) 
3 a —3 and 3 Ὁ —5and5 ς O and 6 
d —5 and --2 e —4 and 3 f Oand4 
g —2 and —4 ἢ —1 (touching) i 3 (touching) 
h a2+vV3 b -2+ V7 ς 34V5 y = 2(x + 3)(5 +1) 
T+ V73 1: νά] 9+ ν 33 
5..--- Jr τσ Ε----- i ia=-l 
6 4 8 
5 b ii —10 
᾿ ii 4+V6 4-V6. 
f(x) = —2z? + 8x — 10 
—10 
d EXERCISE 20C.2 5ααασσαααααπ 
1 @ A332, A>0 “. graph cuts x-axis twice. 
Ὁ A=-39, A<0O .. graph does not cut the x-axis. 
c A=8 A>0O .. graph cuts x-axis twice. 
d A=0, .. graph touches z-axis. 
e A=-—24, Δ «0 ... graph does not cut the x-axis. 
f A=0, .. graph touches z-axis. 
4 a υ--(α -- 4)2- 2 3 a y=(x+1)?+4 
6 ἃ ia=l1 b ia=1 b ψτε «2 -- 8. -ἰ 14 b 
ii 4 ii —3 
iii 2 (touching) iii 1 and —3 
ΓΕ Εν ς two z-intercepts ¢ no z-intercepts | 
d A=8 which is > 0 d A= -16 which is < 0 
. ἢ ἀξ d ia--l1 h aC b F c A d B ςΕ f D 
ii 8 li 2 5 a i A>O, cuts 
iii —2 (touching) iii 2 and —1 the x-axis 
twice 
ii A=0, 
touches the 
L-aX1S 
iii A <0, does 
not cut the 


-axis 


6 ἃ If a>O the graph opens upwards. J 


A negative value for c means the graph has a negative 


y-intercept. .°. the graph cuts the x-axis twice. 
b If a>O and c <0, then —4ac > 0. We know that 
b? > 0 andso b?—4ac>0. .. the graph cuts the x-axis 
twice. 
EXERCISE 20D 
. £8 z=2 6 zs=1 ς x=-2 da=3 
e <= -Ξ δ αΞΞ ἃ 
π' 22=3 b r=2 © 2=f d «=-3 
e r=-4 δ ἃ Ξξ - 
oe ae 2 = 
3 ax=-2 b =5 —3 d zx —2 
ε α-- 3 fe=10 4:-ς--- h 124 
i x= 150 
EXERC SE 20ΕῈ ts 
1 a i V(2, —2) ii minimum iii {y | y > —2} 
b i V(-—1, —4) ii minimum iii {y | y > —4} 
ς i V(O0, 4) ii minimum iii {y | y > 4} 
d i V(0, 1) ii maximum iii {y|y< 1} 
e i V(-—2, 0) ii maximum iii {y | y < 0} 
rf iv(3,-2 ii minimum iii {y | y > —95} 
2 a_i g-intercepts—2and4, 6 i z-intercepts Ὁ and 4, 
y-intercept —8 y-intercept Ὁ 
li c<=1 iii V(1, —9) li c=2 iii V(2, 4) 
iv πὶ ΞΕ 1 iv : (2, 4) 


: (1, --9) 
¢ i «-intercepts Ὁ and d i g-intercept —2, 
—3, y-intercept 0 y-intercept 4 


i c=-2 
i V(—2, 0) 


" ῳ ΞξΞ --2 
iv 
f(z) =27+42+4 
e i «a-intercepts —4 and f i a-intercept 1, 
1, y-intercept —4 y-intercept —1 

ii 5 ΞΞ 1 

iii " V(1, 0) 

. ιν υ : 

iv (1, 0) 
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g i z-intercepts —3 and ἢ i a-intercepts —2 and 
ξ, y-intercept —3 2, y-intercept 4 
as . 5 
Ια Ξε -- 
ass 5 49 
nV as. τ 
iv 


i i a-intercepts 3+ V6, 
y-intercept 3 
il z=3 
iii V(3, —6) 


3 a_i g-intercepts Ὁ and Ὁ i x-intercept 3, 
2, y-intercept 0 y-intercept 18 
ii c=1 iii V(1, --1Ὁ ii c=3_ iii V(3, 0) 
iv y i 


‘c= 1 


(1, -1) 
f(w) = a(x -- 2) 
¢ i «-intercepts —3 and di «-intercept 1, 
1, y-intercept 3 y-intercept —2 
ii s=-1 iii V(-—1, 4) ii c=1 iii νά, 0) 
iv iv Y: 
: (1, 0) 
= 2a — 1)? 
e i «g-intercepts —2 and f i a-intercepts —1 and 
2, y-intercept 20 —4, y-intercept ὃ 
li τὸ ii 
V(0, 20) ‘ii 
(0, 20) iv 


f(x) = --δ(α + 2)(a — 2) 


EXERCISE 20¥ Ν0ᾳ0ᾳ00ᾳ0ᾳ0ᾳ0ᾳᾳᾳᾳᾳᾳ- ὔῬ---- 


1 a 2 seconds b 20m ς 4 seconds 


2 a 25 bicycles b €425 
¢ €200 (Due to fixed daily costs such as wages and electricity.) 
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3 a 60kmh—! (when t=0) Ὁ t=1s ς 66 kmh7! 
4 a 30 taxis Ὁ $1600/hour ¢ $200 
5 ἃ 25°C Ὁ 7:00 am the next day ς —11°C 
6 a2m Ὁ 3.8m cls 
: BF 1-—@2z 
7 a Hint: [FB] || [EC] b= ate 
¢ Area = 2(2(1—2)) ete. d izvc=s ii 5 cm? 


REVIEW SET 20) sts 
1 ay=-ll 
2a 


3 a y=(r-2)7+6 b 


4 aOand-4 Ὁ -7and4 5 azc=-3 b x=2 


6 ἃ i downwards b 


ii 6 
iii —3 and 1 
iv χτ-Ἕ --Ἰ 


7 a V(4, - 19) 


8 ἃ i —15 
ii —3 and 5 
iii c=1 
iv V(1, —16) 
— :(1, —16) 
9 a unmarked side = (40 — 2x) m b «=10 
A = χ(40 — 22) m’, ete. ς 200 m? 


10 a A <0, does not cut the x-axis 
Ὁ A> O, cuts the x-axis twice 
ς Δ -ΞἈῸ. touches the z-axis 


REVIEW SET 208 ΒΕ τ το ’!.ὄ.Ψ:Ὄ ’ 
1 “τ-τ---Τ ογ 6 2 No,as [(2) Ξ- 4 -- 6 -Ἐ8 Ξ 6 “5. 


ea π΄... 8 ὦ 


6 ἃ “1 ΞΞ 
6 z= 


oja "αὶ 


~“ 
Ω 


V(2, —3) 
{y|y < —3} 


σ 


1{(--1} ΞΞ 10 ε 
x-intercepts 1 and 4, (—1, 10) 
y-intercept 4 


_5 
t= 5 


V(¥. —3) 


(5,9) 


f(x) has x-intercepts —6 and —2 and its y-intercept is 12. 
g(x) does not cut the x-axis and its y-intercept is —20. 
Both f(a) and g(x) have axis of symmetry x = —4. 
Both f(a) and g(a) have vertex (—4, —4). 

Range of f(x) is ἃ 
{y | y > —4}. f(x) =(@+4+ 2)(α + 6) 
Range of g() is 
{y | y¥ < —4}. 


If c = 0, the y-intercept of the graph is 0. This means 
the graph passes through the origin, or touches the x-axis at 
(0, 0). So the graph cuts the «x-axis at least once (it cuts 
twice if ὁ - 0). 

If c= 0. then —4ac = Ὁ also. That means the discriminant 
b? — 4ac = b?, which is always > Ὁ. Hence, the graph cuts 
the x-axis at least once. (It touches the z-axis if b? = 0.) 


ΕΧΕΒΟΙΞΕ21Α π͵πῖετττ lt 


E be cE ἀξ εκ 

% ose ne ik |B 

= 1.15° b ~0.401° ¢ #0.122° ἃ »» 1.99“ 
= 3.80° 

45° b 30° ¢ 36° d 72° e 10° 
50° g 540° h 20° i 100° j 720° 
240° ! 300° m 420° n 330° © 675° 
aT AS i b ~ 172° ς = 28.6° d w 44.7° 
ey 123° 


Deg] 0] 45 90 [135 [180 [225 | 270 | 315 | 360, 


pw 1 π 37 57 37 7% 
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ee | 0 | 30 | 60] 90 | 120] 150] 180 | 210. f cos % is positive, sin Ξ is positive, tan ¢ is positive. 
Rad Ὁ 2] a] s | a] sel τ 1π 4 cos az is positive, sin a is negative, tan 32 is negative. 
avis 3 3 6 

— ἢ cos ΖΞ is negative, sin & is negative, tan ΖΞ is positive. 


6 
Rac 3 5 oa 27 - | il 
τώ <0<o | υτῦςξ 


6 a 1 t= (<=) x 2ar i A= (<-) x ar? Ὁ ΘΜ] oe 7 ees 
b 30cm, 150 cm? ¢ 17.5 cm? Ξ 
| 4 | 270° «θ-«8609] 855 << 2n 
EXERCISE 21B — ae 
1. a A(cos67°, sin67°), B(cos 148°, sin 148°), Quadrant | cos@ | sin@ | tané 
C(cos 281°, sin 281°), D(cos(—24°), sin(—24°)) 
Ὁ A(0.391, 0.921), B(—0.848, 0.530), 
C(0.191, —0.982), D(0.914, —0.407) 
2 ἃ y b y 
Ὁ i 3and4 li land4_ iii 3 iv 4 
sin(180° — @) sin 0 
7 tan(180° — ¢) = --ἰ.ς---- = = —tané 
- ᾿ at ) cos(180° — 8) --οο50 7 
EXERCISE 21C€ 
ΜΝ . vs 1 a singd=+¢4 b sing — +5 
same point on unit circle same point on unit circle 5 Ὡς 
. same Ζ-ΟΟΟΓΟΙΠδίο εἷς same y-coordinate i AY 
cos 380° = cos 20° * 81} 4135 = sin 53” 
ς 
same y-coordinate on cos 160° = —a 
unit circle — — cos 20° 
sin 160° = sin 20° 
[1 f 
2 
same <2z-coordinate on [OP] and [OP’] have the 
unit circle same gradient 
cos 310° = cos 50° “, tan25° = tan 205° 
3 a cos0O° ΞΕ], sin0° =O Ὁ cos90° — 0, sin90° = 1 
ς cos2x = 1, sin2a=0 d cos450° = 0, sin450° =1 
e cos(—F)=0, 5ἰη(-- 5) Ξ --Ἰ 
f cos(—180°) = —1, sin(—180°) Ξ 0 
Hh a i & -—0.454 ii ~ —0.891 iii ~ 0.809 
iv ~ —0.588 
i + 1.96 ii ~ —0.727 
5 a cos49° is positive, sin 49° is positive, tan 49° is positive. 3 


Ὁ cos 158° is negative, sin 158° is positive, 
tan 158° is negative. 

¢ cos 207° is negative, sin 207° is negative, h 
tan 207° is positive. 

d cos 296° is positive, sin 296° is negative, 
tan 296° is negative. 


@ cos το is negative, sin 


, . . 37 , , 
IS positive, tan =; 15 negative. 


3m 
4 
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ΕΧΕΒΟΙΦΕ 210 Ct 


1 1 1 1 
1 8 5.9 R Ὁ s,s 1 ς 0,1, 0 
eee ee en ἘΝ 
d ee 1 e 1,0, undefined f 51 2: V3 
g —1, 0, undefined h 0, —1,0 
: 1 3. ot . 3 1 1 3 1 
i-3,-8, +5 | -,-4,v3 k -}, 8-4, 
_v¥3 1 _ τς δος 
Ι0.1.0 > ἢ, 3 on “π᾿ τ 1 
o 1. 0. undefined p 0, --1.0 
1 1 1 33 1 
2 ἃ 5 b τ ς 3 d 8 eZ f 3 
57 57 π 7π 
3 a= Ὁ = c <¢ d + 
EXERCISE 216.1 ΝΕ ΟῸ  ᾿ὃ᾿ὃ᾿ὃ 
1 δ)0 
6b i 0=0, 7, 2π. 3π. 4π ig=-7,2 
us _ mw ὅπ 130 1727 . π 2n Tr ὅπ 
ii O= ς, Ξ. τεῦ. τς WO=3,3°3° 3 
oo Age sae Ae ee 19 
d i0<0<7, 27<0<3n e {y|-l<y<l} 
ii t< O0< 20, 37 <O0<4r 
2al 
_x $3 5 7 ss _ 
b ld=45,5>,5, > ii 0 = 0, 27, 4π 
sas _ 2am An 8x 107 : . ὃπ ὅπ 11π 13π 
2S Se τ τ Μ᾿ PS a Σ 
oe ees 12.5.15.» 12 
- π 37 ὅπ 7π 
d id<@0< §, OS A Ξ = OS ἀπ 
π 3π 57 71 
"Ξε", = = 2 -Ξ 
e {y|-l<y< 1} 


1 
1 a4 b 2 ς 3 Ξ. ἃ ἘὉ b Ξ ς 4π 
3 ay=-3 b y=5 δ Ξξεῦ 


4h a 


b 
y=sinz -- 2 
2) πεν, Aan eee eee ΠΕ ener 
ς 
SF να μυννυν του έύμεν πορεῖεκα κα πον iene siemainn canals μοπυρ εν «τάνοων 
y = —2sinz 
d 


y = sin3x 
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2 


σα Ὁ i --Ἰ -- 2cosa -- cos*a 
3 y=sin2s + ὃ 4 a (1+sin¢)(1—sin ¢) Ὁ (cos@+sin 6@)(cos θ —sin θ) 
σα, <r re. Aare ¢ (cos@+1)(cos β — 1) d sin G(3sin GB — 1) 
1 ς 3cos¢(2+ cos ¢) f 2sin0(2sin0@ — 1) 
-- - g (sin@ + 2)(5:ηθ + 4) ἢ (cos@ + 6)(cos@ + 1) 
‘ a i (4cosa — 1)(2cosa+ 1) 
Y 
a ee 5 al Ὁ 2sind ς —sind 
y = $cos3x ; 1 
d 1+ cosa e sin@—1 f 


cosa+ sina 


1 
eee oe eee Aer Ao g οο80 -- sin@ --------- i 2cos@ 
cos @ — sing 


d DER CSE 1G ΝΥΝ ΙΕ 
a ee a ee m op 11π 7x .. lin x4 
7 1 ἃ θ-- Ξ or =" Ὁ θ-- -ξΞ οἵ Ξεῖ ς θ-- Ξ οὗ τῷ 
— Zo, 32 — 2 or ὅπ — 4m 4, ὅπ 
ὡς ἌΝΩ Lee. 2 ee τ. α θ-- 5 ογ 5 ε θ-- 5 ογ θ OF 5% 
y = 3sin4z + 7 π 3π -- ; . ὅπ 11π 
4 0 -- 5 οΓ Ξ’ h θ-:π i θ- + or εξ 
— 2% im 9π idm — Zor 32 
2ad=4,7,.7,.0 4 Ὁ θ-- 5 οἵ Ξ 
7 ἃ --2π ὅπ 8π iin — Zor 32 
᾿ΕΝ ΡΟ 6= 3,3. 3 or 3 d θ-- ξ οἵ “Ξξ 
y = 6sinz + 10 . ὅπ... ὅπ _ 8π Tx 11π 15% 197 237 
ed=Sor-S f O=-4.75.-. > Tors 
— =z 3m ὅπ in — 2 2m An 57 
3 ΒΞ τι Τὶ ΣΙ ΟΣ 9θ-Ξ, Ξ, Ξ  οὗὟ 5 
τττσττσκττττσττστσστττν νυ. «ἘΞ οςςςςς ον νσνσννττεττττστσσσσννν ξω. “0. -τοςοο τος _ π 37 τ π π 
ς θ-- 5, π, or > d 6=0, Ξ, =. π, or 2π 
π 2π 3π 4π e θ--0, +, S, or 2π 6θ--Ξ3 St ot or a 
= - eee ὅτ 57 
Ὁ y=13 ς maximum value = 16, when ὦ = Ὁ and “> | EXERCISE 21H EE 
ni = - 8 7 : . : 
d minimum value = 4, when x = = and τξ 1 a sind Ὁ —4sind ¢ 6cos0 d l1lsin#d 
. ie [ὰ 2 oe 
8 a i6 ii T = 26 iii 24 @ cos* a f sin“ a g 1 
τ᾿ 3 ἃ 2cos0 Ὁ - 3.050 ς 2sin0 d —9sind 
ge ee e 7sin@ f 7cos0 
T(t) = 6sin(%t) + 26 
re. ee 4 tan(90° — @) x tané = 1 
5 This proof is acceptable for @ being an acute angle only. Another 
method is required for a general proof. 
t(h) EXERCISE 21] EE 
6 18 2 acosa 06 sinG ¢ sinA d-sina e —sinfZ 
¢ i 26°C li 29°C d 32°C, at 6 pm f —sind 4 ¥3 sind + 4 cos0 h 1 cosa + sina 
9 ἃ 


i Fa (sind + cos 8) Ϊ τ (cos ᾧ -- sin Φ) 

κ τ (cos C — sinC) Ι ¥3 cosA+4sin A 
3 a cos(A— B) Ὁ sin(a — 3) ¢ cos(M+ N) 
sin(C + D) ς 2sin(a — β) f —cos(a + β) 


4 a Use the expansions of sin(A+ 8) and cos(A+ B) 
letting B be A. 


Ὁ highest = 10 m, at midnight, midday, and midnight the 


next day b i -2 i = ii —2 
᾿δυηοϑε ΞΞ.5 τῇ, a and 6 pm : 14/3 
¢ no (water height is 4 m) 2/2 
ππ.δππππτ' ᾽᾿᾽ Ξ ᾿Ξ Ὁ —— 
EXERCISE 21} 6 a OP= ae oC = a) b Use OP e 00. 
1 a 2cosé Ὁ 7sind ς 3sin0 d 2sin0 io 
e —3cos0 ἔ 5cosd REVIEW SET 21 πααπυααᾶπιἹητσαιιααιιτιτ 
2 a5 b-3 ¢-1 d3 e 7cos* 0 185 of 2 a 182 b 140° 
f in? 0 — cos? 0 h -6sin?60 i — 29 
6 sin 9 cos 6 sin 7 cos - ¢ sind = +¥5 b sind = +2 
3 a cos*@—5cos0 Ὁ Asin 6@ — sin? 6 : ; 
¢ cos? @+2cos@ — 3 d - ςο520 ἢ ἃ 5 Ὁ 3 5 ἃ ὅ,π Ὁ 1,2ωπ5 ς 4,4π 
. . 2 . »᾽ = . 0 1 
e 4+ 4sin@+ sin“ 6é f sin*a—6sina+9 ἐς ἃ Διὸ COs é . 
4 cos? a — 8cosa+ 16 ἢ 1—2sin¢cos¢ cos@ + 2 cos @ sin 0 
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15 45 60 


Ὁ i 0.75 ii 0.25 lili ~ 0.835 


¢ Once every 30 days. 


a sin? 6 —3sin0 Ὁ cos? 6+ 10cos@ + 25 
a 


. 27 ὅπ . π ὅπ Ir 11π 
θ-- => or 4 bId=F,5.F.0r SZ 
ae, Ὁ 11π 
ς θ-Ξ ΞΞ ΟἹ -τΞ 


REVIEW SET 218 α-..-.-ἜΟμςπ [53 
1 a P(cos 237°, sin 237° ) b P(—0.545, —0.839) 


7π : ον . π΄: : π : . 
2 cos “15 positive, sin π 15 negative, tan π΄ 15 negative 
3 ἃ οοθθ-- - Ὁ οο80-- 2.10 & 150° 
V5 7 
5 a "ΒΕ ΥΥ 
y = 451) 7 


ό 
7 
b 
a 3cos0 Ὁ —sin® ¢ ς 3sin0 
—_ 2% An 82 107 —_ π In 132 197 
a θ ke Ἐπ ὧν 5 Ὀθ rie se 3s OF = 
— 2 π 83π ὅπ Te Ba It iin 
CO= 3,0) 5. Ξ, τ, Ξ, 2? 3 
tana + tan 
10 a —cosé Ὁ —cos¢d αν Bt 
1 —tanatan β 
EXERCISE 22Α ΝΥ tet 
1 a ο-» b +e 
4 x ae ir 
ζ , 9 d ο----ὁ 
««-Ἠἄ ι΄ —_ip- es 


iv ~ 0.165 
d January 16, February 15 


ε 5 ’ — f~-? o—> 
i ——— ΠῸΠ  Ὡῳ ΡΘΕ a ee 
1 9 x 2 6 x 
g τ. ὦ h τῷ 
a en! re as ee (er 
ΞΙ 6 = 4 9 co 
Ϊ ς- --- ο Ϊ ο---- ἈἈ 
ae —— 1 ΘΙ Ps a! -ςἔς 
—5 0 = 2 8 = 
k i I ἢ 
.--ος΄»ς« <«—___1|___» 
5 Ψ 6 x 
m ο----- Ὁ , .ς.᾽ ὁ ὁ » 
-«--»- <«—_1__1__l__, 
= = 0 4 7’ « 
° =< oO eo 
«—1—___|_|_» 
2 5 11 x 
a {x [1 > 6} b (χα « 3} ς {x7|—-2<2< 1} 
a {¢\¢50 or a> 1} e [1}5] τ ΞῚ or 51} 
f {cf |O<a< 4} 4 {x|x<-2 o 1 «ς: Κ 4} 
h {x|-2<2<1 or 5» 3) 
[-1,6] 68 ]0, 5. ς ]-4,7] dd [4.8| 


|—7, οοἱ 


]—oo, —3[ U 4, ool 


[5, oo| 


[—4, 1] U ]4, oof 


a 
e 
h 
j J—oo, —4[ U [2, Τί 
m 
p 


f 1--οο, 0]Ϊ͵ 4 |—oo, 2] U [5, oo 

i |—1, 1] U [2, oof 

κ [3, 8[ Ι [—2, 7[ 
© ]--οο, 2] U ]3, 5/ 


q |—oo, —2] U ]2, oof 


n |—oo, --2] 


r |—oo, —3[ U ]10, ool 


az<4 Ὁ x>-5 ¢ z>-4 
_—Oo oS 0 νυ". 
4 1 —5 x —4 x 
d c>¢ δ. «1 f a<? 
eo -«- ο «---- ὁ 
| Ἷ zr 1 ZL 3 ZL 
3 5 
7 4 1 
8 1.» -πτ- b L>3 ς LZ 
o—— Ο.---» «- ὁ 
——$———_~ ὈὨὅ5ὅ6ὕ50ὃΒΟ6.. «» 
7 x 4 x 1 Lr 


dzx2>1 e «<0 far<-32 
o> -«-----Ο -«---- 

-.-.-. ὦ». ----ἰἢὕὃ --.ΓΠΠ 

1 = 0 xr _§ 7 


EXERCISE 22; ΒΗ͂ΟΞΠππ86868Κ66'ΠΠ 


1 ἃ = if -- b ΞΕ ἢ ee 1. - τῷ 
3 x 0 1 = 
ς -  -τ ἃ - qd -; +; -|+ 
—2 5 x —2° 0 #2 =f 
e,-1-, ! + | + 
—3 x 2 Ψ 
9 ἘΠῚ Β΄ 1 Ὁ ἢ - 4+ 
“2 4 r + © 
I i ee Bs 
—5 l x 
2a +); - j + b +) -- + 
—3 1 x 0 4 i 
¢ ie ae ἡ ἐν d -; + 1|- 
—5 0 x —2 3 x 
e - +|- f +); -— |; + 
5 4 = 5 3 ᾿ 
9 + jf - 1 + h —-—; +|- 
—4 4 x | 1 Φ 
I cas] (ee (eae j 5 ee (| Se 
0 2 x 1 3 ΤῊ 
κ “οὐ, ΞΘ 1 = | = jj + 1 = 
-..1 1 r —4 6 Zz 
3 3 
m a ne ἢ 9" n —|; + ]|- 
3 3 x -- ἢ - zt 
ο a) Oe ae ἸῈΞ 
_3 3 r 
5 2 
3 a + |; + b + | + 
1 x --4 Φ 
ς - | - d - | - 
—3 7 2 x 
e + | + f + | + 
1 1 3 1 
9 
τ’ πὸ Νπ ρον 
—2 x 1 = 
= ὦ: ἐς 
eat x 
- 
4 ἃ Ἐ| - i + b +i -—- | + 
—l 2 x 0 1 z 
ς -; τὶ - d -; τὶ - 
= 2 5 r 4 
e +) - i + f -; +i- 
—4 2 1 0 1 x 
3 
g -: +), + h -i - |, 4 
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i oS 1. ἘῚῚ -- J oS τ Ὁ ἡ -- 
—2 0 4 x --4 2 3 zr 
k 5 a ΞΞῸ As 1Ξ Ι ΞΡ ἢ ΞΞ. 3. ΞῈ Ἵ -Ξ 
-Ἰ 2 5 x —1 0 1 x 
ao —-; +i! —-;+ " + ;} + 
—3 -l 1 x 1 z 
ad [5 ee i oA ἢ: 2 
πῇ J 3 Ὁ 
5 a i {21|-3 «« «6} ii {x |-—3<a2< 6} 


iii {1[|α « --ὃ or «>6} iv {x |x< -3 or «> 6} 
Ὁ i {«#|x<-lorz>2} ii {«€|x<-—-—lorz> 2} 
fii {x |—-l<2< 2} iv {x |—-l<2< 2} 
i [1] Δα «Ὁ or O<2<5} 
li {x |-4<a< 5} iii {1 « --ά or x>5} 
iv {x |x<-—4 or x=0 or ct >5} 
EXERCISE 22) τ Γ᾽ 
1 a 


b i2z<-3 or rz>2 
iii —3<2r<2 


ii ce< - 3 or r>2 
iv —3<2<2 


2 al<r<3 b-3<r<4 € x<-lor2z>?2 
d nosolutions e «<0 or r>2 f -$<2<0 
g -4<2<4 ἢ -2<¢2<¢2 iec<-5 or Σ »1 
j —l1<2<2_ Καὶ no solutions | —-7<2x<4 
m ΧΕΙ, cF7l n -l<ax<2 ox<-s orcs 2 
px<-2o0 24> q $<a<3 ra=% 

3 ἃ —-2<2<3 Ὁ α «--ὃ or x>2 
ς x< —4 or x>s d 0Q0<2z<3 
e —-3<2<0 οἵ σά f ~e<-1l or O<2<1 
g t~<-3o0r r2>-1 "ας or e>5 
i0<a<4 jr<-3 or .}Ὲ»--Ξ 
k -$<a<l i —-2<2<0 o 2 

4h a {x|x2<0 or x > 2} Ὁ {x|x<0 or «2 3} 
ς {c|x<-1or22>3} ἃ {x|x2<-2 or ΣΡ 1} 
ς {x|x<-3 or 1} 

f {x|-5<2<-2 or 5)» 2) 

5 ἃ -9<m<-l Ὁ m=-9 or m=-1 

¢ m<-—9 or m>-—1 and m40 


REVIEW ΦΞΕΤ 2?) OO 


1 ἃ o——- 5b ο- Ὁ 
—3 Ψ 5 10 r 
ς ο-----Φ 
.-.»ἥ 
0 9 7 
2 ax>? bx<-8 
o> =® 
<—____|______» <—____1______» 
4 x —5 x 
5 2 
10 7 
4h a +}; — 7 + b ἘΞ ἢ +1 - 
--4 1 ῳ | 5 «' 
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7 
8 
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ς -͵ τ τ 
, 4 % 

a xz<-l1 or z>6 Ὁ ας --Ἰ] or z>6 
ς -l<2<6 d -l<2<6 
ἃ -6<2< -2 Ὁ «<-9or2r>4 

3 
ὃ -τ συ ς ὃ 
ἃ -4<27<0 b r>-2 ς -Ἰ«α«ς 
—s3<2=< 35 


REVIEW SET 225. ἁ͵κ’᾿͵Ἄβισσἂἷι τ᾽... τ 


[--2, 8 Ὁ |—oo, 1] U [4, 5] ς |-3, 1| 
]—oo, —7] ὦ 13, oof 
ot ae b+); -i -|+ 
-2 3 : 1 2 3. ὦ 
a> Ὁ «r<-ll 
Ο-----------4»-ὅ <+_-e 
———— ee << % 
1 xr --11 Φ 
6 
Ξ ER: gs cs b + | + 
—9 0 x 4 ΤῊ 
-;+i- |+ 
—4 1 rs Ψ' 
e>8s b -7<2<5 ς χε -.-}3ἡξ3 or rx >2 
1l<2z<3 bi<2z<3 


xz<-6 or -ό «2 «1 οἵ z>3 
x<1or22>3 


x<-—-5 or σα δ 
ς ᾧ --Ζ 


2 
{}| τσ «0 or «> 4) 


b «<—5 or x>0 


or z>-l 


Ὁ {c|x<-2 οἵα» 4} 


EXERRS 23. ts 


a 
d 


a D b F 


D 6b C ς EandH 


E bA ¢ BandC 
Yes, generally more hours of training results in higher 
productivity (from the graph). 


ς 2 d 3 


Travel time (min) 


a σ 
OM” 


8 


4FTFrrrreterereece 
7 ΤῸ φεισηξε πετθρι σι 


0 2 4 6 8 10 


Student R. They live the shortest distance from school, yet 
take the most time to get there. 


EXER SE 238 Ἐὀἁοοπῃαονσααιαα. οΟ-Ο..Ἅ 


-m © Qa Ο᾽ 


i negative association ii linear iii strong 

i no association ii not linear 

i positive association ii linear iii moderate 
i positive association ii linear iii weak 

i positive association ii not linear iii moderate 
i negative association ii not linear iii strong 


b 


as x increases, y increases” 
as T' increases, αἱ decreases” 
randomly scattered” 


b A moderate, 
positive, linear 
correlation. 


VU 
SEROEReEEE 
πα 


40 50 60 70 80 90 
ii A moderate, positive, linear correlation. 


40 50 60 70 80 90 


A very weak, negative, 
correlation). 
λ Sales ($x/1000) | | | | | | [ | | | 
Oy a ΒΝ a sD ΜῈΝ ΒΝ ΒΞ ἘΞῚ 5 55} ἘΞ "ΞΞ| ΒΒ ΕΞ 
 ΤΤΙΤΙΓΓΙΥΙΙΓΙΓΤΕΓΤΙ ΓΤ 
a Srna ΠΗ ἘΞ ἘΠῚ 


linear correlation (virtually zero 


12 


a ΓΙ ΤῚ 
ΠΗ ΕΞΙῚ [ἘΦ “ΞΖ 88 ΕΞ! ΠΗ] [ΠΗ͂Σ ΚΞ ee 5ΞῈΕ [5 ΜῈΣ 56 [Ὁ ἘΞ 
Pr rrr rrr Pep eratore UC) 


0 
0 4 8 12 16 20 24 28 32 


A moderate, linear, negative correlation. 


4 


ΕΧΕΗΓΙΦΕ 23ς πῺΉΉτ᾽᾽᾿᾽᾿͵ὃ͵ὃὃ Φἣῃτῃρῤῃ 


b r2 = 0.659 
0.50 < r2 < 0.75 


positive correlation as r > Ὁ 


moderate positive linear correlation, 


So on ol ld Ύ 11 
| {DE | tT [1 
| | | gal | tt | 
| | | | Yel 


6b r=-l1 


perfect negative linear correlation 

The number of shots scored is directly related to those missed. 
Out of 10 shots, each time the number of goals scored 
increases by 1, the number of misses decreases by 1. 


a j 10 ii r + 0.786, 
8 r? 90.617 
; iii moderate positive 
linear correlation 
4 
2 


b i ii r = —1, 
r2=1 
iii perfect negative 
linear correlation 
ς ii a 0.146, 


~ 0.0215 


iii very weak positive 
linear correlation 


b r ~ 0.673 
= 0.452 
c¢ A weak, positive, 
linear correlation 
exists between 


Shoe size and 
Height. 


Ὁ rz 0.981, 
r? ~ 0.962 


10 
¢ A very strong, positive, linear correlation exists between 
Judge B’s scores and Judge A’s scores. 


᾿ PT tT] TT 
᾿ ft 
: ΜΝ 


5 
0 


ς rx-—0.911, r? x haan 
d There is a strong, negative correlation between the number of 
successful shots and the distance from goal. 


Ὁ negative 
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b No, there appears 
to be almost no 
correlation between 
the variables. 


ΠΣ la 

| tet | | | dT Tt his 

| | | | | | | | | | | ds There is a very weak 
positive correlation 
(almost no 
correlation) between 
movie length and box 
office performance. 


100 120 140 “160 


DERE 230.1 πα Γ᾽ 


az=7.2, y=10 
¢ negatively correlated 
er=8 yr9 


ΒΝ 
οὶ ΒΡ 
= 
i - 
— 
"5: 


a 
a δπδ 
-. "πε 
᾿ peor δ 
4 6 


f ifs π᾿ ie 
ii Unreliable as it is an extrapolation well beyond the upper 


az=23.3, y= 78.8 
b r2 x 0.509 There is a moderate correlation between 
number ies diners and noon temperature. 


3 


d i 73 diners ii 56 ΓΝ 
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e We expect the first estimate to be reliable as it is an 
interpolation, but the second may not be reliable as it is an 
extrapolation. 


EXERCISE 230.0 δ Γ᾽ 


1 a ft 38g77 TTL LLL 
Γ ΓΞ st 
a er ae ee 
i ὅδε oe a 
, = a a ΠΕ 
Os = = 
a ται ama 
ΓΓΙΓ Γ΄ 
= ἘΦ el ἘΠῚ 
‘a et ᾿ππὶ 
SSS 
= = a "ἢ 
ies 2 88 ee 
Tee | Fe 55 ἡδὰ 
9 rrr 
0 10 20 
ii y + 1.122 + 2.90 
b i 
32 -ἰ---͵--ἰ- -- 
28 
24 
20 
16 
12 
8 
4 Ὁ | | | [| [| [| | | | [| [ [gi 
0 = Se Ὁ. ἢ: 1 1. 1 ee - ee Ὁ] 
0 4 8 χ 6 2 24 
ii y + --1.345 + 35.7 
2 a 150 
100 


Ὁ y= 7.662 + 40.1 

ς The y-intercept indicates that a row can be expected to 
produce on average 40.1 tomatoes when no spray is applied. 

d 94 tomatoes/row. Even though this is an interpolation, this 
seems low compared with the yield at 6 and 8 mL/2 L. 
Looking at the graph it would appear that the relationship 
is not linear. 


pFuprup tie (pmimy [171 8 Το τ θοῶ, 


ς με —2.692 + 77.9 

d The gradient indicates 
that an increase in 
training time of 
1 hour will decrease 
the fun-run time by 
= 2.7 minutes. 


0 2 4 6 8 10 12 14 16 
e i —2.8 minutes 
ii This value is clearly absurd as one cannot record a 
negative time for a fun-run. It is very unreliable as it 
is an extrapolation well beyond the upper pole. 


eee | ee 


tt | | [| | | | frosty mofnings (x) 


18 20 22 24 26 28 30 32 34 36 38 


Ὁ Y + 0.371n 4+ 23.1 
αὐ“: , the greater the yield of cherries.” 


ς ~ 34.6 tonnes 


r = 1, perfect positive linear correlation 
C = 0.8¢ + 313 
361 parts per million 


d 335 parts per million 


o Ra CF 


b r 0.922, r? = 0.851, 
strong positive linear 
correlation 

¢ y & 2.905 — 30.9 


d x 143 runs. This should 
be fairly reliable as it is 
interpolated. 


REVIEW SCT 23Κ ποτ ὃ ὃ τ 

1. There is a weak, negative correlation between the variables. 

2 aE bA 

ς The greater the time spent on player fitness, the smaller the 
chance of player injury. 
b rw —0.334 
* = 0.112 
There is a very weak, 


negative correlation 
between the variables. 


4 
Ὁ 7=6.5, d=81.2 
ς i About 210 diagnosed cases. 

ii Very unreliable as 14 is outside the poles. The medical 
team have probably isolated those infected at this stage 
and there could be a downturn which may be very 
significant. 

5 ἃ 


w (cm 


_ 
J 


Ὁ γ' “5 0.990 


α i 5.7 cm 
ii As p= 14 is outside the poles, this prediction could 
be unreliable. 


ς w “9 0.381 + 0.336 


6 a Negatively correlated. The more games won, the higher the 
team’s position on the ladder (and so the value for Position 
is smaller). 

b ition (y ς rz —0.843 

CIT Ἐν 
14 16 18 20 22 24 26 

d y= —0.4542 + 13.4 e 3rd 
REVIEW SET 23B 
1 a J b E ¢ DandG ας 
ῶ2 ἃ iD ii H 
Ὁ As the number of pages increases, the number of chapters 
generally increases. 

3 a_ i Positive, as numbers get larger they have more possible 

factors. 

ii Weak, the larger the number, the more prime, square, 
cubic, etc. numbers you encounter that have very small 
numbers of factors. 

wmf Tate [Ts Te [Ts [ef 

=a0BBG000000 

"ἘΠΕΊ REI ed 
d rx0.531, r? x 0.282 
e weak, positive, linear correlation 
ha 


Te ΤΙ 

BRE SSR REP 

phd pe pa Ate 
Ζ 


ς positively correlated 
e y #6. Reasonably accurate by interpolation. 
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gee terse Tt tet | 


9 aan 13 


bur ide + ais 
Each coin added to a wallet or purse increases the value by 
11.4 cents on average. 
i + $2.38 
ii 20 coins is too far beyond the upper pole to extrapolate 
with any reliable accuracy. 


υἱ PT TTT eT TT TT TT Ππρομι δ thousands) 11) 
20 40 60 80 100 


R x —0.09071 + 9.79 ¢ when I= 55, Rw 4.80 
$120 000 gives a rate of —1.09 which is meaningless. 
So, $120 000 is outside the data range of this model. 


e i The point (35, 7.3), as it does not follow the general 
trend of the data in that area. 
ii R~ —0.08877 + 9.61; when J =55, Rw 4.73 
EXERCISE 24A 
1 a polynomial Ὁ polynomial 
¢ not a polynomial, one term has « as the index 
α΄ polynomial 
ς not a polynomial, the index in the second term is not an 
integer 
f not a polynomial, the last term has a negative index 
ῶ2 ἃ 4 b 2 ¢ 5 d 2 e 3 f 4 
3 a -4 b 6 ς -12 40 
EXERC, 248Β.1 ἙΝ πσσολπεοεοκὨὴοορροοσἠςπ͵ἫοαηἪς᾽ος.͵ π 
1 a i 327+32-3 ii —x* - 35 - ὅ 
b i 3.5 --δυ- Ἔχ. -7 ii --« -- 3.2 -ἰ 35 -- 5 
ς i —5at*+a¢°-922-2-4 
He —S5a* — 2? + 722 4+ 35 -- 4 
d i 2r4—47°42r+5 ii 224 + 223 + 122-11 
2 a 327+92—6 Ὁ --8.3 + 4x + 16 
¢ —x? —32+2 d —82° + 474+ 72414 
e 62° + 2x? + 32 — 16 f - 4.8 —2*-2+10 
3 a 327+52-2 Ὁ 25. — 927 +2+412 
ς 455 — 2124 + 21. — 227 - 102 Ὁ 8 
d - 2.7 — 2° 4+ 1724+ a? 4+ 2.2 — 355. 
4 a 324-923 +127 --8 Ὁ —10x? + 1552 — 30 
¢ 2x4 — 9.2 + 82 + 16 
d —a2* + 11. — 122? — 45 + 25 
e 4.3 - 1653 + 652 + 16x — 16 


2. — 0.8 + 0.8 + 1424 — 3223 + 3.2 + 242 -- 6 


EXERCISE 243.2. ὨΒΚἈΚ᾿Μᾳ0Ὄ0Ὄ0{ῃἜᾳἜ0ᾳᾳ0ᾳ0:6-".Ἕ Ἕπτ- .35:Π[π[ἠὲῸ 


quotient is «+1, remainder is 2 
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remainder is 3 
remainder is 14 


quotient is 27+ 1, 
quotient is x — 4, 
quotient is x7 + a+ 3, remainder is 5 


quotient is 2? + 3a -- 4, remainder is —5 


-m 8 Qa σ᾽ 


quotient is 2? — 2, remainder is 11 


2 3 13 
2 anx-1+— Ὁ 3x2-2- ς #+2+ — 
«-- 3 2+ x—2 

63 


ἢ 
d x? - 52 -- 14 -- —— 
«--4 z+2 


ς #7 -274+9- 


26 
f 22? — x? + 4. — 10 + —— 
zr+3 


EXERCISE 248.0 te 


11 
1 a,b 34+8+——— 
« -- 2 
1 
".».υ 
z+3 
4 


d 3.2 — 22 +2-—-—_— 
z+1 


2 ἃ a ΤΕ ΣΝ 
z—l 


17 
¢ 227 +324+10+ — 
x—2 


200 
6 2.2 — 105 + 42 — —— 
z+5 


6 
f x? — 227 4+ 3274+24+ — 
z—3 


EXER, et 

1 all Ὁ -10 ς 46 25 Vv 

3 aa=-2 ba=4 ε a=5 

hA aa=-4, b=7 Ὁ a=-5, b=6 ¢ a=2, b=4 


DER pts 


1 a factor Ὁ nota factor ς factor d nota factor 
2 ac=2 6b c= -2 ¢b=>3 
= ΝΕ _ 1 _: 75 
3 aa=1, b=10 bp=+,q=F 
4 a f(3)=0 Ὁ 27+2—-20 


f(x) = (ὦ — 3)(a* + @ — 20) 
d f(x) = (a — 3)(5 — 4)(a + 5) 
REVIEW SET 24, δ''τενεεεε᾽ἥ᾽ὄἥῈ᾽ 
1. a polynomial 


Ὁ not a polynomial, the last term has a negative index 
¢ not a polynomial, the index in the second term is not an 


integer 

2 a 8.2 [65 Ὁ 8 Ὁ 7.2 --95 9 

ς 1553 + 3253 + 295 -- 4 
3 al Ὁ —53 
4h a x? —22*-—9r+10 Ὁ - 0.2 — 205 + 15 

ς 2.8 + 4.3 — 1323 -- 6x? + 435 -- 21 
5 ἃ quotient is 25: - 5, remainder is 3 

Ὁ quotient is 2? — 4x +2, remainder is —5 
6 a notafactor Ὁ factor 7 k—6 8a=§8, b=+4 
9 a i f(3)=-1 ii 2 iii 2? — 22 +42 —6 


Ὁ quotient is 2? — a, remainder is —1 
By the Remainder Theorem, if P(a) divided by (a—k) has 
remainder R, then P(k) = R. In this case, f(3) = —1, 


and f(a) divided by (a — 3) has remainder —1. 
10 a f(—5)=0 Ὁ 22 -—47+3 
¢ f(x) = (a+5)(a? — 45 + 3) 
d f(x) = («+ δ) -- 1)(a — 3) 


REVIEW SET 24B DST retttsts— 
1 3 2 a #?+27-10r+6 Ὁ «5- αι χα 4 


6 
3 αὐ —2e* +a+4—-—— h ἃ -,5 b 24 
t= 


6 a 52° +252 -- 10 

Ὁ 2.7 - 72° — 4.5 — 1423 + 6x? + 5a — 2 
a — 8 nota factor 9 a=4, b=-1 
10 aa=6 Ὁ f(2)=0 d f(x) =(x+1)(z# -- 2)3 
EXERCISE 25Α. ΗΜ'3 ΝΗ θορτ 
1 a-—2 6-4 ς -3 2 a-4 6-1 ς»-0.4 
3 awvl1a4 b = 2.8 ¢ +0.5 
h a "0. Ὁ + 0.25 ς +0.2 
EXERCISE ?5A.2 ΝΕ ϑῥἑθϑΘ 
1 ἃ 4 b 6 2 a -2 Ὁ -4 ς —6 
3.8 3 b 2 ς-4 d-8s 


4 y= is not a quadratic function. 


EXERCISE 253.1 5΄κιιπηήηααι -... 


5 —103 


1 a ill b 6 ς 5 d -3 e 4 f 2 
2 ἃ 2 b —5 ¢ 3 d 4 e -1 f 3 
g —4 h —2 i 8 
EXERCISE 2538.2 τ ὸι ’“! Ἑ ἑὀ ἔ τ ηε 
(3+h)? --9 
1 a (3-Ἀ}2 b — — —6+h for h#0 
or) @+h)-3. 7 
ς i7 ii 6.5 iii 6.1 iv 6.01 d 6 
2a ὃ 
a 2 
¢ 2a 


EXERCISE 25 πα 
1 fis) =] 


2 a f'(x) = 32? b f’(2) = 12, gradient of tangent 


to f(x) =a? at x=2 is 12. 
2a f(a) =-> “ 

b f’(—1) =-—1, gradient of tangent to Oe at 
zs=-l1 is—l δι 
4131: οἰ, gradient of tangent to f(x) = --, αἱ r=3 
is -ἰ. “ 

h a i [}(5)Ξ.0 Ht f'(2)=0 » ἐς“) ΞΞῸ 
5 ἃ f'(x)=102r Ὁ f'(x) = ὅσ' (α) 
ton) — yar, οϑία +h) -- ἐσ(α) 
ede) ἐκ h 
κω (πα Ἐ}}- 912) 
= fim οἱ h 
hh) — 
6 a i f'(x)=42 ii f’(z)=9_ iii f(x) =4r4+9 
(g(x +h) + μία + h)) — (g(x) + h(@)) 


b f(z) = ae h 
— hen (le +h) = σα) + (hw +h) ~ h(a) 


h—0O 
7 σία + h) — g(a) i h(a + h) — h(x) 
h-—0 h h—0 h 


= g(x) + h'(z) 


b ft τί) ει 


then f’(x) -- παῖ". 


2 
1 a 62° Ὁ 92° ¢ 152? d ἯΝ τε e 5-22 
x 
is 2 3 ! 
f τα g 3. 4 ἢ 25 i 25 1.1... « 
4 bs 
k 2 Ι 1 a 4 5 ᾿ 20 κ᾿ 
x2 x2 1 x3 Vx 
2 - 4 
p 27-1 4 -- r -— s θα aa ee) 
L/w x 
t -1+—= u 3274+ 4r+1 ν 85: -- 4 
La/@ 
2 a 327+4r-3 #611,17 ε ..... at (2, 11) is 17. 
3 3 i 
3 a -6 me ς 5 d 3 es Γ--Ὁ 
h a-3 ὃ 8 c 0 
5 a (-2,1) b (1,1) ς (—1,—1) and (4, —33) 


d (2,3) and (—2, —1) e (0,7) and (4, —25) 


EXERC, Os 
1 ai i f'(z#)=2r-4 Ὁ i f'(a) = 3a? + 62 


"a * f+ Τὼ 


iii, minimum turning 
point at (2, 2) 


c i f’(z) 
— 372 — 127 +12 


ii 
ῬΑ τὸ. Τα) 
2 G 


iii stationary inflection 
at (2, 6) 


iv ᾿ i 


f(x) = 2° — 627 + 127-2 


“ΝΑ +4 F'@) 
—2 xr 


iii maximum turning 
point at (—2, 0) 
minimum turning 
point at (0, —4) 


(—2, 0) 


ii 
+ = 
—2 


iii maximum turning 
point at (—2, 33) 
minimum turning 
point at (4, —75) 


(2) = 2? — 3a? — 245 -᾿ 5 
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e i f'(z) f i f’(z) 
= 6x7 — 6x — 12 = —372 + 1842 — 27 
“ΝΑ +f fo) ᾿ 
—] x = — f(z) 


aus . . 3 ms 
iif maximum turning 
point at (—1, 12) 
minimum turning 
point at (2, —15) 
iv y 


iii stationary inflection 
at (3, —7) 
iv υ 


f(z) = αὐ + 92? -- 27. + 20 


g h i f'(z) 
32 
=o 
2 
_ 2(5 + 4)(x — 4) 
-- πο 
ii ; 
-- --ἰ Ἀ-- Ἐ }. .(α) 
—4 ὃ x 
iii maximum turning 
point at (—1, —2) - : . 
eer iii maximum turning 
point at (1, 2) am (ὦ, Ἐ 16) 
minimum turning 
point at (4, 16) 
1 2 
/ QC ee eee ae Se ὕ 
i i f (x) ~ 2 3 
_ —(%+2) 
ae 
ii ; 
5 εἰλς F(z) 
0 x 


iii, minimum turning 


1 
point at (—2, —4 


f'(z2)=0O when x= = 


2 a f'(x)=2ar+b 
b ia<0 iia>o \f 
3 250, when both numbers are 5 
4h a V(x) = «(30 — 2x)(20 — 25) 
= 425 — 100x? + 6002 mL 
Ὁ Squares with sides about 3.92 cm. 


a 


5 a Pis (α,9 -- α2) b 0<a<3 ς A=18a — 2a? 
d 12/3 units? when a= V3 
EXERC SE ett 
2 


᾿ α : 
1 a A=a units? b A= > units? 
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a 
ὶ 


2h 3h 4 


h 5h 6h 
ij (n—2)h (n—1)h 
Ὁ S= (=) (13 + 23 + 33 + 43 + .... +n3) 
n 
a4 


out pean) τ» por) ΡῈ 
4 4 n4 


a=nh 


1 2 
dasn—o, — 0 (1+ =] —1 
n 
A 4 
a ; a ; 
lm S$ =— So, the area is — units?. 
tu CO 4 
αὖ 6 


3 a A= — units? b A= ἰῇ units? 
5 6 


EXERCISE 25G.1 υα5απὰσσυᾶσπκᾶδιυυυκ τ 
x2 

Mina: 2. zdx=-—- +e 

b F(c)=2* .- [-“«- al 


ς F'(x) = 82" 


-2 
d Ε"(.) ΞΞ -- 2. 5. .. [ove = -- +c 


@ F'(x) = 4272 = [or dx = 2x? +c 
grtl 
2 a [- = +e Ὁ no, cannot divide by 0 
n+1 
3 a F’(x4)=5 5dx=5zr+c Ὁ [deme re 
4 a F'(x) = 652 - 102 


>, [oe +102) dx = ὁ + 5x7 +¢ 


x? x 
5 6 faar+10/ ede —6 a +10 > +e 
-- 27° + 52% +e 
ς [πως [κω ὰ ἰς is constant 


EXERCISE 256.2. πᾷ 


11 3 2 
x 1 x 32 
—— 3 scaly pessoal ges 
1 a τ +e Ὁ a he ς z’+c ἃ 3 t Ξ 2z2+e 
4 2 3 3 
x x x 
e —-—++ce f 10,7 Cc —+2,/r+ec 
4.27 or 2 γῈ 
n 24 302 4. ; 2,3 2 
—+—+—-+¢ — +—--—+¢ 
2 2 x 2 x «2 
3 
j $2? z—-4/r+e k = 20? +42 Ἐς 


Ι Ξω5 2.2. αἀ-ς 


4 

TZ + 2a" + 6a* + 80 Ἐς 

7d 

b — — #8 + 2a* — 2a? +a +e 

DX ER CSE 95: ttt 

1 al05 616 ¢ 12 d-75 e€ 42 £8 
2 2 1 3 

2 a 25 Ὁ 523 ε 3 d 0 e —305 f 435 


3 ἃ 83 units? b 43 units? ς 96.8 units? d 6 units? 


e 57% units? f 13 units? ἃ 8 units? 
h 9-4/2 
ΒΕΝΙΕΝΝ eT 25. ts 
1 b 4 
ς f' (x) = 2x 


ease 
νεαῦ | ot | δ 


f'(2)=4 
ΒΕ ΑΙ ΜΙ ΑΙ 
TIN YT 
LLORES 
| Batty 15 85 
a 21 δ 3 c -4 | 4 f'(a) =2a -- 2 
a f'(x) = 2172 b f' (a) -- fg -- 372 
¢ f'(z) ΞΞ 8 -- 12 d f'(x) —7+4e 
se ase = b f’(1) = 1, the gradient of 
7 (- 2, --1), (2, 1) “ ΞΕ 7.5) at e=— 1 ist. 
8 ἃ f'(e)=302+6e di 


© SNA «4 
—? ΠΗ 


¢ maximum turning 
point at (—2, —1) 
minimum turning 
point at (0, —5) 


/ ἜΝΝΝ. ΜΝ . a z+e 
9 P@)=-T% ε [2 = 2ν α Ὁ 


5 
10 ἃ -.--τὸ Ὁ ἡ. Ἷ. 227 4¢ ς ΟΕ ῸΣ. oe 
x2 JB oe 
4/2 — 
11 a6 ὃ Z-2/2 ς —— 322 units? 
15 
REVIEW ΞΕΤ 258 Oa 
1 a -8 Ὁ [[{ Ξ- 2: 1 f'(—2) = - 9 
2 ἃ -8 b - 2 ς ὅ 
9 1 ὃ 
3a γὼ) = — b 7ω)-- τς 
51 
ς fi(x)=2 5.1 3 d f'(x) = 24a? -- 241 --ἰ 
4 θᾳ --μμ- 1] 5 (5, 2ν2) 6 a0 δ -3 
2 
dq f(z) =2-3 d 
5 


 .Π3--. ΤῈ ΓῸ) 
-1\_0 x 


¢ maximum turning 
point at (—1, —4) 
minimum turning 
point at (1, 4) 


b a4 ies 2 Ε 4 

8 ἃ -3 —-— ¢ s—-— _— 
xzr+c 5 3 +c τ 5 +2 ri +c 
9 a P=2rt+ar+2zm ci 


Ὁ 1 -Ξ 100 -- τ -- > 
¢ A= 2¢r+ sar? = 27 (100 —r— ar) ~ snr? etc. 
d r= 28.0 m, rectangle has length 56.0 m, width 28.0 m 


1 2 2 3. snite2 
10 ἃ τ b Ξ ς 125 11 135 units 


12 k & 3.832 (to 3 decimal places) 


INDEX 


amplitude 

angle at the centre 

angle between a tangent and a chord 
angle between two vectors 
angle in a semi-circle 
angle of depression 

angle of elevation 

angles subtended by the same arc 
arc 

associativity laws 

base 

bell-shaped 

bimodal 

binomial 

Cartesian plane 

certain event 

chords of a circle 

class intervals 

coefficient of determination 
collinear points 

column graph 

common difference 
common ratio 
commutative laws 
complement of a set 
complement laws 
completing the square 
complex number 
concyclic 

conic sections 

constant term 

continuous variable 

cube root 

cumulative frequency 
degree 

degree-radian conversion 
DeMorgan's laws 
dependent events 
dependent variable 
depreciation rate 
difference of two squares expansion 
difference of two squares factorisation 
discriminant 

disjoint events 

disjoint sets 

distributive laws 

divisor 

domain 

domination laws 

dot plot 

dot product 

empty set 

enlargement 

enlargement factor 
equating indices 
equidistant 

evaluate 
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event 285 
explicit formula 344 
exponent 14 
extrapolation 505 
Fibonacci sequence 346 
finite set 28 
five-number summary 19] 
frequency 279 
frequency histogram 177 
future value 398, 400 
general form 117 
general term 344 
gradient 460, 527 
gradient formula 11] 
gradient-intercept form 117 
horizontal asymptote 389 
horizontal line 11 
horizontal step 110 
hypotenuse 80 
idempotent laws 43 
identity laws 43 
image 154, 329 
impossible event 278 
independent events 289, 299 
independent variable 494 
index 14 
infinite set 28 
integer 29 
interest rate 398 
interpolation 505 
interquartile range 188 
inverse function 333 
involution law 43 
irrational number 29, 65 
least squares regression line 506 
length of a vector 363, 374 
linear equation 224 
linear regression 506 
logarithm laws 404 
logarithms in other bases 40)7 
lower quartile 188 
lowest common denominator 216 
major arc 415 
major segment 415 
maximum point 468 
maximum turning point 536 
maximum value 449 
mean 179 
mean point 504 
median 179 
minimum point 468 
minimum turning point 536 
minimum value 449 
minor arc 415 
minor segment 415 
mirror line 158 
modal class 177 
mode 179 


616 INDEX 


multiplier 397 
mutually exclusive sets 37 
natural number 28 
negative vector 364, 373 
negatively skewed 174 
nth root 17 
Null Factor law 226 
number plane 104 
object 154 
ordered pair 105 
outcomes 279 
outliers 174 
parallel box-and-whisker plots 193 
Pascal's triangle 53 
Pearson's correlation coefficient 499 
perfect squares expansion 49 
perfect squares factorisation 54 
period 468 
periodic function 468 
position vector 363 
positively skewed 174 
power 14 
present value 398, 400 
principal axis 468 
product rule 49 
projection 297 
proof by contradiction 74 
quadrants 104 
quotient 517 
radical conjugate 72 
radius-tangent 413 
range 188, 325 
rational number 17, 29, 65 
real number 29 
reciprocal 214 
recursive formula 345 
reduction 163 
relative frequency 280 
remainder 517 
right angled triangle 80 
root 224 
scalar 362 
sequences in finance 392 
set identity an 
solution 224 
square bracket notation 483 
square root 64 
stationary inflection 536 
subject 312 
surd 65, 74 
symmetrical distribution 174 
symmetry 154 
synthetic division 519 
tally and frequency table 173 
tangent-radius property 93 
tangents from an external point 413 
terms of a sequence 344 


test for cyclic quadrilaterals 425 


transformation equations 
transforming exponential functions 
transforming quadratic functions 
translation vector 

two-way table 

unit circle 

universal set 

upper quartile 

vector addition 

vector between two points 
vector equality 

vector subtraction 

vertical line 

vertical line test 

vertical step 

x-intercept 

y-intercept 

zero vector 


44] 
117, 441 
364, 366, 374 


